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§Austrian Center for Medical Innovation and Technology, Viktor-Kaplan-Strasse 2, 2700 Wiener Neustadt, Austria

E-mail: {arpad.takacs,tamas.haidegger,imre.rudas}@irob.uni-obuda.hu

Abstract—In many of the advanced surgical robotic sys-
tems, soft tissue mechanics and tool–tissue interaction mod-
eling play an important role in achieving optimal control,
relying on model-based control methods. This approach
allows one to address crucial issues during teleoperation,
such as time-delay, stability or state observation. This paper
presents a novel approach for modeling the behavior of
soft tissue during surgical interventions, employing the
widely-used concept of rheological models. The nonlinear
Wiecher model is used for reaction force estimation during
tissue indentation, tested on beef liver samples for acquiring
mechanical parameters from experimental data. Curve fitting
methods have been used in both stress relaxation and
constant indentation speed compression phases. Reaction
forces are estimated using the proposed model, followed by
verification tests on ex-vivo beef liver samples. The results
of this research showed that the proposed novel rheological
soft tissue model is capable of estimating the reaction forces
acting on the tool, if the shape of the deformed tissue is
known in time.

I. INTRODUCTION

Modern surgical robotic systems require highly accu-
rate and precise tools and control techniques, when we
are looking into the development of new control features
for master–slave systems. The aim is to achieve supe-
rior performance compared to traditional intervention
approaches[1]. The modeling of the most basic tissue
manipulations (tissue grabbing, indentation and cutting)
has therefore gained much attention among the deve-
lopment communities focusing on such systems [2]. In
terms of control approach, stable teleoperation requires
the knowledge of tissue behavior during manipulation,
which primarily depends on its mechanical proper-
ties [3]. Precise tool–tissue interaction models would
improve the performance of widely-used model-based
control approaches, estimating reaction forces and tissue
deformation. The required control input of the teleoper-
ation systems (input force, input velocity etc.) can thus
be calculated, sending the appropriate commands to
the manipulator robotic arm, which will carry out the
interventions in an accurate, stable and efficient way [4].

II. RELATED WORK

Tool–tissue interaction models are often divided into
three distinct groups based on their mathematical and

mechanical description [5]:

• Continuum mechanics-based models: most of the finite
element analysis (FEA) based models represent this
group;

• Heuristic models: rheological models that are built up
from elementary mechanical components, such as
springs and viscous dampers;

• Hybrid models: a combination of the the two ap-
proaches listed above [6].

While continuum mechanics-based tissue models can be
very precise in modeling tissue behavior, their appli-
cation in today’s surgical systems is very limited due
to the high computational requirements for real-time
simulations. On the other hand, heuristic (rheological
or mass–spring–damper) models are useful in modeling
simple manipulation tasks, mainly uniaxial grabbing or
tissue indentation [7]. These models often allow analyt-
ical solutions in closed-loop control schemes [8], [9].

There is an extensive literature on reaction force mea-
surement data for constant compression rate indenta-
tion [11] and tissue relaxation [10] phases for soft tis-
sues. The mechanical properties of adipose tissues were
investigated using linear rheological models during the
stress relaxation phase [12]. Yamamoto compared vari-
ous rheological models during point-to-point palpation
for lump detection, although no detailed identification
was published on the tissue parameters. An advanced
tissue model was proposed in [14] for the identifica-
tion of soft tissue parameters, which were obtained
from experimental data through curve fitting, however,
valid results were not achieved. A nonlinear viscoelastic
model was proposed by Troyer et al. [15], which was
intended for use in hybrid tissue models. However, none
of these tissue models were fit to the representation
of tissue behavior for both constant compression rate
deformation and stress relaxation phases.

III. RHEOLOGICAL SOFT TISSUE MODELS

The common properties of rheological soft tissue mo-
dels have been discussed in details by Wang and Hi-
rai [17], publishing relevant experimental results on the
behavior of artificial viscoelastic materials. This paper
focuses on one specific family of these models, following



Fig. 1. The tool–tissue interaction proposed in this work, with the
distributed Wiechert bodies under the tissue surface.

the concept of Leong et al. [19], considering a uni-
form distribution of Wiechert bodies under the tissue
surface, as shown in Fig. 1. According to this model,
the reaction force arising from the tissue deformation
can be calculated by the summation of the elementary
forces generated by all the distributed elements. The
deformation of the tissue surface is assumed to be known
at any time. In order to verify the proposed model, the
acquired mechanical parameters (spring and damping
coefficients) will later be used in non-uniform deforma-
tion experiments.

Using rheological models is a simple, pragmatic way
for estimating the force response under soft tissue ma-
nipulation. Linear or nonlinear spring and damper el-
ements are combined in a parallel or serial manner,
representing a behavior similar to that of the tissue when
subjected to deformation. The efficient application of this
approach requires the knowledge of u(t) deformation
function of each of the Wiechert bodies.

There are three commonly used basic models of
viscoelasticity in rheological soft tissue modeling: the
Kelvin, the Maxwell and the Kelvin–Voigt models. These
where explained in details in [8]. Machiraju listed some
more complex models in [20], which were based on
the combination of the basic models listed above. The
serially connected Maxwell and Kelvin bodies form the
Maxwell–Kelvin model, used by Leong et al. [19], while
the parallel connection of these bodies form the general-
ized Maxwell model, or its simplest form, the Wiechert
model, as shown in Fig. 2. The usage of Wiechert bodies
allows one to achieve an accurate and smooth estimation
of the tissue behavior, based on 5 mechanical parameters.
Considering a linear approach, the transfer function of
the Wiechert model in the frequency domain can be
written in the following form:

FW(s) =
A2W

s2 + A1W
s + A2W

B2W
s2 + B1W

s + B0W

U(s) = WW(s)U(s), (1)

where
A2W

= b1b2(k0 + k1 + k2),
A1W

= (b1k2(k0 + k1) + b2k1(k0 + k2),
A0W

= k0k1k2b2,
B2W

= b1b2,
B1W

= b1k2 + b2k1,
B0W

= k1k2.

Fig. 2. 5-parameter rheological models of viscoelasticity: the Maxwell–
Kelvin model (left) and the Wiechert model (right).

k and b are stiffness and damping coefficients in accor-
dance with Fig. 2.

IV. EXPERIMENTAL SETUP

In order to obtain the mechanical parameters of the
proposed rheological model, 6 pieces of cubic-shaped
fresh beef liver tissue samples were deformed, apply-
ing a uniform deformation on the tissue surface. The
samples were cut to the edge length of 20 mm. Each
specimen was deformed at three controlled deformation
rates: 20 mm/min, 100 mm/min and 750 mm/min, the
latter being the maximum compression rate available on
the testing tensile machine, which will be referred to
as the near-step input in this paper. The experimental
tests were carried out at the Austrian Center for Medical
Innovation and Technology (ACMIT), Wiener Neustadt,
using a Thümler GmbH TH 2730 tensile testing machine
with a direct connection to an Intel Core i5-4570 CPU
with 4 GB RAM. The data processing was done using
the ZPM 251 (v4.5) software.

The reaction force was measured using an ATI
Industrial Automation Nano 17 titanium six-axis
Force/Torque transducer, a 9105-IFPS-1 DAQ Interface
and power supply, at the sampling time of 62.5 Hz.
The data visualization and storage was done on an Intel
Core i7-2700 CPU with 8 GB RAM, using the ATICom-
binedDAQFT .NET software interface. Each specimen
was marked by a letter from A to F, as shown in Fig. 3.
First, lower indentation speed tests were carried out,
the indentation length was 4 mm. In order to achieve
uniform deformation, custom-designed 3D-printed flat
surface indenter was attached to the the force transducer.

The specimens were compressed at a constant com-
pression rate, however, the nonlinearities from the ac-
celeration and deceleration of the indenter head were
filtered out by taking on the first 3.6 mm of the indenta-
tion data into account. Each specimen was compressed
12 times at the rates of 20 mm/min and 100 mm/min.
During the lower compression rate tests, the reaction
force data showed no systematic degradation during the



0 10 20 30 40 50 60

0

0.5

1

1.5

2

2.5

Time [s]

F
o
rc

e
 [

N
]

Specimen A

Specimen B

Specimen C

Specimen D

Specimen E

Specimen F

Average

Fig. 3. Reaction force measurement curves for the near-step input
relaxation tests.

12 indentation cases, which indicated that no substantial
tissue damage was caused by these experiments. The
compression in the case of the near-step input was done
only once, since there was a visible and measurable
severe tissue damage after the first such test on each
sample.

The force response data for all 6 tissue specimens
are displayed in Fig. 3, including the average response
curve, normalized to the surface size of 20×20 mm for
each specimen. In all cases, a second peak was observed
in the measured forces, which occurred at the same time,
indicating a systematic measurement disturbance. This
peak is most likely the effect of the indenter deceleration
and the overshoot of the tensile machine control. This
uneven relaxation of the force data does not significantly
contribute to the final curve fitting calculations, therefore
tis effect was ignored during the initial parameter calcu-
lation.

The reaction force measurement curves for the con-
stant compression indentation tests of 20 mm/min and
100 mm/min are shown in Fig. 4 and Fig. 5, respectively.
For previously discussed reasons, regarding the nonlin-
earity of the ramp-input function, only the first 3.6 mm
of the indentation depth is considered, visualized on the
indentation depth–force diagrams.

V. NONLINEAR MASS–SPRING–DAMPER MODEL

The previous work of Takacs et al. showed that the
application of the inverse Laplace transform on (1) is
a straightforward way of estimating the tissue para-
meters of the linear model, using curve fitting on the
analytical time-domain force response function [21]. It
was also shown that this linear approach fails if the
parameter estimation is done using the data from the
constant compression rate force response curves. Since
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Fig. 4. Reaction force measurement curves for constant compression
rate indentation tests at 20 mm/min.
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Fig. 5. Reaction force measurement curves for constant compression
rate indentation tests at 100 mm/min.

the damping parameters are difficult to estimate in
engineering practice, a nonlinear model is proposed
introducing nonlinearity through the spring elements,
using the following stiffness characteristics functions:

kj(χj) = Kje
κjχj (2)

for j = 0,1,2, where χj is the elongation of the jth

spring element. The nonlinear model has 8 mechanical
parameters, allowing one to model both tissue relaxation
and progressive stiffness characteristics during constant
compression rate deformation. The system of differential



equations representing this model is the following:

ẋ0 = v(t),

ẋ1 =
1

b1
K1(x0 − x1)e

κ1(x0−x1),

ẋ2 =
1

b2
K2(x0 − x2)e

κ2(x0−x2), (3)

where v(t) is the deformation rate at the indenter tool
tip, x0 is an arbitrary point on the tissue surface. x1

and x2 are virtual mass points, which connect the k1–
b1 and k2–b2 elements, respectively. The force output of
the system is F(t), which can be written as:

F(t) = K0x0eκ0 x0 ++K1(x0 − x1)e
κ1(x0−x1)

+ K2(x0 − x2)e
κ2(x0−x2). (4)

VI. MODEL VERIFICATION

The nonlinear system of differential equations does
not allow analytical solution to this problem, therefore
the curve fitting was carried out using the MATLAB
R2011a cftool toolbox, while the fminsearch function was
used to find the optimal parameter set, as it was de-
scribed in [21]. The parameter values for both the linear
and nonlinear model cases are listed in Table 1. The
optimal set was found by applying curve fitting simulta-
neously on the datasets corresponding to the near-step
input and 20 mm/min constant compression rate test
results, while the cost function for fminsearch was defined
as the sum of the RMS error for each of the curves.

Fig. 6 shows the simulation results for the verifica-
tion of this approach, where the obtained parameters
were fed into the simulated constant compression rate
indentation with 100 mm/min. The average RMS error
was ǫRMSE = 0.1748, which was calculated separately for
each of the specimens. The simulated and measured
force response curves were a good fit to each other. The
minor scaling error, which can be observed in Fig. 6 is
due to the fact that the parameters were obtained by
fitting the force response curve in a 750 mm/min near-
step input response, but calculated using the ideal step
input compression. This approximation yielded lower
stiffness values, as the relaxation already took place
during the non-ideal compression.

VII. NON-UNIFORM SURFACE DEFORMATION

The verification of the proposed model was extended
to a non-uniform surface deformation, where additional
indentation test were carried out on further specimens. 3
specimens were investigated, having the dimensions of
25 × 25 × 200 mm, cut from the same beef liver sample
as the cubic-shaped ones, which lets us assume that the
mechanical parameters are identical. These specimens
were palpated with a sharp instrument, with an edge
length of 30 mm and sharpness of 30◦. The indenter
was 3D-printed in a way that it created a line-like
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Fig. 6. Reaction force response curves for constant compression rate
indentation tests at 100 mm/min. The simulated response of the
nonlinear model is also shown, taking the parameters listed in Table 1.

Fig. 7. Non-uniform indentation test schematics, showing the sharp
indenter with green color.

deformation input in the specimen surface, perpendic-
ular to the longest dimension (Fig. 7 and Fig. 8). The
palpation test were done based on constant compression
rate indentations, utilizing 4 different indentation rates:
5 mm/s, 10 mm/s, 20 mm/s and 40 mm/s, compressing
the tissue at different points on the surface, reaching the
indentation depth of 6 mm.

Fig. 8. Experimental setup and tissue deformation during the non-
uniform surface deformation tests.

The reaction force estimation was based on three basic
assumptions:



TABLE I
TISSUE PARAMETER ESTIMATION RESULTS FROM FORCE RELAXATION AND CONSTANT COMPRESSION RATE TESTS, USING CURVE FITTING.

Model K0 K1 K2 b1 b2 κ0 κ1 κ2 RMSE

type [N/m] [N/m] [N/m] [Ns/m] [Ns/m] [m−1] [m−1] [m−1] combined

Linear 4.86 57.81 53.32 9987 10464 - - - 0.1865

Nonlinear 2.03 0.438 0.102 5073 39.24 909.9 1522 81.18 0.0206
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Fig. 9. The surface deformation shape after reaching 6 mm of indenta-
tion depth. The red error bars indicate the deviation of the measured
position data from the examined surface points. ρ = 16 mm.

• like in the previous cases, only the uniaxial defor-
mation component was considered. The horizontal
force components were neglected;

• the indentation only affects the tissue surface defor-
mation in a certain ρ distance from the origin, i.e.
the indentation point;

• the deformation function is a quadratic approxi-
mation of the real deformation function and it is
assumed to be uniform along the direction parallel
to the line-deformation input axis.

It was also assumed that the resulting reaction force is
the sum of the reaction forces appearing on the infinitely
small Wiechert bodies:

F(t) =
∫∫

y,z

f (y,z, t)dydz, (5)

where f (y,z, t) is the reaction force of a single element
at the (y,z) surface point at time t. The function f (y,z, t)
is calculated by solving (17) for each nonlinear Wiechert
element. Since each element has a unique deformation
rate vx,y(t), specific stiffness and damping values can
be utilized, which yielded values as shown in Table 2.
These values were calculated as the normalization of the
mechanical parameters with respect to the surface size
of 1 m2.

In order to carry out numerical simulations, the tissue
surface was discretized, dividing it to equally large

TABLE II
SPECIFIC MECHANICAL PARAMETER VALUES, NORMALIZED TO 1 M2 .

Ks
0 [N/m3] Ks

1 [N/m3] Ks
2 [N/m3] bs

1 [Ns/m3]

5075 1095 255 127·106

bs
2 [Ns/m3] κ0 [m−1] κ1 [m−1] κ2 [m−1]

1.1·106 909.9 1522 81.189

square elements Ai = Ayi,zi
. Each element was given a

deformation rate profile vi(t), which was obtained from
video recordings of the experiment. The axis of the cam-
era was fixed on the z-axis, focused on 7 points on the
surface moving towards the positive x direction during
the indentation. 12 video recordings were analyzed at
equally chosen time intervals, allowing one to calculate
an average deformation profile. After the processing
of the data, it was found that the following function
approximates the final deformation shape very well:

x(y) =
xd

ρ2
(|y| − ρ)2, (6)

where xd is the indentation depth. The tissue surface
was assumed to be symmetric with respect to the axis of
indentation and that the doming effects are neglected:

dx

dy

∣

∣

∣

∣

y=ρ

= 0, (7)

These simplifications do not have a significant effect
near the indentation point, where the reaction force is
assumed to be maximum, and the progressive spring
characteristics of the model cause the effect of the points
in the farther regions to have a minimal contribution
to the resulting reaction force acting on the indenter.
The final surface deformation shape is shown in Fig. 9.
Error bars are indicating the deviation of the investigated
surface points from the estimated surface function. The
deformation rate profile vi(t) at each surface point Ai,
can be written as:

v(y, t) =
vin

ρ2
(|y| − ρ)2. (8)

In the case of the constant rate indentation, the points
are moving at a constant speed, which only depends
on the distance of the given point from the indentation
point. Based on these formulas, (3) was solved for the
surface elements and the reaction force values were ob-
tained and summed according to (4). The force response
estimation and simulation results for the 3rd specimen
at 10 mm/min indentation rate are shown in Fig. 10.

The measured force response values match the es-
timated ones very well in the initial phase of the in-
dentation. However, at the indentation depth of 4 mm,
the slope of the experimental curves abruptly increases,
which indicates that a force component has appeared
that was unaccounted for until this point. This phe-
nomenon is most likely caused by the lateral tension
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Fig. 10. Experimental results and simulated force response for the case
of 10 mm/min indentation for non-uniform surface deformation.

forces, which appear due to the stretching of the tis-
sue surface, which has not been damaged during the
experiments. This behavior indicates that the 1 degree
of freedom model presented in this paper works suffi-
ciently well in the lower deformation regions, but should
be handled with caution in the case of significant lateral
tensions.

VIII. DISCUSSION AND FUTURE WORK

Rheological tissue models can be used in various
forms for the modeling of soft tissue behavior dur-
ing surgical interventions, representing a simple and
straightforward approach for addressing real-time dy-
namic simulation and force estimation during manipu-
lations. This work proposed and verified a nonlinear
rheological model for reaction force estimation during
surgical manipulations, assuming that the tissue de-
formation shape is known. The presented model was
verified using experimental results for tissue relaxation
and constant compression rate response of ex vivo beef
liver samples. It was concluded that the estimated re-
action force curves gave a good match to the measured
values in the case of uniform surface deformation while
the model showed an acceptable performance for non-
uniform surface deformation tests, based on the idea of
uniformly distributed viscoelastic bodies.

Limitations to the approach include the description
of the surface deformation function for more complex
objects, such as human organs, while the effect of lat-
eral tension forces in large deformations should not
be neglected, either. Our future work includes the in-
vestigation of these effects and also accounting for the
elongation of the tissue surface.

The proposed model is a powerful and useful tool
for reaction force estimation for carrying out surgical
interventions using blunt instruments (including but not
restricted to ultrasound imaging), teleoperation haptic
feedback control, surgical simulators etc. Our future
work focuses on the model extension to more complex

deformations shapes, real-time deformation shape acqui-
sition and model integration into virtual simulators.
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