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Morse theory for manifolds with boundary

MACIEJ BORODZIK
ANDRAS NEMETHI
ANDREW RANICKI

We develop Morse theory for manifolds with boundary. Beside standard and expected
facts like the handle cancellation theorem and the Morse lemma for manifolds with
boundary, we prove that under suitable connectedness assumptions a critical point in
the interior of a Morse function can be moved to the boundary, where it splits into a
pair of boundary critical points. As an application, we prove that every cobordism of
connected manifolds with boundary splits as a union of left product cobordisms and
right product cobordisms.

57R19; 58E05, 58A05

1 Introduction

For some time now, Morse theory has been a very fruitful tool in the topology of
manifolds. One of its milestones was the s—cobordism theorem of Smale [17], and its
Morse-theoretic exposition by Milnor [11; 12]. Recently, Morse theory has become
even more popular, for two reasons: its connections with Floer homology (see eg Sala-
mon [15], Witten [18], Nicolaescu [13] and Kronheimer and Mrowka [9]) and the
stratified Morse theory developed by Goresky and MacPherson [6]. In the last 20 years
Morse theory has also had an enormous impact on the singularity theory of complex
algebraic and analytic varieties.

Morse theory for manifolds with boundary was studied in the seventies by Braess [5],
Jankowski and Rubinsztein [8] and Hajduk [7]. Recently it was developed by Kron-
heimer and Mrowka [9]. Since then the theory has experienced very fast development,
as witnessed by the papers of Bloom [2] and Laudenbach [10]. Our paper is another
contribution.

In this paper we prove some new results in Morse theory for manifolds with boundary.
Besides some standard and expected results, like the boundary handle cancellation
theorem (Theorem 5-1) and the topological description of passing critical points on
the boundary (using the notions of right and left half-handles introduced in Section 2)
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we describe another phenomenon; see Theorem 3-1. An interior critical point can be
moved to the boundary and there split into two boundary critical points. A related
result was stated in Hajduk [7, Theorem 5]; we provide a rigorous proof under much
weaker assumptions.

In particular, if we have a cobordism of manifolds with boundary, then under a natural
topological assumption we can find a Morse function which has only boundary critical
points. We use this result to prove a structure theorem for connected cobordisms of
connected manifolds with connected nonempty boundary: such a cobordism splits
as a union of left and right product cobordisms. This is a topological counterpart to
the algebraic splitting of cobordisms obtained by the authors in [3, Main theorem 1]:
an algebraic splitting of the chain complex cobordism of a geometric cobordism can
be realized topologically by a geometric splitting. This algebraic splitting is used to
study the algebraic properties of the Seifert matrices of isotopic nonspherical (2n—1)—
dimensional links in S2”*1. This will provide the algebraic background to our proof
that the semicontinuity of mod 2 spectra of hypersurface singularities is a purely
topological phenomenon (see the authors’ [4], especially the paragraph before proof of
Theorem 2.1.8).

The structure of the paper is as follows. After preliminaries in Section 1.1 we study
in Section 2 the changes in the topology of the level sets when crossing a boundary
critical point. Theorem 2-27 is the main result of this section: passing a boundary stable
(unstable) critical point produces a left (right) half-handle attachment. In Section 3
we prove Theorem 3-1, which moves interior critical points to the boundary. This
is the first main result of this article. Then we pass to some more standard results,
namely rearrangements of critical points in Section 4. We finish the section with our
most important — up to now — application, Theorem 4-18, about the splitting of a
cobordism into left product and right product cobordisms. Finally, in Section 5 we
discuss the possibility of canceling a pair of critical points. We include this part for
completeness, the main result of this section was proved in Hajduk [7, Theorem 1].
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1.1 Notes on gradient vector fields

To fix notation, let us recall what a cobordism of manifolds with boundary is.

Definition 1-1 Let 3 and ¥; be compact oriented, n—dimensional manifolds with
nonempty boundaries My and M;. We shall say that (2, Y) is a cobordism between
(Zo, My) and (21, M) if Q2 is a compact oriented (n+ 1)—dimensional manifold with
boundary 02 =Y UXyUX, where Y is nonempty, oNX; =&, and Y NXy = M),
Yn, =M.

Remark 1-2 Strictly speaking, €2 is a manifold with corners, so around a point
X € MyU M, itis locally modeled on R”~1 x Rio. Accordingly, sometimes we write
that ¥y, ¥; and Y, as manifolds with boundary, have tubular neighborhoods in €2
of the form Xy x [0, 1), ¥ x[0,1), or Y x|0, 1), respectively. Nevertheless, in most
cases it is safe (and more convenient) to assume that €2 is a manifold with boundary,
ie that the corners are smoothed along My and M;. Whenever possible we make this
simplification in order to avoid unnecessary technicalities.

Example 1-3 Given a manifold with boundary (X, M), we call (X, M) x[0,1] a
trivial cobordism, with Q = X x[0,1], Y = M x[0,1], E; = Ex{i}, M; = M x{i}
fori =0,1.

We recall the notion of a Morse function (in [7] they are called m—functions). For this
it is convenient to fix a Riemannian metric g on 2.

Definition 1-4 Let F: Q — [0, 1] be a smooth function. A critical point z of F is
called Morse if the Hessian of F at z is nondegenerate. The function F: Q — [0, 1] is
called a Morse function on the cobordism (2, Y) if F(Zg) =0, F(2;) =1, F has
only Morse critical points, the critical points are not situated on Xy U X, and VF is
everywhere tangent to Y.

There are two ways of doing Morse theory on manifolds. One can either consider the
gradient flow of V F' associated with F and the Riemannian metric (in the Floer theory,
one often uses —V F'), or the so-called gradient-like vector field.

Definition 1-5 (See Milnor [12, Definition 3.1]) Let F be a Morse function on a

cobordism (€2, Y). Let £ be a vector field on 2. We shall say that & is gradient-like
with respect to F if the following conditions are satisfied:

Algebraic & Geometric Topology, Volume 16 (2016)
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(a) &-F >0 away from the set of critical points of F.

(b) If p is a critical point of F of index k, then there exist local coordinates
X1,...,Xp+1 in a neighborhood of p, such that

F(X1,....Xng1) = F(p) = (X7 + -+ x0) + (Xfpy + -+ X0 0p)

and
E=(—X1, s —Xg, Xkt1s---Xn4+1) IinU.

(b’) Also, if p is a boundary critical point, then the above coordinate system can be
chosen so that ¥ = {x; = 0} and U = {x; = 0} for some j € {l,...,n+1}.

(c) £ is everywhere tangent to Y.

The conditions (a) and (b) are the same as in the classical case. Condition (b’) is an
analogue of condition (b) in the boundary case; cf Lemma 2-6.

Smale [16] noticed that for any gradient-like vector field £ for a function F there
exists a Riemannian metric such that £ = V F' in that metric. The situation is identical
in the boundary case. This is stated explicitly in the following lemma, whose proof is
straightforward and will be omitted.

Lemma 1-6 Let U be a paracompact k —dimensional manifold and F: U — R a
Morse tunction without critical points. Assume that & is a gradient-like vector field
on U . Then there exists a metric g on U such that § = V F in that metric. A similar
statement holds it U has boundary and & is everywhere tangent to the boundary.

Hence the two approaches — by gradients and gradient-like vector fields — are equiv-
alent. We shall need both of them. In Section 3 we use gradients of functions and a
specific choice of a metric, which make the arguments slightly simpler. In Section 5
we follow Milnor [12] very closely; as he uses gradient-like vector fields, we use them
as well.

The next result shows that the condition from Definition 1-4 that V F is everywhere
tangent to Y can be relaxed. We shall use this result in Proposition 4-1.

Lemma 1-7 Let Q2 be a compact Riemannian manifold of dimension n + 1 and let
Y C 02 be compact as well. Let g denote the metric. Suppose that there exists a
function F: Q — R, and a relative open subset U C Y such that VF is tangent to Y
at each point y € U . Suppose furthermore that for any y € Y \ U we have

(1-8) T,Y ¢ kerdF.

Algebraic & Geometric Topology, Volume 16 (2016)
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Then, for any open neighborhood W C Q of Y \ U, there exist a metric h on 2,
agreeing with g away from W, such that Vi, F (the gradient in the new metric) is
everywhere tangent to Y .

Proof Letusfixapoint y € Y \U and consider a small open neighborhood V), of y in
W, in which we choose local coordinates x1, ..., X, suchthat YNV, = {x,4; =0}
and Vy C {x,41 = 0}. In these coordinates we have dF = Z?: 11 fi(x)dx; for some
smooth functions fi,..., fu4+1. By (1-8), for each x € V), there exists i < n such
that f;(x) # 0. Shrinking V) if needed, we may assume that the index i is the same
for each x € Vy,. In the following we suppose that i = 1, that is for every x € V, we
have £ f1(x) > 0 and the sign + is the same for every x. Let us choose a symmetric
positive-definite matrix A4, = {a;; (x)}?’;.il so that a1; = + f1(x) and for i > 1,
aj; =aj; = fi(x). Ay defines a metric /1, on V) such that V;, F = (£1,0,...,0) C
TY in that metric.

Now let us choose an open subset V of Q\ (Y \ U) such that V' U Uer\U V) is
a covering of Q. Let {¢y} U {¢y},ecy\u be a partition of unity subordinate to this
covering. Define
h=¢y-g+ Z Pyhy.
yeY\U

Then 4 is a metric, which agrees with g away from W . Moreover, as for each metric
hy,and x € V, NY we have Vj, F(x) € TxY by construction, the same holds for a
convex linear combination of metrics. a

2 Boundary stable and unstable critical points

Most of the results of this section appeared previously in [5; 8; 7]. We provide them
for completeness of exposition and for the convenience of the reader. In what follows,
we use notation and terminology of [9].

2.1 Morse function for manifolds with boundary

The first question concerns the existence of Morse functions. While the condition that
the function has only critical points of Morse type is open and dense, it requires a little
argument to show that there are many functions generic in the interior such that their
gradient, when restricted to Y, is tangent to Y.

Lemma 2-1 Morse functions exist. In fact, for any Morse function f:Y — [0, 1]
with f(My) =0, f(M;) = 1 there exists a Morse function F: 2 — [0, 1] whose
restrictionto Y is f.

Algebraic & Geometric Topology, Volume 16 (2016)
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Proof Let f: Y — [0, 1] be a Morse function on the boundary, such that f(My) =0
and f(M;)= 1. We want to extend f to a Morse function on 2.

First, let us choose a small tubular neighborhood U of Y and a diffeomorphism
U =Y x[0,¢) for some ¢ > 0. Let F: U — [0, 1] be given by the formula

2-2) Ux=Y x[0,¢)>(x,t) > ﬁ(x,t) = f(x)= f(x)(1 = f(x))>.

The factor f(x)(1 — f(x)) ensures that F attains values in the interval [0,1] and
F! (i) C X; for i € {0, 1}. It is obvious that there exists a smooth function F: Q —
[0, 1], which agrees on Y x [0, £/2) with F, and it satisfies the Morse condition on the
whole of 2. The gradient V F is everywhere tangent to Y . |

Remark 2-3 The above construction yields a function with the property that all its
boundary critical points are boundary stable (see Definition 2-4 below). This is due to
the choice of sign —1 in front of f(x)(1 — f(x))t? in (2-2). If we change the sign to
+1, we obtain a function with all boundary critical points boundary unstable.

We fix a Morse function F: Q — [0, 1] and we start to analyze its critical points. Let z
be such a point. If z € Q\ Y, we shall call it an interior critical point. If z € Y, it will
be called a boundary critical point. There are two types of boundary critical points.

Definition 2-4 Let z be a boundary critical point. We shall call it boundary stable, it
the tangent space to the unstable manifold of z lies entirely in 7Y, otherwise it is
called boundary unstable.

\

\

(

Figure 1: Boundary stable (on the left) and unstable critical points.

The index of the boundary critical point z is defined as the dimension of the stable
manifold W} . If z is boundary unstable, this is the same as the index of z regarded
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as a critical point of the restriction f of F on Y. If z is boundary stable, we have
indr z = indy z + 1. In particular, there are no boundary stable critical point with
index 0, nor boundary unstable critical points of index »n + 1.

Remark 2-5 We point out that we use the flow of V F and not of —V F as Kronheimer
and Mrowka [9] do, hence our definitions and formulae are slightly different from
theirs.

We finish this subsection with three standard results.

Lemma 2-6 (Boundary Morse lemma) Assume that F has a critical point z € Y
such that the Hessian D? F(z) at z is nondegenerate, and V F is everywhere tangent to
Y . Then there are local coordinates (X1, ..., Xp+1) in an open neighborhood U > z
such that U = {x% —|—--~—|—x’f+1 <e2N{x; =0} and U NY = {x; = 0} for some
€ >0, and F in these coordinates has the form :I:xl2 + x% = R xi_H + F(z2).

Proof We choose a coordinate system yq,..., V,+1 in a neighborhood U C Q of
z such that z = (0,...,0), Y ={y; =0}, U = {y; = 0}, and the vector field %
is orthogonal to Y. We may and will assume F(z) = 0. The tangency of VF to Y
implies that at each point of Y,

(2-7) g—F(O, Y2,y Vnt1) = 0.
85!
The Hadamard lemma applied to F' gives smooth functions K1, ..., K,41 such that
n+1
(2-3) F=y1 Kyt yns )+ D ¥i K y2 e Yng)-
j=2

We can assume that for j > 1, K; does not depend on y;. Indeed, if it does, we write
(again using the Hadamard lemma)

Kj(ylv""yn-i-l)=Kj(o’yZ""vyn-‘rl)+y1L1j(y1""’yn+l)

for smooth functions L,,..., L} 441, and then replace K; by K;(0, y2,..., Yn+1)
and Ky by K1+ yjLy;. Condition (2-7) implies now that Ky 0,52,...,Vp+1)=0,
hence

Kiyis.o oo ynv) = yiHuu(1, oo Ynt1)

for some function H;;. By the Hadamard lemma applied to K>, ..., K,4+; we infer
that there exist functions Hjy for j,k =2,...,n+1 such that

n
(2-9) F=y{Hy (1. o) + D iveHie(va. - yut1).
j.k=2
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Notice that the functions H;; and Hjy for j,k=2,...,n+ 1 evaluated at z corre-
spond to the second derivatives of F at z. The nondegeneracy of D? F(z) implies that
Hi1(z) #0; by continuity H;; does not vanish in a neighborhood of z. After replacing
yi~/£H; by x1, we can assume that H;; = 1. Finally, the sum in (2-9) can be
written as Zjaz e]-xf (€j = £1) by the classical Morse lemma [11, Lemma 2.2]. O

The next result is completely standard by now.

Lemma 2-10 Assume that F is a Morse function on a cobordism (2,Y) between
(X0, My) and (21, M1). If F has no critical points, then (2,Y) = (Z¢, My) x [0, 1].
Furthermore, we can choose the diffeomorphism to map the level set F~1(t) to the set
Yo x {t}.

Proof The proof is identical to the classical case; see eg [12, Theorem 3.4]. |

2.2 Half-handles

For any k we consider the k—dimensional disk D¥ = {x? +---+ x2 < 1}. In the
classical theory, an n—dimensional handle of index k is the n—dimensional manifold
H = DK x D" % with boundary

9H = (3D x D" %) U (D* x 9p"*) = By U Bj,.

Given an n—manifold with boundary (X, 0¥) and a distinguished embedding ¢: By —
0%, the effect of a classical handle attachment is the n—dimensional manifold with
boundary

(2.9%)) = (SUH, (3X\ Bo) U B)).

where we glue along ¢(By) identified with By. The boundary 9%’ is the effect of
surgery on ¢(Bg) C 0X. We now extend this construction to relative cobordisms of
manifolds with boundary, using “half-handles”. Since our ambient space 2 is (n+1)—
dimensional, (n + 1) is the dimension of the handles, and they induce n—dimensional
handle attachments on Y .

In order to do this, for any & = 1 we distinguish the following subsets of Dk the
“half-disk” D’j_ := DK N {x; =0}, and its boundary subsets S_’f__l =Dk N{x; =0},
S(’)‘_2 = 3Dk N{x; =0} and D’g_l = D¥ N {x; = 0}. Clearly, S(’;‘_2 is a boundary
of the two (k — 1)—disks S _lﬁ_l and Dé‘_l ; see Figure 2. We will call x; the cutting
coordinate.

Algebraic & Geometric Topology, Volume 16 (2016)
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Definition 2-11 Let 0 <k <n. An (n+ 1)—dimensional right half-handle of index k
is the (n+ 1)—dimensional manifold H,;g,, = Dk x D”++1_k , with boundary subdivided
into three pieces 0H, g, = BU C U N, where

B:=3D* x pnt1k .= Dk x DIk, N := Dk x st
One also has the intersections
By:=CNB=aD"xDI % Ny:=CnN=DFxsp* 1

Hence the handle H is cut along C into two pieces, one of them is the half-handle
H,igpi. Note that (C, By) is a n—dimensional handle of index k. See Figure 3 for an
example of a right half-handle.

0
SO
¢ ~

-~
0
So

Figure 2: Various parts of a “half-disk” explaning the notation introduced
before Definition 2-11.

B By

Figure 3: A right half-handle of index 1. The two half-disks form B, while
C is the bottom rectangle.

Symmetrically, we define the left half-handles by cutting the handle H along the
left-component disk DK see Figure 4.

Definition 2-12 Fix &k with | <k <n+ 1. An (n + 1)—dimensional left half-handle
of index k is the (n + 1)—dimensional disk Hj. := D’jr x D"1=k with boundary
subdivided into three pieces dH s = BUC U N, where

B:= Si—l x phti=k o .= Dg—l x phti=k N = Di « gpnt1—k

We also set Bg:=CNB = S(])‘_2 x D17k and Ng:=NNC = Dg—l x gpnt1—k

Algebraic & Geometric Topology, Volume 16 (2016)
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A [ ™\

By

Figure 4: A left half-handle of dimension 3 and index k = 2. The two lines
are By, the bottom rectangle is C. B is the surface between the two half
circles in the picture.

Remark 2-13 The right half-handle and left-half handle are abstractly diffeomorphic
to an (n + 1)—dimensional disk. The right half-handle and left-half handle are each
abstractly diffeomorphic to an (n 4+ 1)—dimensional disk. The difference is that the
boundary is split into several components and this splitting is different for right half-
handles and left half-handles.

A half-handle will from now on refer to either a right half-handle or left half-handle. We
pass to half-handle attachments. We will attach a half-handle along B. The definitions
of the right half-handle attachment and the left half-handle attachment are formally
very similar, but there are significant differences in the properties of the two operations.

Definition 2-14 Let (2,Y; Xy, My, X1, M) be an (n + 1)—dimensional relative
cobordism. Given an embedding ®: (B, By) — (X1, M) define the relative cobor-
dism (,Y’; Z¢, My, E’l, Ml’) obtained from (2, Y; X¢, My, X1, M) by attaching
a (right or left) half-handle of index k by

Q' =QUpH, Y' =Y Ug,C,

21 =(Z1\B)UN, M= (M;\By)UNj.

See Figure 5 and Figure 6 for right, respectively left half-handle attachments.

We point out that in the case of the right half-handle attachment, any embedding of By
into M determines (up to an isotopy) an embedding of pairs (B, By) — (X1, My).
Indeed, as (B, By) = dD* x (Dfrl_k, Dg_k), amap ¢: By — M extends to a map
®: B — 3 in a collar neighborhood of M; in X{. (This is not the case in the left
half-handle attachment.)

In particular, in the case of right attachments, we specify only the embedding By — M .

Example 2-15 (a) The right half-handle attachment of index 0 is the disconnected
sum L D’_frl with boundary E)Df’ir+1 = S U Dy. We think of the first disk S} as a
part of X/, while the second disk as a part of Y/, and M| = M; U S}I~!.

Algebraic & Geometric Topology, Volume 16 (2016)
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M,

Ql

Figure 5: Right half-handle attachment. Here &k = 1, n = 2. On the right,
the two black points represent a sphere S° with a neighborhood By in M,
and B in X. In the picture on the right the dark green colored part of the
handle belongs to X1, the dashed lines belong to ¥ and are drawn only to
make the picture look more “three-dimensional”.

M| M/

S‘z/

Figure 6: Left half-handle attachment with k = 2 and » = 2. This time the
sphere on the left (denoted by two points) bounds a disk in .

(b) We describe the left half-handle attachment for k = 1. In this case By is empty.
If we are given an embedding of B = {1} x D" into X; \ My, we glue [0, 1] x D"
to Q along B. Then we set Y’ =Y L{0} x D", ¥} = (2;\ B)U[0, 1] x 0B and
M’ = M {0} x0B.

Example 2-16 There is another way of looking at left half-handle attachments. Sup-
pose we are given a model of 2 (in Figure 7) made of clay. The height function is the
Morse function F'. On the top of €2, that is on 31, we specify an arc y with boundary
in M; (the arc is a 1-dimensional disk, that is, in our situation kK =1+ 1=2). We
press down slightly a tubular neighborhood of the arc as on the right side of Figure 7.
The resulting manifold is a result of a left half~handle attachment of index 2. Notice
that for index-1 left half-handle attachment we should have specified a disk inside X
(with boundary disjoint from M7 ).

Remark 2-17 In the next subsection we shall see that crossing a boundary stable
critical point corresponds to a left half-handle attachment, while a boundary unstable

Algebraic € Geometric Topology, Volume 16 (2016)
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T, DN z

Q Q Q

Figure 7: A “clay” variant of a left half-handle attachment as explained in
Example 2-16. There are only small differences between this picture and
Figure 6. Here the handle is “pushed down inside €27, in the formal definition
it is glued on top of .

critical point corresponds to a right half-handle attachment. Theorem 3-1 can be
interpreted informally as splitting a handle into a right half-handle and a left half-
handle. This also motivates the name “half-handle”.

2.3 Elementary properties of half-handle attachments

The following results are trivial consequences of the definitions.

Lemma 2-18 Let Q' be the result of a right half-handle attachment to Q along
(B, By) <= (X1, M1). Let B’ be B pushed slightly off M into the interior of X1 .
Let Q be the result of attaching a (standard) handle of index k to Q2 along B’. Then
Q’ and  are diffeomorphic.

Proof When we forget about C and By, the pair (H,;, B) is a standard (n + 1)—
dimensional handle of index k. |

For instance, the effect of a right half-handle attachment on €2 is the same as the effect
of a standard handle attachment of the same index.

The situation is completely different in the case of left half-handle attachments.

Lemma 2-19 If Q' is the result of a left half-handle attachment, then Q' is diffeomor-
phic to 2.

Proof By definition the pair (Hj.s, B) is diffeomorphic to the pair (D" x [0, 1], D™ x
{0}). Attaching H.p; along B to € does not change the diffeomorphism type of 2. O

The effect on Y of right and left half-handle attachments are almost the same, the only
difference is the index shift by 1.

Algebraic & Geometric Topology, Volume 16 (2016)
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Lemma 2-20 If (Q',Y’; X, Mo, X/, M) is the result of a left (respectively, right)
half-handle attachment to (2,Y; X, My, X1, My) along (B, By) — (X1, My), then
Y’ is the result of a classical handle attachment of index k — 1 (respectively k)
along By.

Proof This follows immediately from Definition 2-14. |

The effects of half handle attachment on X are also easily described. The next lemma
is a direct consequence of the definitions; its proof is omitted. We refer to Figures 5
and 6.

Lemma 2-21 (a) If (2',Y':Xo, My, X, M]) is the result of index k right half-
handle attachment to (2,Y; ¥o, My, X1, M) along By — M, then E/l is dit-
feomorphic to X1 Ug, N, where N is an n—dimensional disk D¥ x D"k and
By = Sk—1 x pn—*k.

(b) Suppose (Q',Y’; X, Mo, X/, M) is the result of left half-handle attachment to
(R,Y; 39, My, X1, My) along (B, By) — (X1, M). Then E’l is diffeomorphic to
T\ B.

Example 2-22 Suppose 7 = 3, so X; and X/ are three-dimensional manifolds with
boundary. The effects on X; of left and right half-handle attachments to 2 are the
following (the numbers 0, 1, 2, 3,4 are the index of a handle, “L” and “R” stand for
“left” and “right”):

(OR) E’l is a disjoint union of ¥; and a 3-ball.

(1L) A 3-ball is removed from the interior of X;.

(1IR) A 1-handle (that is a thickened arc) is added to ;. The attaching region is
formed by thickening two point on 9% .

(2L) An arc y is chosen inside X; such that dy C d¥;. The manifold E/l is then
31 with a tubular neighborhood of y removed.

(2R) A 2-handle (a thickened two-disk) is added to ¥;. The attaching region is
formed by thickening a circle belonging to X .

(3L) A disk D is specified inside X; such that dD C dX;. Then a tubular neigh-
borhood of D is removed.

(BR) A 3-handle (a ball) is added to X;. Notice that adding a 3—ball destroys one
component of the boundary.

(4L) A connected component of X; that is a ball, is removed from X;. This is the
opposite of the (OR) move.
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Lemma 2-21 and Example 2-22 emphasize that right half-handle attachments and left
half-handle attachments are somehow dual operations on ¥. This can be seen also
at the Morse function level: changing a Morse function F to —F changes all right
half-handles to left-half handles and conversely; see Section 2.4 and 2.5 below. But the
above lemma shows another aspect as well: a right half handle attachment consists of
gluing a disk, a left half-handle attachment consists of removing a disk. Indeed, in the
case of right attachment, (X, M) = (X; U Dk x pn—Fk, 0X") is associated with an
embedding ®: dDK x D"k — M, . On the other hand, by definition, for an embedding
@ : (Dk—1 x prti=k gpk=1x prn+ti=ky _ (3., M), the pair

(=), M{) = (closure of (; \ Dk=1 x prti=ky X))

is obtained from (X, M) by a handle detachment of index k — 1. We formulate this
observation as a rephrasing of Lemma 2-21.

Corollary 2-23 The effect on (X1, M) of a right halt-handle attachment of index
k is a handle attachment of index k to (X1, M;). Likewise, the effect on (X1, M)
of a left half-handle attachment of index k is a handle detachment of index k — 1. In
particular, M| is obtained from M as the result of a k surgery in the first case, and
k — 1 surgery in the second.

The duality can also be seen as follows: we can cancel any handle attachment by a
suitably defined handle detachment, and conversely.

The following definition introduces a terminology which is rather self-explanatory. We
include it for completeness of the exposition.

Definition 2-24 A cobordism (2’,Y’) between (X, M) and (X', M) is a right (re-
spectively left) half-handle attachment of index k if (2, Y’, X/, M) is a result of right
(respectively left) half-handle attachments of index & (in the sense of Definition 2-14)
to (X x[0,1], M x[0,1], Z x {0}, M x {0}, & x {1}, M x {1}).

We conclude this section by studying homological properties of handle attachment.
These properties will be used in [3]. The proofs are standard and are left to the reader.

Let (H4,C, B, N) be a half-handle of index k.

Lemma 2-25 If (H,jgn, C, B, N) is a right half-handle, then the pair (C, By) is a
strong deformation retract of (H”_, B), while (D¥, dD¥) is a strong deformation retract
of (C, By). In particular, H;(H, B) = H;(C, By) = Z for j = k, and it is zero
otherwise.
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The situation is completely different for left half-handles.

Lemma 2-26 If (H,y, C, B, N) is a left half-handle, then the pair (H,.s, B) retracts
onto the trivial pair (point, point) . In particular, all the relative homologies Hy(H,es, B)
vanish. On the other hand, (D’g_1 , S(’)‘_z) is a strong deformation retract of (C, By),
hence Hj(C, Bg) =Z for j = k —1, and it is zero otherwise. Therefore, the inclusion
(C, By) = (H,ep, B) induces a surjection on homologies.

2.4 Boundary critical points and half-handles

Consider a Morse function F on a cobordism (€2, Y') and assume that it has a single
boundary critical point z of index & with critical value ¢ and no interior critical points.

Theorem 2-27 If z is boundary stable (unstable), then the cobordism is a left (right)
half-handle attachment of index k respectively.

Proof We can assume that ¢ = F(z) = 0. Let us chose a neighborhood U of z
in . Shrinking U if necessary, we can assume that there are Morse coordinates
X1,.--,Xp4+1 on U (see Lemma 2-6) and in these coordinates U is a half-ball of
radius 2p for some positive number p:

U={x{++x5,, <40} N{x; =0}

The intersection ¥ N U defined by {x; = 0}, and
F(X1,...,Xp41) = —a® + b2,

where if z is boundary stable we set
(2-28) a*=xT+x3 4 bDP=xp et xl, (k=)
and if z is boundary unstable
(2-29) a? =x§—|—-~+x,%+1, b? =x12+x,3+2+--'+x3+1 (k= 0).
We also assume that x1,...,X,4+1 is an orthonormal Euclidean coordinate system.

Next, we consider ¢ > 0 such that ¢ < p, and we define a space H bounded by the
following conditions (see Figure 8):

ﬁ = {—a2 +b2 S [—82,82], a’b? < ,04 —84, x1 = 0}.
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Observe that
HCU.

Let us now define the following parts of the boundary of H:

B=0HN{-da>+b*= -2} C F'(=¢?),

P=0HN{-a®+b*=¢%C F1(?),
(2-30) _ o~

K = 0H N{a?h* = p* —&*},

C=0HnN{x; =0}CY.

We have BUPUKUC = 9H (in Figure 8 we do not see C, because this would
require one more dimension). If z is boundary unstable and k& = 0 in (2-29) then the
term a? is missing and B = @. Otherwise B # .

’72

Figure 8: A schematic presentation of H s E, P s K from the proof of
Theorem 2-27. To each point (a?,b?) in H on the picture correspond all
those points (x1, ..., X,+1) for which (2-28) or (2-29) holds and x; = 0.

Lemma 2-31 The flow of V F is tangent to K.

Proof Assume the critical point is boundary stable. The differential equation

dx

E =VF = (—2X1, ey —ZXk, 2Xk+1, .. ,2xn+1)
has a solution
-2t -2t 2t 2t
(X1seooyXp41) > (€ X1, o6 " X, €7 Xy oo €7 X))
It follows that a?> — e~*/a? and b — ¢*'b?, and the hypersurface a?h? = constant
is preserved by the flow of VF. O
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Lemma 2-32 The inclusion of pairs of spaces
(F ' (=) U H Y N (F ' (=?) Uz H)) C (Q,Y)

admits a strong deformation retract.

Proof By Lemma 2-10 we can assume that
(Q,Y) = (F~ ([~ ¢’), Y N F ! ([=¢ %)),

First we assume that B is not empty, and it is given by the Equation (2-30) in U.
Set ¥_ = closure of (F~1(—&?)\ E) and let 7_ be the part of the boundary of X_
given by

T_ = closure of (dX_ \ dF~1(—&?)).

We have T C B ; see Figure 9. Let us choose a collar of 7_ in ¥_, that is a
subspace U_ C X_ diffeomorphic to 7— x [0, 1], T— identified with 7_ x {0} and
AT— x[0,1]C 92_NAF~!(—¢e?). Let T be the space identified with T x {1} by
this diffeomorphism.

Similarly, let ¥ = closure of (F~!(g?)\ ﬁ), and T = closure of (X4 \dF 1 (s?)).
We also define 2 as the closure of €2\ H. Clearly F has no critical points in €2 and
V F is everywhere tangent to 0Q2¢ \ (Z_UX4) = (Y N Qo) U K by Lemma 2-31. In
particular, by Lemma 2-10, the flow of VF on €2 yields a diffeomorphism between
¥_ and ¥4, mapping 7— to 7. We define V C 2 as the closure of the set of points
v such that a trajectory going through v hits U_. Lemma 2-10 implies that there
is a diffeomorphism V 2 T_ x [0, 1] x [—¢€2, £2] such that for (x,¢,s) € V we have
F(x,t,s) =s. Finally, we also define V* := {(x,t,5) € V 15 <e2(1 —2¢)}.

T+ .,
Y /
/
]
_ |
> H V:
|
\
\
\
T_ T DR

Figure 9: Notation used in Lemma 2-32. Note that the left picture is drawn
on X_, while the right one is on 2.

We define the contraction in two steps: vertical and horizontal. The vertical contraction
is defined as follows. For v € H U V* we define ITy (v) = v. For a point v € Q¢ \ V
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we take for ITy (v) the unique point s € X _ such that a trajectory of VF goes from s
to v. Finally if v = (x,,5) € V\ V* we define [Ty (v) = (x,1, (1 —21)).

By construction, the image of Iy is H U V* U F~!(—¢?). Next, we define 1.
Note that Tz will be defined only on the image of Iy .

My =id on HU F~1(—¢?), and maps (x,¢,5) € V* to (x,1— (2 +5)/(2¢?), —€?)
if s <e2(2t—1), and to (x,0, s —2s%t) otherwise. Note that the expressions agree for
any (x,t,s) with s = £2(2¢ — 1) and these points are sent to (x,0, —¢?). Both Ty
and [Ty are continuous retractions, by smoothing corners we can modify them into
smooth retractions; also they can be extended in a natural way to strong deformation
retracts. By construction, the retracts preserve Y too. See also Figure 10.

If B is empty, then H is necessarily a unstable (right) half-handle of index 0,
F~1([—¢2, £?)) is a disconnected sum of A and the manifold F~1(—¢?)x[—&%,¢%]. O

Feh) VE = (V)
o] D ]
Y |4 l l i // i
F~1(—¢?) |

Figure 10: Contractions I1g and ITy from the proof of Lemma 2-32. The
set V is now drawn as a rectangle.

Continuation of the proof of Theorem 2-27 We want to show that H is a half-
handle.

By Section 2.2 we have the following description in local coordinates of the left
half-handle (2-33) and right half-handle (2-34) with cutting coordinate xj :

(233)  Hip={x]+-+xg SIN{xp 4+ +xp < 1N {x; =0},
(2-34) Hyjgn = {x3+ ... +x7 ., S I N{XT4+xp o+ +xp <10 {xg =0}

We consider the subsets R and S of R? given by

4 _utve [—82, 82]},

R:{(u,v)eRZ:uZO, v=0, uv§p4—s
S ={(u,v)eR?* uel0,¢, velo,e]}.

(Note that R can be seen in Figure 8 if we replace a® by u and 52 by v.) These
subsets are clearly diffeomorphic. We choose a diffeomorphism 1 that maps the edge
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of R given by {—u +v = —¢&?} to the edge {u = ¢} of S and the images of coordinate
axes are the corresponding coordinate axes.

We use ¢ to construct a diffeomorphism W between H and H,igps (respectively Hiep)
as follows. First let us write ¥ (u, v) = (Y1 (u, v), ¥2(u,v)). As 1y maps axes to axes,
we have 1 (0,v) = 0 and v, («, 0) = 0. Furthermore v, ¥, = 0. By Hadamard’s
lemma there exist smooth functions & and 1 such that

¥ (u,v) = (ué(u, v)%, vn(u,v)?).

We define now

\Ij(xl’ ce ’xn—i-l) = (é(a,b)XI,. .. ,é(a,b)Xk, n(avb)xk-i-l’ .. -’n(a7b)xn+1)

if z is boundary stable, and

\Ij(xl’ e ,xn+1)
= (n(av b)XI,E(Cl,b)Xz, <o ,é(d,b)Xk, U(Cl,b)Xk+1, EERE 77(41» b)xn-i-l)

if z is boundary unstable. Here ¢ and b are given by (2-28) or (2-29). By construction,
W maps (H, B, C) diffeomorphically to the triple (H, B, C), where

H = {a® €]0,£2], b*> €]0, 2], x; =0},
B ={a*=—¢2,b>€[0,€2], x; =0},
C ={a*€[0,€%], b*> €[0,€?], x; = 0}.

After substituting for ¢ and b the values from (2-28) or (2-29) (depending on whether
z is boundary stable or unstable), we recover the model (2-34) of a right half-handle if
z is boundary unstable; or the model (2-33) of a left half-handle (both of index k). O

The fact that each half-handle can be presented in a left or right model will be now
used to show the following converse to Theorem 2-27. The result for nonboundary
case can be found in [12, Theorem 3.12].

Proposition 2-35 Let (2,Y) = (2o x [0, 1], My x [0, 1]) be a product cobordism
between (X, My) and (X1, M) = (2o, My). Let us be given a halt-handle (H, C, B)
of index k and an embedding of By = C N B into M (respectively an embedding of
(B, By) into (X1, M1)), and let (2", Y") be the result of a right half-handle attachment
along By (respectively, a left half-handle attachment along (B, By)) of index k. Then,
there exists a Morse function F: (', Y’) — R, which has a single boundary unstable
critical point (respectively, a single boundary stable critical point) of index k on H and
no other critical points. In particular, F is a Morse function on a cobordism (2',Y”).
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Proof We shall prove the result for right half-handle attachment, the other case is
completely analogous. The proof consists mostly on reading “back to front” the proof
of Theorem 2-27; we shall use notation from this theorem, with ¢ =1 and p = 2.

In the case of aright half-handle By is embedded into M; and we extend this embedding
to an embedding of B into X (see Definition 2-14 and the remark just after it).

The manifold Q' is constructed in two steps. First, we glue a handle Ht Q=
Yo x [0, 1] along B obtaining a manifold ©2”. The result is as in Figure 10 (the figure
on the right). After this gluing, a vertical component of OH appears (in notation of
(2-30) this vertical component is K ).

We glue now X_ x[—1, 1] to Q" so as to obtain ' as in Figure 10 on the left and in
the way that Q" is diffeomorphic to ©’. The way we do that is the following. The
boundary of ¥_ x[—1, 1] decomposes into three parts. The first part is X_ x {—1};
we glue it to X x {1} (notice that ¥_ is ¥ with B removed). The second part
is 0X_ x[—1, 1]. This part is identified with K, in fact, the flow of VF studied in
Lemma 2-31 induces a diffeomorphism of K with 95_ x [—1, 1]. We glue together
K and 33_ x [—1, 1] using this identification. The third part of the boundary, that
is, X_ x {1}, is not glued. It follows from an argument as in Lemma 2-32 that Q’ is
diffeomorphic to Q.

The manifold " consists of three components: X¢ x [0, 1], H and X_ x [—1, 1]. We
define a function F' on each component separately, namely.

t ifx=(v,t) € Togx{t} C Xyx|[0,1] =1,
F(x) = 2+tk . if x=(v,t) e T_x{t} C X_x[-1,1],
2—Zx]2+ > sz ifx=(x1,...,xp41) € H.
Jj=1 j=k+1

As defined, F' is smooth on each of the three components. It is also globally continuous.
In fact, the identification of K with ¥_ x [—1, 1] can be done so that F' is continuous
on K. On the part X x {1} C Q' all the three components give the same value, that
is 1.

Given the construction of F, it remains to perturb F (that is, to approximate it uniformly
near K U 3¢ x {1}) to a smooth function and in the way that F does not get any new
critical points. For a general piecewise smooth function this is impossible, we can
consider the real valued function x — |x|: any smooth approximation must have a
critical point near x = 0. The reason for this is that near the nonsmooth point the
topology of level sets of |x| changes. This is essentially the main obstruction.
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In our situation, the topology of the level sets of F does not change near K, nor
near X x {1}, that is, near any gluing region. This is enough to show that F can
be approximated near its nonsmooth locus by a smooth function without introducing
additional critical points. The proof of this fact is standard, but technical. Instead of
giving all the details, we sketch a proof of a weaker result, Lemma 2-36. This result
takes care of approximating the function F near X x {1}. Approximation near the
whole of K U X x {1} follows essentially the same pattern and is left to the reader.

Given the approximation result, the proof of Proposition 2-35 is finished. O

Lemma 2-36 (Approximating piecewise smooth functions by smooth functions)
Suppose that N is a smooth, compact manifold. Let m: N x [—1,1] — [—1, 1] be
the projection onto the second factor. Let Ny = N x {0}, Ny = N x [0, 1] and
N_ = N x[-1,0]. Let f: N x[—1, 1] be a continuous function. Let f and f_ be
the restrictions to Ny and N_ respectively. Suppose that

(a) f4 and f_ are smooth and have no critical points on N x [—1,1];
®) f71(0) = fZ1(0) = No;
(c) the image of f4 is contained in R>¢ and the image of f_ is contained in R<g;

(d) the scalar product { f1, V) is positive on N+ \ Ny.

Then for any 6 > 0 there exist ¢, € (0, 0) and a smooth function g: N x[—1,1] > R
such that

(1) g agrees with f— on N x[—1,—68] and with fi on N x[§, 1];

(ii) g takes values in [—¢,¢] on N x[—6,6];

(iii) g has no critical points on N x[—1, 1].

Sketch of proof By compactness, the continuity of f and assumptions (b), (c) there
exists ' > 0 such that f4 (N x[0,6]) C[0,6/2] and f_(N x[-6&",0]) C[-6/2,0].
We set ¢ = 6 and § = min(6’,0/2).

Choose a partition of unity subordinate to the covering [—1, 1]=[—1, —-§/2)U (-6, ) U
(6/2,1]. The three functions corresponding to this partition are denoted by ¢—, ¢g
and ¢4 respectively.

9 13

Define ®: N x[—1, 1] — [0, 1] as compositions ¢e o 7, where e is any of “+”,
and “0”. Consider the vector field

V= <D+Vf+ + qD()VT[ + q;_Vf_.
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By point (a) of the assumptions v is a smooth vector field. Assumption (d) implies
that (Vm, v) > 0 everywhere on N x [—1, 1], that is, v is a gradient-like vector field
for . In particular, v does not vanish on N x[—1, 1].

Let /# be a positive C*° function. Set vy = hv. Then vy is also a gradient-like
vector field for . The trajectories of v coincide with those of vy : multiplication by 4
changes only the speed of going along a trajectory.

We integrate the vector field vy, to a function gz: N x[—1, 1] — R. This means we first
set g5 = f— on N x{—1}. Next, suppose x € N x (—1,1]. Let y: U - N x[—1,1]
(here U is a closed interval) be a trajectory of vy such that y(0) = x. Since vy, is
gradient-like for 7, ¥ must have come from N x {—1} in the past, more precisely,
there exist y <0 and y € N x {—1} such that y(zx) = y. We set

gr(x) = gn(y) = tx.
Since vy, is smooth, by the implicit function theorem g is a smooth function.

Choosing the normalizing function / appropriately we can guarantee that g := gy, satis-
fies (i). Namely, we set 4 = ||V f_|| =2 so that the directional derivative (v, V f_) = 1
on N x[—1,—48]. This implies that g = f_ on N x[—1,—§]. The choice of /4 on
N x[—4, 4] is such that the time the trajectory goes from a point x_ € N x {—§} to
some x4+ € N x {8} is equal to f4(x+)— f-(x—-). The latter expression is positive
by assumption (b). This implies that g = f4 on N x {§} and condition (ii) is satisfied
automatically. Finally we set 2 = ||V f|| =2 on N x[8, 1]. The verification of condition
(1) is straightforward.

As gy, is strictly increasing on trajectories of vy, it cannot have any critical points. O

2.5 Left and right product cobordisms and traces of handle attachments

In this subsection we create a dictionary between surgery theoretical notions (traces of
handle attachments and detachments) and Morse theoretical (additions of half-handles).
The main result of this subsection, Proposition 2-38, is a direct consequence of the
results proved earlier in the article.

To begin with, let (2, Y) be a cobordism between (X, M) and (X1, M7).

Definition 2-37 We shall say that Q is a left product cobordism if Q = ¥ x [0, 1].
Similarly, if Q =~ ¥ x [0, 1], then we shall say that Q is a right product cobordism.
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Proposition 2-38 (a) If (2,Y) is a cobordism between (X, My) and (X1, M)
consisting only of left half-handle attachments, then it is a left-product cobordism.
Likewise, if it consists only of right half-handle attachments, then it is a right product
cobordism.

(b) Let F: Q — [0, 1] be a Morse function in the sense of Definition 1-4. Assume that
F has no critical points in the interior of 2. If all critical points on the boundary are
boundary stable, then F' is a left-product cobordism. If all critical points are boundary
unstable, then F is a right product cobordism.

Proof Statements (a) and (b) are equivalent via Theorem 2-27 and Proposition 2-35.
The stable-unstable (right-left) statements are also equivalent by replacing the Morse
function F' by —F. The stable case follows from Lemma 2-19. O

The next results of this subsection will be not used in this paper, but we add them
because they bridge surgery techniques and applications, eg with [14] or [3].

In order to clarify what we wish, let us recall that by Theorem 2-27 if a Morse function
F defined on a cobordism (€2, Y') has only one critical point of boundary type then
(£2,Y) is a half-handle attachment. Proposition 2-35 is the converse of this; the (total)
space of a half-handle attachment can be thought as a cobordism with a Morse function
on it with only one critical point.

We wish to establish the analogues of these statements “at the level of ¥”. In Section 2.3
we proved that the output of a right/left half-handle attachment induces a handle
attachment/detachment at the level of ¥. The next lemma is the converse of this
statement. (In fact, the output cobordism provided by it can be identified with the
cobordism constructed in Proposition 2-35.)

Lemma 2-39 Assume that (X1, M) is the result of a handle attachment (respectively
detachment) to (X, My). Then, there exists a cobordism (2,Y ; Xo, Mgy, X1, M)
such that Q = X x [0, 1] (respectively Q =~ ¥y x [0, 1]).

Proof Assume that (X1, M) arises from a handle attachment to (2o, M), ie X1 =
Yo U DK x D"k Let us define Q = = x [0, 1]. The boundary 92 can be split as

Q2 = (Zo U DF x D" F) x {0} U (M x [0, 1]) U (2 x {1})
= 20X{0}UYUEI X{l},

where Y = D¥ x D"~% U (M, x[0,1]). Its DX x D"~ part can be “pushed inside”
Q transforming (diffeomorphically) €2 into a cobordism; see Figure 11.
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An analogous construction can be used in the case of a handle detachment. If (X', M)
is the result of a handle detachment from (X, My), then the trace of the handle
detachment is the cobordism between (2o, My) and (X', M) such that

(Q.Y") = (Zo x[0, 1], My x [0, 1]U DX x D"7k). O
Y
El [ ] 2o
Y h
Yo @ ° ° ° %
Y

Figure 11: Lemma 2-39. On the left a 1-handle is attached to X(. On the
right there is a cobordism between ¥ and X, which is a right product
cobordism.

Definition 2-40 The cobordism (2, Y; g, My, X1, M;) determined by Lemma 2-39
is called the frace of a handle attachment of (X¢, My) (respectively the trace of a
handle detachment).

3 Splitting interior handles

We prove here the theorem about moving critical points to the boundary.

Theorem 3-1 Assume that on a cobordism (£2,Y) between (X¢, M) and (X, M)
we have a Morse function F with a single critical point z of index k € {1,...,n} in
the interior of 2 situated on the level set X1/, = F~Y(F(2)). If

(3-2)  the connected component of X/, containing z has nonempty intersection
with Y,
then there exists a function G: Q2 — [0, 1], such that:
e G agrees with F in a neighborhood of ¥y U X1.
e VG is everywhere tangent to Y .

e G has exactly two critical points z° and z*, which are both on the boundary and
of index k. The point z° is boundary stable and z* is boundary unstable.

e There exists a Riemannian metric such that there is a single trajectory of VG
from z* to z" inside Y .
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Remark 3-3 A careful reading of the proof shows that we can in fact construct a
smooth homotopy G; such that F = Gy, G = G and there exists ¢y € (0, 1) such
that G; has a single interior critical point for ¢ < ¢y, two boundary critical points for
t > to and a degenerate critical point on the boundary for ¢ = #y. See Remark 3-15.

The proof of Theorem 3-1 occupies Sections 3.2 to 3.4. We make a detailed discussion
of Condition (3-2) in Section 3.5.

3.1 About the proof

The argument is based on the following two-dimensional picture. Consider the set
Z ={(x,y) € R?: x >0} and the function D: Z — R given by

D(x,y) =y —yx* +ay,

where a € R is a parameter. Observe that the boundary of Z given by {x = 0} is
invariant under the gradient flow of D (see Figure 12).

Lemma 3-4 For a > 0, D has a single Morse critical point in the interior of Z . For
a <0, D has two Morse critical points on the boundary of Z .

Proof Ciritical points of D are given by %—g = %—ly) =0, that is, xy = 0 and 3y% —

x2 4 a = 0. The first equation means that y = 0 or x = 0 and then we get solutions
(£+/a,0) and (0, £/—a/3). In the case a > 0 we consider only first two solutions
(and only one of them belongs to Z), while if a < 0, only the last two solutions are
real and they correspond to boundary critical points. Checking that these critical points
are Morse is straightforward and is left to the reader. |

For a =0, D acquires a D, singularity at the origin (see eg [1, Section 17.1]).

In the proof of Theorem 3-1, we start by introducing ‘“local/global” coordinates
(x,y,uq,...,uy—1) at z, in which F has the form D(x, y) :I:u% :I:-~~:|:uﬁ_1 , hence
it also parametrizes a neighborhood of a path connecting z with a point of Y. Then we
change the parameter a (which we originally assume to be equal to 1) to —§, where &
is very small positive number (which corresponds to moving the critical point to the

boundary along the chosen path).

3.2 Proof of Theorem 3-1 under an additional assumption

We first give the proof assuming the existence of such coordinate system as in 3.1,
described explicitly in the next proposition (which is proved in Section 3.4). We use
the hypotheses and notation of Theorem 3-1.
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AN IOV AN

Figure 12: The trajectories of the gradient vector field of D for values of
a>0,a=0and a <0.

Proposition 3-5 There exists n > 0, n < 1 and an open “half-disk” U C 2, intersect-

ing Y along a disk, and coordinates x, y,uy,...,U,—1 such that in these coordinates

U is given by n—1

0<x<3+n |yl<n Y ui<n’
j=1

U NY isgiven by {x = 0}, and in these coordinates F is given by

n—1
Pyt y+ 3+ g,
j=1
where €1, ...,€,—1 € {£1} are choices of signs. In particular #{j: €; = =1} =k — 1,

where k =ind, F.

Assuming the proposition, we prove Theorem 3-1. Let us introduce some abbreviations:
n—1 n—1

(3-6) U=y, ...,up_1), ﬁ2:Zeju}, ||ﬁ||2:Zu]2.
j=1 j=1

We fix a small real number ¢ > 0 such that ¢ < n and two subsets Uy C U, of U by
Uy ={ly| <e x <3JU{(x—3)2 +y? <%},
U, ={|y] <2e x <3} U{(x —3)* 4y < 4%}

The difference Uy := U, \ U; splits into two subsets S; U S, (see Figure 13), where

S1=UN{x <3}, S, =UN{x =3}
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)

S1 U21 N Sl US2

U \
_ S2 X
(3T(y

Ne

Figure 13: Sets Uy, U,, S1 and S, in two dimensions (coordinates x and y).

For a point v = (x, y,uy,...,uy—1) € U, let us define
1 if ve Uy,
_ 0 ifveU\U,,
SW)=19,_ Dl "
ire 1 UESI,
pJREVACES it S VO

The above formula defines a continuous function 5: U, — [0, 1]. It is smooth away of
0S1 U 0S,. We can perturb it to a C* function s: U, — [0, 1], with the following
properties:

(S1)

(82)
(83)

(84)

sTHD) =Up, s710) = {|y] =26 =23 U{(x —3)2 + y2 = 462 — &3, x > 3}
(this is a thin region near the boundary of U,).

3a—lfj=0foranyj= l,...,n—1.

g—i =0, and |g—;| < 2 /e at all points of S;. Furthermore yg—; < 0 at all points
of Sl.

If v € S, and we choose radial coordinates x =3 +r cos@, y =r sinf (where
r €le,2¢] and 0 € [—/2, /2]), then |g—i| < % and |g—g| <e¢

Observe that § satisfies (S1)—(S4) at every point for which it is smooth; the only issue
is that on S; N S5, § fails to be C2.

Now let us choose a smooth decreasing function ¢: [0, n?] — [0, 1], which is equal to
0 on [%172, n?] and ¢(0) = 1. We define now a new function b: U, — [0, 1] by the
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formula
3-7) b(x, y.ii) =s(x, y.ii) - ¢ (||i]|*).
Let us finally define the function G: Q — [0, 1] by
F(w ifweU
(3-8) G(w):{,j()2 o, %2 B,
Y =yx +y—(0@+Db(x, y,u)y+5+u” if w=(x,y,u) €U,

where 6 > 0 is a very small number. Later we shall show that it is enough to take
§ < &2/2. In the following lemmas we shall prove that G satisfies the conditions of
Theorem 3-1.

Lemma 3-9 The function G is smooth.
Proof It is a routine checking and we leave it for the reader. a
In the next two lemmas we show that G has no critical points in Uj; .

Lemma 3-10 G has no critical points on U1 N{y = 0}.

Proof If (x,0,uq,...,uy—1) € Usq then x > 3. Consider the derivative over y of G:
G as
(3-11) ¥ = 392 =X+ 1=+ )b — (5 + D (uj +--~+u§_l)@y.

Taking y =0 we get —x2 + 1 —(§ 4+ 1)b. Since b takes values in [0, 1] and x > 3,
one gets %—g}; < 0. |

Lemma 3-12 If § < 3¢2, then G has no critical points on Uy; N{y # 0}.

Proof Assume that %—g = 0 for some (x, y,u). Then

y(—zx—(5 + 1)g—i¢) — 0.

As y # 0, the expression in parentheses should be zero. If 0 < x < 3, then by (S3)
we have g—i = 0. Hence the above equality can not hold. Assume that x = 0. In the
derivative over y (see Equation (3-11)), the expression —(8 + 1)¢ g—; y is nonnegative
by (S3). Furthermore b < 1, hence

G
— =3p% 6.
dy
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Now if § < 3¢? then there are no critical points with x = 0. It remains to deal with

the case (x, y,uy,...,Uy—1) € S>. Consider the derivative %. By (S4) and the chain
rule we have
as 8r8s+ a0 ds - 2 0s (x—=3)y 0s - 2+ -5
— | =|y—= —— —— — . —|<r—+4e<5.
Yoyl T P ayar " ay00| = | or PERRET) R

Furthermore |1 — (8§ 4+ 1)b| <1, and |3y?| < 1 because ¢ is small. As x > 3, we have

G
W<OonS2. m|

On U; the function G is given by
- 3 2 =2 1
(3-13) G(x,y,u)=y —yx" =8y +u”+ 3.

As in Section 3.1 we study the critical points in Uj .

Lemma 3-14 G has two critical points on Uy at

25 :=1(0,+/8/3.,0,....,0),
= (0,—+/8/3,0,...,0).

Both critical points are boundary, both of Morse index k, z* is stable, while z* is
unstable.

Proof The derivative of G vanishes only at z¥ and z*. Indices are immediately
computed from (3-13). The point z* is boundary stable, because for z° the expression
—yx? is negative and the boundary is given by x = 0, hence it is attracting in the
normal direction. Similarly we prove for z#. See also Figure 12 for the two-dimensional
picture. a

Remark 3-15 If we define G, = p3 —yx2+y—1(§+ 1)b-y + 1 +u? for 1 €[0,1],
then the same argument as in Lemmas 3-10 and 3-12 shows that G; has no critical
points in U, \ U;. As for critical points in Uy, observe that on U; we have

Gr=p*—yx? +(1—t(1+8)y+ 5 +ii*.

Let o = 1/(146). If ¢ > 19, the function G has two critical points on the boundary
Y, while for ¢ < ty, G; has a single critical point in the interior Uy \ Y. If t = ¢y,
G, has a single degenerate critical point on Y . In this way we construct an “isotopy”
between F and G.
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Let us now choose a Riemannian metric g’ on
U = Uy 0] <&}

by the condition that (x, y,u1, ..., u,—1) be orthonormal coordinates (cf Remark 3-18
below). Clearly, any metric g on € can be changed near U so as to agree with g’ on
U;. In this metric the gradient of G is

(3-16) (=2x9,3y% —=x2 =8, 2€quy, ..., 2€0_1tin—1).

We want to show that there is a single trajectory starting from z° and terminating at
z#. Clearly, there is one trajectory from z® to z* which stays in U] (having y =0
and u# = 0). In order to eliminate the others, we need the following lemma.

Lemma 3-17 Let y be a trajectory of VG starting from z°. Let w be the point, where
y hits QU] for the first time. If § is sufficiently small, then G(w) > G(z").

Proof Assume that y(¢) is such trajectory. Assume that among numbers ¢;, we have

€ =—1fori <k —1 and ¢; = 1 otherwise. As z* is a critical point of the vector
field VG with a nondegenerate linear part, we conclude that the limit
(1)

lim =2v=(Xo,yo,um,---,uo,n—l)
t——o0 |y’ (@)

exists. The vector v is the tangent vector to the curve y at the point z%, and it lies

in the unstable space. Hence xo = 0 as (1,0,...,0) is a stable direction; similarly
ugy =+ =ug k-1 = 0. Therefore, until y hits the boundary of U 1/ for the first time,
we have

X=uy=-+-=up_1 =0.

Set also g(y) = y* —8y. One has the following cases, depending the position of
w, where y hits dU| for the first time: (a) y = —¢, (b) y = ¢, or (¢) |li* = n?.
The case (a) cannot happen since G is increasing along the trajectory, hence G(w) >
G(z%), a fact which contradicts g(—e¢) < g(\/S/_3) valid for 28 < &2. In case (b),
G(w) > G(z*) follows from g(e) > g(— \/5/_3). Finally, assume the case (c). Then,

as ugp =+ = g x—1 = 0, we obtain u? = |it||*> = n*. Then G(w) — G(z*) = n?,
because the contribution to G from y* —§y increases along y . Hence G(w) > G(z%)
follows again since ¢ < 1. a

Given the above lemma it is clear that if a trajectory y leaves U/, then G becomes big-
ger than G(z%). As G increases along any trajectory, it is impossible that such trajectory
limits in z*. The proof of Theorem 3-1, up to Proposition 3-5, is accomplished.

Algebraic & Geometric Topology, Volume 16 (2016)



Morse theory for manifolds with boundary 1001

Remark 3-18 The metric g’ defined below Remark 3-15 can be chosen so that
(x, y,ut) forms an orthogonal, but not necessarily orthonormal coordinate system.
Each component of the vector field (3-16) is then multiplied by a positive constant,
the statement of Lemma 3-17 still holds with essentially the same proof. However, g’
cannot be just any metric; we can choose a metric g’ in a way that there is an arbitrary
number of trajectories from z° to z* (topologically changing the metric can produce a
pair of mutually canceling intersection points between the unstable manifold of z* and
the stable manifold of z*).

3.3 An auxiliary construction.

The following construction is a crucial ingredient in the proof of Proposition 3-5; see
the next section. Set
Z ={(x,y) eR* x>0},

and define the two functions

3-19 A(x, - — - B(x.y) = 3 — px2 ‘
(-19  A(x,y) = 3[ V3xy? f+3f (x,))=p>—px?+y

avin=(Z-0) -(F-) 5
iB=|—-—i —|—=—i —
i) \BTY) T

Up to a linear transformation, the map (x, y) — A 4+ iB is a holomorphic map. Thus

it shares several geometric properties of a holomorphic map. For example, it is an open
map, and the singular points are precisely the points where the gradient of B vanishes.

Observe that

Let us choose § > 0 smaller than 2/(3+/3). Consider two sets
Zi={(x,y)eZ, x<1, A(x,y) =6},
520 L= 1(x.) (x.0) = 8}
Zy={(x.y)€Z, x>1, A(x,y) = §}.
We have the following result.

Lemma 3-21 The map ¥ (x, y) = (A(x, y), B(x, y)) maps Z| and Z, diffeomor-
phically onto E{ and E, respectively, where

Elz{(a,meRz:ae[(s,%}}, Ey={(@.b)cR% a>5).

Proof One readily checks that : Z; — V; and ¥: Z, — V> are bijections. As the
derivative D is nondegenerate on Z1 U Z,, ¥ is a diffeomorphism between the two
pairs of sets. a
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YA

Figure 14: Sets Z; and Z, from Section 3.3. There is also drawn the
singular level set A71(0).

3.4 Proof of Proposition 3-5

First, as z is a critical point of index k € {1,...,n}, by the Morse Lemma 2-6 we can
find a neighborhood V' of z and a chart 4;: V — R”*!, with coordinates (x’, y, i)
such that

Fohl_l(x',y,ﬁ)zx’y+ﬁ2+%.

Remark 3-22 The term x’y (corresponding to a hyperbolic quadratic form) is the
moment when the assumption that k£ # 0,n 4+ 1 is used.

Let us define a map hy(x, y,u) = (x’, y,ii), where x’ = y2 4+ 1 — x2. By the inverse
function theorem, /1, is a local diffeomorphism near (1,0, ...,0). Shrinking V if
needed, and considering A3 = h;l ohy, we obtain h3(z) = (1,0,...,0) and

(3-23)  Fohy'(x.p.i)=p*—yx’ +y+i’ + 5= B(x,y) +i’ + 3.
Let us pick now & > 0 such that the cylinder
V={x—1<& |yl <& |u] <& cR"!

lies entirely in h3(17). By shrinking V we may in fact assume that h3(17) =V.1If
0 <8 < 2/(3+/3) is sufficiently small then A(x,0) < § implies |x — 1| < £. Choose
such a §, and set

Vii=VNn{x<l, A(x,y) =6}
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(compare (3-20)). By Lemma 3-21 the map
(3-24) W (x, ) = (A(x, y), B(x, p) + >, ),

is a diffeomorphism (being the composition of ¢ @ Idg»+1 and a “triangular” map).
Set Cy :=W¥(V7) and V; := h;l(Vl) Finally, let

h=Wyoh;.
Using (3-23) we obtain that
Foh™'(a.b.ii)y=b+ 1.
Let 6 > § be sufficiently close to § satisfying the inclusion
Dy :=[8,0]x (—6,0) x (—0,0)" ! c ¢;.
Let 51 =h"1(Dy) C 171 ; see Figure 15.
Lemma 3-25 If 6 and § are small enough, there is an closed ball W inQ, containing

D, such that h extends to a diffeomorphism between W and [6,2/(3+/3)] x[—6, 8] x
[0, 61"~ with Foh™'(a, b, i) = b + %, sending points witha =2/(3v/3) to Y .

In the proof we shall use the following result.

Lemma 3-26 There exists a smooth curve y: [§,2/(3+/3)] — 2, such that:

. y(2/(3V3) €Y.

e y()eX).

e y(t)e Dy ifandonlyift €ld,d].
e h(y(t))=(0,...,0).

e y omits V\ V.

e 1y istransverseto Y .

Proof of Lemma 3-26 Let p =/h~'(6,0,...,0) € £y/,. Let B C X/, be an open
ball with center z and p € 9B. Let X’ be the connected component of X/, containing
p. We consider two cases.

Case1 If '\ B is connected, it is also path connected. By (3-2), there exists a path
y C X'\ B joining p with a point on the boundary. We can assume that }’ is transverse
to Y. We choose y = h~1([§,0]x{0,...,0}) U¥ (and we smooth a possible corner
at p). Itis clear that y omits v \ V, and that we can find a parametrization of y by
the interval [8,2/(3+/3)].
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V Vs
. D
[ )
|
: /13
|
= 0 Vl v V2
wr(W) 4
[ )

e —

W' (ha(Dy2)) = Iy (D)
1,0,..., 0)
v, v, !
a=2/(33) a=8 a=3§

W Dll | D2

N
|
hy
: n
I
: E, : : h4(D2)
C, =0 (1) b C=y (W)

Figure 15: Notation used in Section 3.4. The top line is the picture on €2, the
middle line is in coordinates such that F is equal to y3 — yx? 4+ y + % +u?.
The bottom line is in coordinates such that F = b + % There is no mistake,
the line @ = § appears twice on the picture, in coordinates on C; and on C,.

Case2 If 3\ B is not connected, then as ¥’ is connected, by a homological argument
we have n =1 and k = 1. Since ¥’ is connected and has boundary, then X’ is an
interval and B is an interval too. Then X'\ B consists of two intervals, each intersecting
Y . One of these intervals contains p. So p is connected to Y by an interval, which
omits B. We conclude the proof by the same argument as in the above case, when
Y’ \ B was connected. O

Proof of Lemma 3-25 Given Lemma 3-26, let us choose a tubular neighborhood
X of y in F~ 1( ) \ (V \ Vl) Shrinking X if needed we can assume that it is a
disk and X7 :=X N V= Dl NnF- 1( ). Now let t be the vector field on Dl given
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Y
X X, =D, NF(1/2)
P
V ~J ~~ -— -—
: P — +/ - = yZ
= Vz@ — — — AW

Figure 16: Proof of Lemma 3-25. Construction of the vector field t. Picture
on F~! (%) The parallel vector field from the region on the right is extended
to the whole X so that it is tangent to y .

by (Dh)~1(1,0,...,0), where Dh denotes the derivative of /. This vector field is
everywhere tangent to X; and

d
(3-27) tlynp, = 7,70

by definition of y. We extend 7 to a smooth vector field on the of whole X', such that
(3-27) holds on the whole of y . For any point z € y, the trajectory of T (which is y)
eventually hits Y and, on the other end, it hits the “right wall”

R=h"1({8} x {0} x (=6, 6)" ).

(compare Figure 16; note that the horizontal coordinate there increases from right to left
for consistency with Figure 15). Since y is transverse to Randto Y, by the implicit
function theorem trajectories close to t also start at R and end up at Y. Shrinking
X if necessary we may assume that each point of X lies on the trajectory of t which
connects a point of R to some point of Y, and all the trajectories are transverse to
both ¥ and R.

We can now rescale t (that is multiply by a suitable smooth function constant on
trajectories) so that all the trajectories go from R t0 Y in time 2 /(3+/3) —§, ie the
same time as y does. The rescaled vector field allows us to introduce coordinates on
X in the following way. For any point z € X, let y, be the trajectory of 7, going
through z. We can assume that y,(§) € R. Lett, = v; 1(2), ie the moment when
y- passes through z. Since we normalized y,, we know that 7, € [§,2/(3+/3)] and
t; =2/(3+/3) ifandonlyif ze Y N X.
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Let u, be such that /i(y;(8)) = (8,0,u;). The vector i, might be thought of as a
coordinate on R. We define now

h(z) = (12,0, 1iz).
This maps clearly extends / to the whole of X .

Now let W be a tubular neighborhood of X in €\ (17 \ 171). We use the flow of VF
to extend coordinates from X to W . More precisely, shrinking W if needed we may
assume that for each w € W the trajectory of VF intersects X . This intersection
is necessarily transverse and it is in one point, which we denote by z,, € X. We
define now

h(w) = (tzw ’ F(w) - F(ZlU)’ ﬁzw)'

As 1 is a local diffeomorphism on X (because V F is transverse to X), it is also a
local diffeomorphism near X . We put W = h(W). Clearly both definitions of /s on
V and W agree. We may now decrease 6 and shrink W so that

W =1[5,2/(3v3)] x (=6, 0) x (-6, 6)"".

We have Foh™'(a,b,ii) = b+ % We now extend h3 over W by the formula
hy = \111_1 oh. O

Consider now
Vo=V N{x>1, A(x,y) =6},

Let Uy: V — R"*! be given by Wy (x, y, 1) = (a, b, 1) = (A(x, y), B(x, y)+i?, i),
provided by the same formula as W in (3-24) but the image now satisfies a = 4,
cf Lemma 3-21.

Let Cy = W, (V,), and let us choose 6’ sufficiently small such that
Dy :=1[5,01x(=0",0")x (=0",0")"" c C,.
We shall denote & = W, o h3 and 132 =h~1(D,).

Let us now fix M > 0 large enough and consider a map /4: R?T! — R”*! of the
form

ha(a,b,u) = (¢(a). b, u).

where ¢: [§, 6'] = [§, M] is a strictly increasing smooth function, which is an identity
near §. Consider the map hg: 1112_1 ohgoh: 52 — R”*1_ Since / is an identity for a
close to §, this map agrees with /3 for a close to §. Furthermore F oh4_1 (a,b,u) =
Foh™lo h4_1 (a,b i) =b+ % by a straightforward computation. On the other hand,

Algebraic & Geometric Topology, Volume 16 (2016)



Morse theory for manifolds with boundary 1007

the point 2='(60,0,...,0) € D, is mapped by 4} to (M,0,...,0) € R" !, where
M can be arbitrary large, eg M > 3.

Having gathered all the necessary maps, we now conclude the proof. Let
U=WUWV\h3'(V;UVy) U D,.

The map /3: U— [0, 00) x R" is given by /&3 on W and on V\h;l(Vz), and by
', on D, . This map is a diffeomorphism onto its image, so it is a chart near z. By
construction F o h3_1 is equal to y3 — yx% 4+ y +u? + % and h3(ﬁ/) contains the
segment with endpoints (0,0, ...,0) and (3,0,...,0). Since it is an open subset, it
contains [0, 3 4+ 1) X (=1, ) x (=1, n)*~! for n > 0 small enough. The inverse image
of this cube gives the required chart.

This ends the proof of Theorem 3-1 which moves a single interior critical point to the
boundary. Section 4 generalizes this fact for multiple points; one of the needed tools
will be the rearrangements of the critical values/points.

3.5 Condition (3-2) revisited

We will provide two sufficient conditions which imply Condition (3-2). One is valid for
arbitrary n = 1, the other one holds only in the case n = 1. We shall keep the notation
from previous subsections, in particular (£2,Y) is a cobordism between (Xq, My)
and (X, M,), F: Q — [0, 1] is a Morse function with a single critical point z in the
interior of 2, and F(z) = % Let Xyp=F -1 (%) and ¥’ be the connected component
of X1/, such that z € X'

Proposition 3-28 If ¥y, ¥, and 2 have no closed connected components, then
>’ NY # @. In particular, in Theorem 3-1 we can assume that Xy, X1 and Q have no
closed connected components instead of (3-2).

Proof Let p =h=1(0,0,...,0) ¢ D; C Q and let B be an open ball in ¥’ near z,
such that p € dB. It is enough to show that p can be connected to Y by a path in
%1/2, which misses B (compare Lemma 3-26).

Let us choose a Riemannian metric on 2. Let W} be the stable manifold of z and
let 7' be the intersection of W and X. This is a (k — 1)—dimensional sphere. The
flow of VF induces a diffeomorphism ®: X,,\ B = X \ Bo, where By is a tubular
neighborhood of T in X (here we tacitly use the fact that § and 6 are small enough);
see Figure 17. Let pg = ®(p). Let 26 be the connected component of 3y which
contains By.
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Now we will analyze several cases. Recall that k = ind, F' € {l,...,n}. First we
assume that k <n. Then 26 \ T is connected, so pg can be connected to the boundary
of 26 — which is nonempty by the assumptions of the proposition — by a path yq.
Now the inverse image ®~!(yyp) is the required path.

Yo Do

Figure 17: Notation on X.

If kK =n > 1 then we reverse the cobordism and look at —F', hence this case is covered
by the previous one (since k = n will be replaced by k = 1 < n).

Finally, it remains to deal with the situation kK =#n = 1. Then dim Xy = 1. T consists
of two points. Assume first that they lie in a single connected component 26 of 3.
We shall show that this is impossible. As 26 is connected with nontrivial boundary, it
is an interval. The situation is like on Figure 18. Now as F' has precisely one Morse
critical point of index 1, X is the result of a surgery on %. This surgery consists of
removing two inner segments from Xy and gluing back two other segments, which in
Figure 18 are drawn as dashed arc. But then X has a closed connected component,
which contradicts assumptions of Theorem 3-1.

Therefore, 7' lies in two connected components of X,. The situation is drawn in
Figure 19, and it is straightforward to see that pq (either p; or p in Figure 19) can
be connected to M by a segment omitting By. |

The proof of Proposition 3-28 suggests that the case n =1 is different from case n > 1.
We shall provide now a full characterization of the failure to (3-2).

Proposition 3-29 Assume that k = n = 1 and Q2 is connected. If (3-2) does not hold,
then 2 is a pair of pants, X is a circle and ¥, is a disjoint union of two circles; or
vice versa: 1 = S and X is a disjoint union of two circles. In particular, Y = &.

Proof A one-handle attached to a surface changes the number of boundary components
by £1. Let us assume that ¥; has fewer components than X, if not we can reverse the
cobordism. As €2 is connected, 3¢ has two components and 31 only one. Let Ay C X
be the attaching region, ie the union of two closed intervals to which the one-handle is
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Mo | Bo T I/ \ T

"
Py

Figure 18: Proof of Proposition 3-28. Case k =1 and n =1 and T lies in
two components of X. X is the horizontal segment. The points p, and pg
are the two possible positions of the point py.

M() BO M() M() BO MO
[ ® L ] [ Vi /
T Py T Do

Figure 19: Proof of Proposition 3-28. Case k =1 and n =1 and T lies in
two components of Xo. The points py and pg are the two possible positions
of the point p,. Both can be connected to the boundary M.

attached. With the notation of Section 3.5 we have (X', z) =~ (X¢/ Ao, A9/ Ao), where
the quotient denotes collapsing a space to a point. In particular z cannot be joined to
Y by a path in ¥’ if and only if Zq is disjoint from Y. Hence X is closed, that is, it
is a union of two circles. |

4 Rearrangements of boundary handles

4.1 Preliminaries

Let (2,Y) be a cobordism between two n—dimensional manifolds with boundary
(X9, Myp) and (X1, M1). Let F be a Morse function, with critical points wy, ..., wy €
IntQ2 and yq,...,y; € Y. In the classical theory (that is, when Y = &), the Thom-
Milnor-Smale theorem (see [12, Section 4]) says that we can alter F' without introduc-
ing new critical points such that if ind w; <ind wj, then F(w;) < F(w;) as well. We
want to prove similar results in our more general case.

In this section we rely very strongly on [12, Section 4].
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4.2 Elementary rearrangement theorems

We shall begin with the case k 4+/ = 2, ie F has two critical points. For a critical point
p we shall denote by K) the union W3 U {p}U W), ie the set of all points x € €,
such that the trajectory ¢;(x) (¢ € R), of the gradient vector field V F contains p in
its limit set. Elementary rearrangement theorems deal with the case when the two sets
K,, and K, for the two critical points are disjoint.

Proposition 4-1 (Rearrangement of critical points) Let p; and p, be two critical
points, and assume that Ky := K, and K, := K, are disjoint. Let us choose
ay,ap € (0, 1). Then, there exist a Morse function G: Q — [0, 1], with critical points
exactly at py and p,, such that G(p;) = a;, i = 1,2; furthermore, near p; and p,,
the difference F — G is a locally constant function.

Remark 4-2 If both critical points are on the boundary, in order to guarantee the above
existence, we need even to change the Riemannian metric away from K; and K.

Proof Similarly to [12, Section 4] we will use an auxiliary result. Its proof is postponed
after the end of proof of Proposition 4-1.

Lemma 4-3 There exists a smooth function pu: Q — [0, 1] with the following proper-
ties:

(M1) p =0 in a neighborhood of K .
(M2) p =1 in aneighborhood of K3 .

(M3) u is constant on trajectories of VF .

Furthermore, if at least one of the critical points is interior, we have

(M4) u isconstanton Y .

We continue with the proof of Proposition 4-1. We choose a smooth function W: [0, 1]x
[0, 1] — [0, 1] with:
(PS1) FL(x,y) >0 forall (x,y) [0, 1]x[0,1].

(PS2) There exists § > 0 such that W(x, y) = x for all x € [0,§]U[1 -6, 1] and
y €[0,1].

(PS3) Forany s € (—6,8) we have W(F(p;)+s,0) =a;+s and ¥(F(py)+s,1) =
ar+s.
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For any n € Q we define G(n) = V(F(n), u(n)). From the properties (PS3), (M1)
and (M2) we see that near p;, G differs from F by a constant. The property (PS2)
ensures that G agrees with F' in a neighborhood of ¥y and X;. Let us show that VG
does not vanish away from p;. By the chain rule we have

o o
(4-4) VG=_—VF+_—Vpu.
0x ay
Since p is constant on all trajectories of V F, the scalar product (VF,Vu) = 0. Then

the property (PS1) guarantees that (VG, VF) > 0 away from p; and p,.

We need to show that VG is everywhere tangent to Y . If one of the points is interior,
by (M4) Vu vanishes on Y, hence VG is parallel on Y to V F and we are done. Next
assume that both critical points are on the boundary. Let us choose an open subset
U of Y such that Vu|y = 0 and Ky U K, C U. This is possible, because of the
properties (M1) and (M2). Then let us choose a neighborhood W in Q of Y \ U,
disjoint from K; and K,. Observe that dG(VF) = (VG,VF)>0. As VFeTY
one has TY ¢ kerd G, so by Lemma 1-7 we can change the metric in W so that VG
is everywhere tangent to Y . a

Proof of Lemma 4-3 Let us define 77 = K; N Xy and 75 = K, N Xg. Assume that
T: and T, are not empty. For each n € Q \ K{ U K>, let w(n) be the intersection
of the trajectory of n under VF with (. This gives a map n: Q \ (K1 U K3) —
o\ (T1 UTy).

Let us define pu first on ¥ by the following conditions: i = 1 in a neighborhood
of T, u = 0 in a neighborhood of 7. Furthermore, if either 77 or 73 is disjoint
from the boundary M, we extend u to a constant function on M. Finally, we extend
w to the whole € by picking wu(n) = u(m(n)) if n ¢ K1 U Ky, and pu|g, (n) =i —1,
i=1,2.

If 77 = @, then indr p; = 0 and the proof of the rearrangement theorem is completely
straightforward. a

4.3 Morse-Smale condition on manifolds with boundary

In the classical theory, the Morse-Smale condition imposed on a Morse function
F: M — R means that for each pair of two critical points p, p, of M the intersection
of stable manifold W; | with the unstable manifold of W;‘Z is transverse. (Note that
this Morse—Smale condition also depends on the choice of Riemannian metric on M .)
Following [9, Definition 2.4.2], we reformulate the Morse—Smale condition in the
following way.
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Definition 4-5 The function F is called Morse—Smale if for any two critical points
p1 and pa, the intersection of Int$2 N W, with Int§ N Wy is transverse (as the
intersection in the (n + 1)—dimensional manifold €2) and the intersection of ¥ N W;l
with Y N Wp”2 is transverse (as an intersection in the n—dimensional manifold Y").

The Morse—-Smale functions form an open-dense subset of all C? smooth functions
satisfying the condition (1-8). The proof is the same as in the case of the Morse
functions on manifolds without boundary; see for example [13, Theorem 2.27].

Assume now that F' is Morse—Smale. Given two critical points of F', p; and p;, we
want to check whether W N Wj! = &. This depends not only on the indices, but also
on whether either of the two points are boundary stable. We show this in a tabulated
form in Table 1, where ind p; = k and ind p, = /. In studying the intersection, we
remark that Wps N Wp”2 is formed from trajectories, so if for dimensional reasons we
have dim W NW3 <1, it immediately follows that this intersection is empty.

type of py | type of py |dimgW),) |dimy W, |dimgW,’ |dimy W, | empty if
interior interior k I} n+1-—1 o] k<l
interior b. stable k 1%} 1%} n+1—1/| always
interior | b. unstable k o) n+1-1/ n—1 k<l
b. stable interior k k—1 n+1-1 ] k<l
b. stable b. stable k k—1 o] n—1[ k<l
b. stable | b. unstable k k—1 n+1-/ n—1 k<l
b. unstable | interior 0] k n+1-1 5] always
b. unstable | b. stable 7] k ] n+1-—1 k<1
b. unstable | b. unstable o] k n+1-/ n—1 k<l

Table 1: The last column shows whether there might exist trajectories from
z, to z1 under the Morse—-Smale condition. We write dimg W* = dim(W*N

Int2) and dimy W* =dim(W?*NY). & means the manifold is empty.

4.4 Global rearrangement theorem

Let us combine the rearrangement theorems from Section 4.2 with the computations in

Table 1.

Proposition4-6 Let F be a Morse function on a cobordism (£2,Y) between (2o, M)

and (X1, My). Let wq, .
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Vk+1,---» Vk+1 are boundary unstable. Let us choose real numbers 0 < ¢y < ¢1 <

S S S u u : .
e <ceppr <1,0<¢ < <Gy <1,O<c0 <---<¢y <1 satisfying

s . s
Ci1 <Ci <City>

4-7) ¢y <ci <cfy g

et <c <cf
foralli €{0,...,n+ 1} (we can assume that c_; = cg=c%, =0, cpy2 =, =
cl‘; = 1 so that (4-7) makes sense for all i ).
Then there exists another Morse function G on the cobordism (£2,Y) with critical
points wy, ..., Wy in the interior, y1,..., Y+ on the boundary, such that if ind w; =
[, then G(wj;) = ¢, if ind y; =/ and y; is boundary stable then G(y;) = ¢j, and if
ind y; =/ and y; is boundary unstable, then G(y;) = c'.

Proof Given the elementary rearrangement result (Proposition 4-1), the proof is
completely standard (see the proof of Theorem 4.8 in [12]). Note only that we need to
have ¢ < ¢ in the statement, because there might be a trajectory from a boundary
stable critical point to a boundary unstable of the same index. However, we are free to
choose ¢; <cf or ¢; € (¢}, cf) or ¢; > cf. O

4.5 Moving more handles to the boundary at once

Before we formulate Theorem 4-10, let us introduce the following technical notion.

Definition 4-8 The Morse function F on the cobordism (2, Y') is called technically
good if it has the following properties.

(TG1) If py, p, are (interior or boundary) critical points of F then ind p; < ind p;
implies F(p1) < F(py).

(TG2) There exist regular values of F, say c¢,d € [0, 1], with ¢ < d such that
F~1[0, ] contains those and only those critical points which have index 0 or
which are boundary stable critical points of index 1, and F~![d, 1] contains
those and only those critical points which have index n + 1 and boundary
unstable critical points of index 7.

(TG3) There are no pairs of 0 and 1 (interior) handles of F' that can be canceled (in
the sense of Section 5).

(TG4) There are no pairs of n and n + 1 (interior) handles of F' that can be canceled.

Lemma 4-9 Each function F can be made technically good without introducing new
critical points.
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Proof By Proposition 4-6 we can rearrange the critical points of F, proving (TG1)
and (TG2). The properties (TG3) and (TG4) can be guaranteed, using the handle
cancellation theorem (eg [12, Theorem 5.4]). We refer to the beginning of Section 5
for an explanation that one can use the handle cancellation theorem if the manifold in
question has boundary. a

Theorem 4-10 Let (2,Y) be a cobordism between (Xg, My) and (X1, M1). Let
F be a technically good Morse function on that cobordism, which has critical points
Y1,..., Yk on the boundary Y, points zy, ..., zj4+, in the interior Int 2, of which
Zm+1s---»Zl+m have index 0 or n+ 1 and the indices of zy, ...,z arein {1, ... ,n}.
Suppose furthermore the following properties are satisfied:

(I1) Xy and ¥ have no closed connected components.

(I2) €2 has no closed connected components.

Then there exists a Morse function G: Q — [0, 1], on the cobordism (2,Y), with

critical points y1,...,Vk €Y, Zm+1,...,Z]+m and Zf,zi‘, <v.y Zys 2y such that:

e indgy; =indp y; fori =1,...,k and for j =m+1,...,m+ [ we have
indg z; = indF z; .

o Forj=1,...,m,indGz]5:indGzJ‘.‘=indFZj.

e Forj=1,...,m, Z]S. and ZJ’.‘ are on the boundary Y , furthermore Z]s. is boundary
stable, z]‘.’ is boundary unstable and G(z; ) < G(zj’.‘).

In other words, we can move all critical points to the boundary at once. To prove
Theorem 4-10 we use Theorem 3-1 independently for each critical point zy, ..., zZy.
We need to ensure that Condition (3-2) holds. This is done in Proposition 4-11 stated
below. Given these two ingredients the proof is straightforward.

4.6 Topological ingredients needed in the proof of Theorem 4-10

Proposition 4-11 Let F be a technically good Morse function on the cobordism
(R2,Y). Assume that ¥, 31 and Q2 have no closed connected components. Let ¢, d
be as in Definition 4-8.

(@) Ifn > 1, then for any y € [c,d], the inverse image F~'(y) has no closed
connected component.

(b) If n =1, then after possibly rearranging the critical values of the interior critical
points of index 1, for any interior critical point z € 2 of F of index 1, z can be
connected with Y by a curve lying entirely in F~'(F(z)); and furthermore all
the critical points are on different levels.
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¥ = F_l(l)

f

o = F~1(0)

Figure 20: The statement of Proposition 4-11(a) does not hold if n = 1. Here
F is the height function. The level set F~! (%) , drawn on the picture, has
two connected components, one of which is closed.

Remark 4-12 The distinction between the cases n > 1 and n = 1 is necessary. The
conclusion of point (a) of Proposition 4-11 is not necessarily valid if n = 1; see
Figure 20 for a simple counterexample.

First let us prove several lemmas, which are simple consequences of the assumptions
of Proposition 4-11. We use assumptions and notation of Proposition 4-11.

Lemma 4-13 Let x,y € [0,1] with x < y. If Q' is a connected component of
F~!x, y] then either Q' NY = @, or for any u € [x, y]N|[ec,d] we have F~1(u) N
Q'NY #£2.

Proof Assume that for some u € [x, y]N[c, d] the intersection F~1(u)NQ'NY =@
and Q'NY # @. Then either Q'NY N F~1[0,u] or Q'NY N F~'[u, 1] is not empty.
Assume the first possibility (the other one is symmetric) and let Y/ = Q'NY NF~1[0, u].
Let /' = F|y’ be the restriction. Then Y’ is compact and f has a local maximum
on Y’. This maximum corresponds to a critical point of f of index n, so either a
boundary stable critical point of F of index n+ 1, or a boundary unstable critical point
of index n. But the corresponding critical value is smaller than u, so smaller than d,
which contradicts property (TG2). |

Lemma 4-14 For any x € [c, 1] the set F~1[0, x] cannot have a connected component
disjoint from Y .

Algebraic & Geometric Topology, Volume 16 (2016)
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Proof Assume the contrary, and let Q' be a connected component of F~![0, x]
disjoint from Y. Let € be the connected component of Q2 containing €’. Suppose
that 21 NY = @&. Then either Q; N (XU X1) = or 21N (XU Xq) # . In the
first case €21 is a closed connected component of €2, in the second either €21 N Xy, or
Q1 N X, is not empty, so either Xy or X; has a closed connected component. The
contradiction implies that Q; NY # &.

By Lemma 4-13 we have then F~!(x)NQNY # @, hence Q" := (F~1[0, x]N2)\Q’
is not empty and is disjoint from ’. As Q' and Q" both belong to £2; which is con-
nected, there must be a critical point z € 1 of index 1, which joins " to . We have
F(z) > x and Q', Q" belong to two different connected components of F~1[0, F(z))
and to a single connected component of F~![0, F(z)]. The connected component of
F~10, F(z)) containing Q' has empty intersection with ¥ (by Lemma 4-13) hence z
must be an interior critical point of index 1. We also remind the reader that all critical
points of F on Q' are interior critical points, because Q'NY = &.

Let W* be the stable manifold of z of the vector field VF. Then W* N Q; must
be a connected curve, with nonempty intersection with Q. One of its boundaries is
either on o N Q' or it is a critical point of F in ', necessarily interior and by the
Morse—Smale condition, its index is 0. In the first case, o N R’ is not empty and
since it is disjoint from Y, ¥ has a closed connected component. In the other case,
we have in 2; a single trajectory between a critical point of index 0 and a critical
point of index 1. This contradicts (TG3). m|

Lemma 4-15 Assume that for some y € [c,d] ¥ and ¥, are two disjoint connected
components of F~1(y). If F has no interior or boundary unstable critical points of
index n with critical value in [c, y), then X1 and ¥, belong to two different connected
components of F~1[0, y].

Proof For x < y and close to y the sets X and X, lie in two different connected
components of F~!(x, y]. Let xo = 0 be the smallest x with that property. Assume
Xo > 0. Then Xx¢ is a critical value of F'. The number of connected components of
F~1(x) increases as x crosses xo. Thus the corresponding critical point is either
an interior critical point of index 7, or a boundary unstable critical point of index
n. But then xg = ¢ because of (TG2), so we have xq € [c, y] which contradicts the
assumptions of the lemma.

It follows that xo = 0. As F has no critical points on X, it follows that ¥; and X,
belong to different components of F~1[0, y]. a
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Lemma4-16 Let y €|[c, d] be chosen so that there are no interior or boundary unstable
critical points of index n with critical values in [c, y). Then F~'(y) has no closed
connected components.

Proof Assume that X/ is a closed connected component of F~!(y). Let ¥/ =
F~1(»)\ X', it is not empty by Lemma 4-13 (applied for x =0, y = 1), for otherwise
QNY =@. Let Q be the connected component of F~[0, y] containing X’. By
Lemma 4-15, Q' and " are disjoint, in particular Q'N F~1(»)NY =¥’ NY = 2.
By Lemma 4-13, Q' NY = &. But this contradicts Lemma 4-14. a

Remark 4-17 There exists a symmetric formulation of the last three lemmas, which
can be obtained by considering the function 1 — F instead of F. For instance, in
Lemma 4-16, the symmetric assumption is that there are no interior or boundary stable
critical points of index 1 in (y, d]. The statement is the same.

Proof of Proposition 4-11 Case n > 1 Let x € [c, d] be a noncritical value such
that all the critical points of F with index n have critical value greater than x, and
all critical points with index smaller than n have critical values smaller than x. Such
x exists because of (TG1). If y < x, then Lemma 4-16 guarantees that F~!(y) has
no closed connected components. If y > x, then F~![y, d] has no critical points of
index 1 (as n > 1), so we apply the symmetric counterpart of Lemma 4-16.

Case n =1 The property (TG2) implies that the only critical points of F|[. 4] are the
interior critical points of index 1. Let us call them zy, ..., z; . Since they are all of the
same index, by Proposition 4-6 we are able to rearrange the values F(z1),..., F(zm)
at will. Let us fix ¢y, ..., ¢y with the property that ¢ < ¢y <--- < ¢, < d. Let us first
rearrange the points zq,...,zy so that F(z;) =---= F(zm) = 1.

The singular level set F~!(c}) is a singular manifold with m singular points z, . .., Z,
which are double points. By Lemma 4-16, F~!(c;) has no closed connected compo-
nents. In particular each of the points zq, ..., z;;, can be connected to ¥ by a curve
lying in F~!(c;). At least one of those points can be connected to ¥ by a curve
¥, which misses all the other critical points. We relabel the critical points so that
this point is z,,. We rearrange the critical points so that F(z;,) = ¢, and the value
F(zy) =---= F(z;u—1) = ¢1. By construction, z can be connected to Y by a curve
lying in F~1(c;).

The procedure now is repeated, ie assume that we have already moved zg1,..., zZm
to levels cx41,...,cm respectively. Then F~!(c;) still has no closed connected
components by Lemma 4-16. We assume that z; can be connected to Y by a curve in
F~1(cy) omitting all the other critical points. Then we rearrange the critical values so
that F(zx) = ¢ . The proof is accomplished by an inductive argument. a
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4.7 Splitting of cobordisms

We have now all the ingredients needed to prove our main theorem about splitting
cobordisms. We slightly change the notation in this subsection; the cobordism will be
between (X, M) and (X', M').

Theorem 4-18 Let (2,Y) be a cobordism between (X, M) and (X', M'). If

e X and X’ have no closed connected components,

e 2 has no closed connected component,

then the relative cobordism can be expressed as a union
Q= QoUQl/zugl UQ3/2U"'UQn+1/2UQn+1

such that 0Qs = XU X1/, UYy with X0 =X, X432 =2, Y =YoU---UY,4 ;.
In other words (25, Ys) is a cobordism between (Xg, M) and (X;41/2, Ms11/2),
where My = 0% = Xy N Y, . Furthermore:

e (o, Yy) is a cobordism given by a sequence of index-0 handle attachments.

e Fork=1,....,n+1, (Qk_1/2, Yk—1/2) is a left product cobordism, given by a
sequence of index-k left half-handle attachments.

e Fork=1,...,n, (R, Y) is a right product cobordism, given by a sequence
of index-k right half-handle attachments.

e (R,+1,Yy+1) is a cobordism provided by a sequence of index-(n 4 1) handle
attachments.

Proof Let us begin with a Morse function F on the cobordism which has only bound-
ary stable critical points (see Remark 2-3). Assume that wy, ..., wy are the interior
critical points and yq, ..., y; are the boundary critical points. After a rearrangement
of critical points and the cancellation of pairs of critical points as in Lemma 4-9 we
can make F' technically good. After applying Theorem 4-10 we get that F' can have
only 0 handles and #n 4+ 1 handles as interior handles. Let us write 6 = 1/(4n + 6)
and choose ¢o = 0, ¢f =30, ¢ =50, ..., c,sc = 4k —1)0, c;(’ =U4k+1)0, ...,
Cpyq1 =1-30, ¢yy1 =1—0. We rearrange the function F' according to Proposition 4-6.
Then we define for k = 0, %, 1,...,n+ 1 the manifold Q; = F~[4k0, (4k + 2)6],
Yy =Q;rNY and X = F~1(4k0).

By construction, each part (2%, Y% ) contains critical points only of one type: for k =0

and n + 1 they are interior critical points, for k = 1, ..., n they are boundary unstable
of index k and for k = %, e %, they are boundary stable of index k + % and we
conclude the proof by Proposition 2-38. a
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Remark 4-19 If the cobordism is a product on the boundary, ie Y = M x [0, 1], we
can choose the initial Morse function to have no critical points on the boundary. Then
all the critical points of F come in pairs, ZJS. and z% with z{ boundary stable, z%

J J J
boundary unstable and there is a single trajectory of VF going from z; do zj‘.‘.

The strength of Theorem 4-18 is that it is much easier to study the difference between
the intersection forms on (X, My) and on (Zg41/2, Mg41/2). We refer to [3] for
an application of this fact.

5 The cancellation of boundary handles

In this section we assume that F' is a Morse function on the cobordism (€2, Y') satisfying
the Kronheimer—Mrowka—Morse—Smale regularity condition (Definition 4-5). We
assume that F has precisely two critical points z and w, with indz =k and indw =
k + 1 and that there exists a single trajectory y of VF going from z to w. If z and w
are both interior critical points, then [12, Theorem 5.4] implies that (€2, Y) is a product
cobordism. In fact, Milnor’s proof modifies F' only in a small neighborhood of y,
which avoids the boundary Y . Hence it does not matter that in our case the cobordism
has a boundary.

We want to extend this result to the case of boundary critical points. In some cases an
analogue of the Milnor’s theorem holds, in other cases we can show that it cannot hold.

5.1 Elementary cancellation theorems
The following generalization of Milnor’s theorem was first obtained in [7, Theorem 1].

Theorem 5-1 Let z and w be a boundary critical points of index k and k + 1,
respectively. Assume that y is a single trajectory joining z and w. Furthermore,
assume that both z and w are boundary stable, or both boundary unstable. Then
(2,7) is a product cobordism.

As usual, it is enough to prove the result for boundary unstable critical points, the other
case is covered if we change F to 1 — F'. Note also, see Section 5.2, the assumption
that both critical points are boundary stable, or both boundary unstable is essential.

A careful reading of Milnor [12, pages 46—66] shows that the proof there applies to
this situation with only small modifications. Below we present only three steps of that
proof, adjusted to our situation. We refer to [12] for all the missing details.

Let & be the gradient vector field of F. The proof relies on the following proposition
(see the Preliminary hypothesis 5.5 in [12], proved on pages 55-66).
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Proposition 5-2 There exist an open neighborhood U of y and a coordinate map
g: U —» Rso x R" and a gradient-like vector field &' agreeing with & away from U
such that:

g(Y) C{x; =0}, and g(U) C {x; = 0}.
g(z) =(0.0.....,0).
e gw)=(0.1,...,0).

o g8 =n=(x1,v(x2),—X3,...,—Xfk, Xk+1s---+Xn+1), Where v is a smooth

function positive in (0, 1), zero at 0 and 1 and negative elsewhere. Moreover

|f—;’2| =1 near 0 and 1.

Furthermore, U can be made arbitrary small (around y ).

Given the proposition, we argue in the same way as in the classical case, cf [12,
pages 50-55]: we improve the vector field &’ in U so that it becomes a gradient like
vector field of a function F’, which has no critical points at all. Then the cobordism is
a product cobordism.

The proof of Proposition 5-2 is a natural modification of Milnor’s proof. After applying
arguments as in [12, pages 55-58] the proof boils down to the following result.

Proposition 5-3 (cf [12, Theorem 5.6]) Leta+b =n,a>1 and b > 0 and write a
point x € Rxo xR xR? as (x4, xp) with x4 € R xR and xp, € R?. Assume
that h: (Rso x R*71 {0} x R"™1) — (R5o x R"7! {0} x R"™1) is an orientation
preserving diffeomorphism such that h(0) = 0. Suppose that h(Rxq x R4~ x {0})
intersects {0} x {0} x R? only at the origin and the intersection is transverse and the
intersection index is +1. Then, given any neighborhood N of 0 € R>¢ x R*~!, there
exists a smooth isotopy ), for t € [0, 1] of diffeomorphisms from (Rxo x R"~1, {0} x
R"~1) to itself with hjy = h such that:

(I) Ahy(x) =h(x) away from N .
(D) A’ (x) = x in some small neighborhood Ny of 0 such that NiCN.
(1) 7 (Rso x R4 x {0}) N {0} x {0} x R? = {0} € R x R™.

Remark 5-4 The transversality assumption from the assumption of Proposition 5-3 is
equivalent to the flow of £ being Morse—Smale.

The proof of Proposition 5-3 in Milnor’s book is given on pages 59—66. We prove here
only the analogue of [12, Lemma 5.7]. For all other results we refer to Milnor’s book.
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Lemma 5-5 Let /i be as in the hypothesis of Proposition 5-3. Then there exists a
smooth isotopy h;: RsoxR"™1 — R xR"™1, with hq the identity map and hy = h,
such that for each t we have h;(Rsq x R 1) NR? =0.

Proof We follow the proof of [12, Lemma 5.7]. We shall construct the required
isotopy in two steps. First we isotope /1 by h;(x) = %h(lx). Then &y = h and hyg
(defined to be the limit as ¢ — 0) is a linear map, the derivative of /4 at 0. If this linear
map is an identity, we are done. Otherwise /i is just a nondegenerate linear map and
clearly it maps R>q x R4~1 x R? diffeomorphically onto itself. It means that under
the decomposition R” = R @ R4~ ! @ R?, ¢ has the block structure

all 00
h(): k A B s
*x C D

where @71 > 0, and stars denote unimportant terms. As /g is orientation-preserving,
det iy > 0. We can apply a homotopy of linear maps which changes the first column
of hgy to (a11,0,...,0) and preserves all the other entries of /5. We do not change
the determinant and the condition /o(Rxo @ R?~!') N R®? = 0 is preserved (it means
that ;1 det 4 > 0). Let

A B
hoo = .
w=(¢p)
We have det hg = a1 det hgg, so det igg > 0. We use the same reasoning as in Milnor’s
proof to find a homotopy of /¢ to the identity matrix, finishing the proof. a

5.2 Noncancellation results

The two results below have completely obvious proofs, we state them to contrast with
Theorem 5-1.

Lemma 5-6 Assume that a Morse function F on the cobordism (2,Y) between
(X0, My) and (X1, M) has two critical points z and w. Suppose z is an interior crit-
ical point and w is a boundary critical point. Then (€2, Y') is not a product cobordism.

Proof F restricted to Y has a single critical point, so the cobordism between M
and M cannot be trivial. a

Lemma 5-7 Suppose that F has two critical points z and w. Assume that z is
boundary stable and w is boundary unstable. Then (2, Y) is not a product.
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Proof If it were a product, we would have Hy (€2, X¢) = 0. We shall show that this
is not the case.

If F(z) = F(w), then there are no trajectories between z and w, so by Proposition 4-1
we can ensure that F(z) < F(w). So we can always assume that F(z) # F(w). For
simplicity assume that F(z) < F(w). Let ¢ be a regular value such that F(z) <c¢ <
F(w).

By Lemma 2-19 F~1[0, ] ~ ¢ %[0, ¢]. Then Hx (2, o) = Hy (2, F7[0,c]). Now
Q arises from F~1[0, c] by a right half-handle addition, hence H, (2, F~'[0, c]) =
H.(H, B), where (H, B) is the corresponding right half-handle. But H(H, B) is
not trivial by Lemma 2-25 (or Lemma 2-18). a
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