Note on rings in which every proper left-ideal is cyclic
' by
F. A. Szdsz (Debrecen)

We shall call an arbitrary rving £ eyelic it the additive group Rt
i cyclic. The ring J of rational integers is obviously cyclie. Starting
from the fundamental property of the ring J we introduce the tollowing

Detinition. An arbitrary ring R is called a ring with property P,
if every proper left-ideal L of R is oyelic. For example any eyelic ring
and any skew-field have the property P,

THEOREM. An arbitrary ving R has the property P if and only if R
is a skew-field, or a eyclic ving, or a zero-ring of type p>™ or else an arbi-
travy ving of order p* (where p is a prime).

Remark., A skew-field, as a ring without proper left-ideals, can
have an arbitrary infinite cardinal, but the ovder of a finite ring with
property P is necessarily p% For example B(p}== {z,¥) is a non-commu-
tative ring with property P and of order p® whore P is & prime number
and pw=py==pt==ay=gyr—p=1* ~y==0. We remark that the fheorem
is a generalization of Lemmsa 1 (see [7]). The notions of modern algebra
can be found in the books [1], {3], [4] and [5], therefors we omit terming-
logical remarks, Now we verify five Lemmas.

LuvMa 1. A ving without proper left-ideals is o skew-field or else
a zero-ring of prime-number-ovder.

Proof. If there exists an clement 04 ¢« R for which Ra+# R, then
Ra=10, and thuy the zero-ring {a} 40, being a lott-ideal, coincides with 2
and O(k)=p. But if {or any 0=£a ¢ B the element Ro=R holds, then &
has no divisors of zero and by the single aquation ece=a we see Ghal
¢e X is the unity of R. The solvability of all oquations yb==¢ trivially
implies by the associativity law the skew-field behaviour of .

Remarks. From thig short proof we see that only Gho ringy of or.
der p are without proper subrings; moreover the solvability of all equu-
tions yb=ga In & ring implies the solvability of all equations bax==a in
the same ring (b+0); and finally we observe that we can similarly prove
that if in o ring R there exists an element a+40 whieh is not a right ai-
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nihilator of & and if for this eloment with any 0 s£b ¢ R the element
Rab—Ra holds, then R is a skew-tiold (see [6]). '

Lipmma 2, A ring R with mized group B+ cannot have the property P.

Froof. We assumo that R is a ring with property P and with mixed
group B*. Let 1' be the cyclic torsion ring of order ne¢dJ in K. Since
(aR) T'=T"(aB)=0 and nk~ T'==0, there exists a non-cyclic two-sided
ideal D==nR T (as a ring-theoretical direct sum) in R, which by pro-
porty P implies R==nR -7' (without the use of the tundamental theo-
rem of [8]). Then »n*% is likewise a cyclic ideal in R, consequently n2k -+
+T=R. If @R ={nr}, where naturally O(»)= oo, we obtain nr— E{ntr) -1
{(ked, tel), i. 6., n=1n? and n=1, T=0.

LEMyMa 3. A ring B with property P bul without divisors of zero is
a skow-field or else an infinite eyclic ring.

Proof. If 0#a ¢ B, then Ra-40. If for overy 0#a e R it is Ro=R,
thuy, by Lemra 1, R is a skew-field, Tn the case Ra I the ring B is it~
self cyclie by the property P and by (Ra)*~R*, and obviously 0 (f2)=oo.

LeEvyA 4. A ving with property Py containing divisors of zere and
being of characteristic 0, cannot have an algebraically closed additive group.

Proof. We suppose that R, being a ring with divisors of zere and
having an algebraically closed addifive group B+, is of characteristic 0.
Then (Zb)* cannot he simultaneously cyeclic and algebraically closed,
and therefore RBb=0 or else Rb==1. By Lemma 1 and by our hypothesis
there exists a 240 right-annihilator of £, i, ¢., Rz=10. Then the set Z 40
of all right-annihilators of R iy a two-sided ideal in R, whose additive

group £+ is a serving subgroup in R*. The ideal Z cannotl bo eyclie, since
Zt 18 likewise algebraieally closed, therefore B—2% and R is a zero-ring.
But in an algebeaienlly closed group there oxists a subgroup which is
not eyclie, and this contradiction proves onr Lenima,

LevMmA 5. Let F be a (finite or wmfinite) elementary p-ring for which
20 and O(F)=p% and let moreover T be a two-sided ideal of order p
e ring Bof RIF~A then B is without property P,

Proof. We shall assume that & has the proporly I and we shall
show a contradiction. The complete endomorphism ring of + has the
order p, an byd the erdomorphism jo~jo,—jr (jc G, re ) of g+ we have
woring-thooeaticpd hotwomrplisme r e, of I intao Ghe cotnplete ondomor-
Phism ring of F*. The kernel of Ohis wapping » ~e i s idesl &, lor
which RN=0 and O(R/N)<p holds. Consequently by O(R)=p* and
by property P obviousty R==N; therefore R is a zero-ring. But then
likowise BT~ 08 0 wero ringe which contradiels onr hy polhesis,

Now we give an clomentary
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proot of Theorem. Let £ bea ring with property £ By Lemma 3
we el suppose the existence of divisors of zero. If R containg an ele-
ment of infinite order, then by Lemma 22 and 4 {here exists o number
a eJ for which 0CuRCE, But by Rtse(uR)t and by property £, R is
eyelic,

LR s o tarsion group, O
R=> R, holds, where (he ideal B,

P
wor order of £ M RaE1, chen £ is w finito eyeic ring. Wow Tet R ho
a p-ring in which R is gencrated by all elements of order p of E. It KR,
then R is cyclic or else of type p* because in both cases R’ is eyelic {2}
Tinally we assume thab R'=R. By the existence of divisors of zero, by
pR=0, by Lemma 1 and by property P the existence of a left-ideal I
of order p of R i8 necessarily ensured. Now we show the impossibility
of O(R)=p® 1t is clear that Lr is & left-ideal in & (re R). Tf there existy
an element 0:4r « B for which L0 and L~Lr=0 holds, then for the
left-ideal D = {L,Lr}y it is R=D, i. e, O(I)=p" But it IrCL for all
y ¢ R, the subring L is a two-sided ideal in R. Then R/L hag the pro-
perty P and consequently has no proper left-ideals. By O(R)=p® we
can assume that RiL is a skew-field, and thus not @ zero-ring, bufi hay
the property P. By O(R/L)=p* and by Temma 5 we have obtained
o contradiction, which completes the proof.

wn o ring 4 heoretieal direel deconposibion
in menernded Dyl elenonds ol ppao
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