SPECTRAL CONDITIONS FOR JORDAN *-ISOMORPHISMS ON OPERATOR ALGEBRAS

OSAMU HATORI AND LAJOS MOLNAR

ABSTRACT. In this paper we study non-linear transformations between the unitary groups of von
Neumann algebras and the twisted subgroups of positive invertible elements in unital C*-algebras
with various preserver properties concerning the spectrum, spectral radius, and generalized dis-
tance measures. We present several results which show that those transformations are closely related
to the Jordan *-isomorphisms between the underlying full algebras. In fact, our results can easily be
used for characterizations of that sort of isomorphisms.

1. INTRODUCTION

In this paper all algebras are assumed to be complex and unital, the unit usually being denoted
by 1. Let A;, A, be algebras and let o(-) stand for the spectrum. A map (no linearity is assumed)
¢: A; — Ay is called spectrally multiplicative if it satisfies

o(p(a)p(b)) =o(ab)

for all pairs a, b € A;. There has recently been considerable interest in the study of such transfor-
mations since in many cases it turns out that they are closely related to isomorphisms, hence the
spectral condition displayed above may faithfully compress the linearity and multiplicativity prop-
erties of maps into one two-variable equality between sets of scalars. For a typical result we recall
that any spectrally multiplicative bijection between the algebras of all continuous complex valued
functions over compact Hausdorff spaces is an algebra isomorphism followed by multiplication
by a fixed real valued continuous function of modulus 1. In fact, for first countable spaces this was
proved in the paper [7] (which was the starting point of that line of investigations) while in [11] the
authors removed the first countability assumption. Concerning operator algebras we obtained in
[7] that for an infinite dimensional Hilbert space H, any spectrally multiplicative bijection on the
algebra of all bounded linear operators on H is either an algebra isomorphism or the negative of
an algebra isomorphism. Hence in those cases we have that any spectrally multiplicative bijective
map is a transformation which can be written as an algebra isomorphism multiplied by a central
symmetry (which is a self-adjoint unitary which is in the center of the algebra in question). (We
admit that presently Google Scholar pops up close to 90 citations to the paper [7].) For further ref-
erence we mention the survey paper [4] exhibiting a collection of recent results (mainly concerning
function algebras) as well as the interesting paper [2] where a variant of spectrally multiplicative
maps (involving three variables not only two) has been investigated on general algebras.

In this paper we continue that line of research and present results which can be viewed as char-
acterizations of Jordan *-isomorphisms between operator algebras via their spectral multiplica-
tivity properties of different kinds and their other characteristic invariance properties relating the
spectral radius. However, there is significant difference between the previous investigations and
the one we report on here. Namely, the properties we consider in this paper are assumed to be sat-
isfied not on the whole algebra but only on certain subsets which are substructures of the general
linear group. This means, and again it is the main novelty here, that the spectral multiplicativity
and other related conditions are required only on some smaller sets (the so-called twisted sub-
group of positive invertible elements, or the unitary group) but, as we shall see, they are still strong
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enough to imply that the transformations under considerations are closely related to Jordan *-
isomorphisms between the underlying full algebras. In addition to our conditions concerning the
spectral radius we investigate transformations which preserve certain distance measures of very
general kinds. Furthermore, we study spectral multiplicativity like and other conditions for pairs
of maps defined on arbitrary sets with values in the above mentioned substructures of operator
algebras.

Before presenting our results we collect the following facts concerning Jordan *-isomorphisms
between C*-algebras. We first remind that by Proposition 1.3 in [12] every surjective Jordan homo-
morphism J between arbitrary algebras A;, A, preserves invertibility and satisfies J(a™!) = J(a)~!
for any invertible element a € A;. This implies that a Jordan isomorphism maps the general linear
group onto the general linear group and preserves the spectra of elements. We recall the important
correspondence between the spectra of the elements ab and ba, where a, b belong to an algebra
A. Namely, we always have o(ab) u {0} = o(ba) U {0} and hence, if a, b are invertible, it follows that
o(ab) = o(ba). Let now Aj, A, be arbitrary C*-algebras and J : A; — A, be a Jordan isomorphism.
By Theorem 6.3.4. in [1] there exists a central projection g (by a projection we always mean a self-
adjoint idempotent) in the so-called bounded central closure of A, (a C*-algebra that contains A,
as a C*-subalgebra) such that

J(ab)=q](@](b)+ (A -q)J(b)](a), a,be A.

Let a,b € A; be invertible elements. Denote x; = gJ(a),y1 = qJ(b) and x, = 1 —q)J(a),y, = (1 -
q)J(b). We compute

o(ab)u {0} =o(J(ab)) U{0} =o(x1y1) Uo(y2x2)
=o(x1y1)Uo(x2y2) =o(J(a)J (b)) U{0}.

Since ] preserves invertibility, /(a) J(b) is invertible and by the above equality we have

o(ab) =oc(J(a)](b))

which proves that J is spectrally multiplicative on the general linear group.

For a C*-algebra Aj, we denote by Aj, the real linear subspace of all self-adjoint elements in
Aj. The set of all positive elements (i.e., self-adjoint elements with non-negative spectrum) in
Aj is denoted by A;,. The set A]‘i of all invertibles in A, is a so-called twisted subgroup of the
general linear group meaning that it is closed under the operation of the inverted Jordan triple
product ab~'a. For obvious reasons, it is also called the positive definite cone (or positive cone
for short). Note that A]_i = exp Aj;. The unitary group of A; is denoted by U;. Recall that we have
Uj=expiAjsif Ajisavon Neumann algebra. We repeat that by a symmetry we mean a self-adjoint
unitary element (or, equivalently a unitary whose square is the identity).

Recall that for the spectral radius r we have the inequality r(a) < | all for every a in the C*-
algebra A; and r(a) = | all holds for any normal element a € A;.

2. THE CASE OF THE SPACES OF POSITIVE INVERTIBLE ELEMENTS

Beside characterization via the spectral multiplicativity property, the first main result of the pa-
per, Theorem 4 contains a sort of characterization of Jordan *-isomorphisms in terms of a preserver
property relating so-called generalized distance measures. For this we need a recently obtained
very general Mazur-Ulam type result that we cite below as Theorem 3. To formulate it we need
some preparation. From the paper [8] we recall the following.

Definition 1. Let X be a set equipped with a binary operation ¢ which satisfies the following con-
ditions:

(al) aoa=aholds for every a € X;

(a2) ao(aob)=bholdsforanya,be X;

(a3) the equation x¢ a = b has a unique solution x € X for any given a, b € X.

In this case the pair (X, o) (or X itself) is called a point-reflection geometry.
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For a C*-algebra A and elements a,b € A;! define aob = ab™'a. In that way A;! becomes a
point-reflection geometry. Indeed, the conditions (al), (a2) above are trivial to check. Concerning
(a3) we recall that for any given a, b € A}!, the so-called Ricatti equation xa~'x = b has a unique
solution x = a#b which is just the geometric mean of @ and b defined by

1 1. 1.1 1
a#tb=az2(a 2ba 2)2az.
This result is usually termed as Anderson-Trapp theorem.
We need another concept, the one of so-called generalized distance measures.

Definition 2. Given an arbitrary non-empty set X, the function d : X x X — [0,00[ is called a gener-

alized distance measure if it has the property that for an arbitrary pair x, y € X we have d(x,y) =0
ifand onlyif x = y.

Hence, in this definition we require only the definiteness property of a metric but neither the

symmetry nor the triangle inequality is assumed. Our general Mazur-Ulam type theorem in [8]
reads as follows.

Theorem 3. Let X,Y be non-empty sets equipped with binary operations o, %, respectively, with
which they form point-reflection geometries. Letd : X x X — [0,00[, p: Y x Y — [0,00[ be generalized
distance measures. Pick a,b € X, set
L,py={x€eX:d(a,x)=d(x,boa)=d(a,b)}

and assume the following:

(b1) d(box,box')=d(x',x) holds for all x,x' € X;

(b2) sup{d(x,b) : x € Ly p} <00,

(b3) there exists a constant K > 1 such that d(x,bo x) = Kd(x, b) holds for every x € L, p.
Let¢p: X — Y be a surjective map such that

p(px),p(x)) =d(x,x), xx'eX
and also assume that

(b4) for the element c € Y with cx¢(a) = p(boa) we havep(cxy,cxy)=p(y,y) forally,y €Y.
Then we have

dboa)=¢db) *P(a).

We shall also need the following properties defined for a continuous function # :]0,00[— R:
(c1) h(t) =0holds exactly for ¢t = 1;

(c2) for some 6 > 0 real number we have |h(t)| = 0 for all  €]0,00[ from outside a neighborhood
of 1;

(c3) his differentiable at t =1 and f'(1) # 0;
(c4) |h(1p)] # [h(z;")] holds for some #y €]0,00].

The first main result of the paper which involves the possibility of several characterizations of
Jordan *-isomorphisms reads as follows.

Theorem 4. Let Aj be a C*-algebra for j = 1,2. Suppose that ¢ is a surjection from A1_+1 onto A, i
Consider the following statements:

@4.1) o(ab™H) =o@p@pb)™Y), abeA7l;

1+’

4.2) rab™ ' =) =rp@¢pb)'-1), abeAl;

(4.3) there exists a pair hy, hy :]10,00[— R of continuous functions which satisfy (c1)-(c3) and we
have

1 (b 2ab™2)| = | ha () 2p(@)p(B) ), a be AL

(4.4) there exists a Jordan *-isomorphism ] from A, onto A,, an element by € Agj, a central pro-
jection p € o, and a positive real number c¢ such that

¢(a) = bo(pJ(@)°+ (1 -p) (@) by, aeA[};
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(4.5) there exists a Jordan *-isomorphism ] from A; onto A,, an element by € Agi, a central pro-
jection p € of» such that

P(a)=bo(pJ(a)+(1-p)J@ by, acAf;
(4.6) there exists a Jordan *-isomorphism ] from A, onto A, and an element by € Az‘i such that
P(a) = boJ(a)by, ac Af}.

We have the implications (4.1) = (4.2) = (4.3) = (4.4). If hy = hy, then we have (4.1) = (4.2) >
(4.3) = (4.5). If hy = hy and satisfy (c4), then we have (4.1) & (4.2) © (4.3) & (4.6).

Before presenting the proof of Theorem 4 we make some useful remarks. First of all, whenever a
normal element of a C*-algebra is plugged in a continuous real function (with domain containing
the spectrum of that element) that refers to the well-known continuous functional calculus. Let A
be a C*-algebra.

(R1) If a continuous function & :]0,00[— R satisfies (c1), then for any a € A, the equality h(a) =
0 implies that a = 1. Indeed, by the spectral mapping theorem we have h(o(a)) = o(h(a)) = 0,
which implies by (c1) that o(a) = {1}, i.e., 0(a—1) = {0} which yields a—1 = 0. It follows that the
formula

d(a,b) = |h(b"2ab™2)|, abe A7

defines a generalized distance measure on A !.

(R2) Observe that if a continuous function £ :]0,00[— R satisfies (c1) and (c2), then for any se-
quence t, €]0,00[ with h(t,;) — 0 we have f, — 1. This easily implies that, similarly, for any se-
quence a; € A;l with h(a,) — 0 in the norm topology, we have a,, — 1.

(R3) Let h:]0,00[— R be a continuous function which is differentiable at t = 1. Then the trans-
formation x — h(x), x € A;l is Fréchet-differentiable at x = 1 and its derivative (Dh)(1)y = h'(1)- y,
y € A;. Indeed, by the differentiability of the real function i we have a continuous function
w :]0,00[— R with w(1) = 0 such that k() — h(1) = K'(1)(t — 1) = w(#)(¢t — 1) for all ¢ €]0,00][. It fol-
lows that h(x) — h(1)1 - h'(1)(x — 1) = w(x)(x — 1) holds for all x € A;! from which we obtain that
Ih(x) = h(1)1 =K' (1) (x - DI < o) llx—1]. This implies

Ih(x) = h()1- KA 1) (x-D _
=11

0

as x — 1 which proves the assertion.

(R4) If h :]0,00[— Ris a continuous function which satisfies (c1) and (c3), then we have a number
K > 1 such that |h(t?)| = K|h(t)| holds for all ¢ in an e-neighbourhood of 1 with some 0 <€ < 1.
Indeed, we compute

h(t?) (s l)h(tz)/(tz— 1)
h() h(D)/(t-1)

as t — 1 verifying our claim.

(R5) For any invertible element x € Aand a, b € A7 we have that abla? is unitarily equivalent
to b~2ab~? and (xbx*)"2xax* (xbx*)"? is unitarily equivalent to b=2ab~%. Indeed, as for the
former statement, we have

L R O R |
azb " az=u" (b 2ab 2)u,
. : . o _1 1
where u is the unitary element in the polar decomposition of b™2az € A. As for the latter state-
ment, we have

(xbx*)_%xax*(xbx*)_% = Ib%x*I_l(b%x*)*(b_%ab_%)(b%x*)lbéx*I_1
= v*(b_%ab_%)v,

. . . o 1
where v is the unitary element in the polar decomposition of bz x*.
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(R6) For any scalar valued continuous function h on ]0,c0], unitary u € A and positive invertible
ae A;l we have h(uau™') = uh(a)u™!. Indeed, it follows easily from the fact that / can be uni-
formly approximated by polynomials on any compact subinterval of ]0, co[ and from the isometric
property of the continuous functional calculus.

Proof of Theorem 4. 1t is obvious that (4.1) implies (4.2). To verify the implication (4.2) = (4.3)
observe that for any a, b € A]} we have

olab -1 =g(ab™)-1=0c(b 2ab 1) -1=0(b 2ab -1
which implies that
rab™ =1 =r(b"2ab 2 -1)= b Zab"7 - 1].
Therefore, assuming (4.2) and defining h; () = ho(f) = t — 1, t €]0,00[ we plainly obtain (4.3).

The main part of the proof now follows. We assume that (4.3) holds with continuous functions
hi, hy :]0,00[— R satisfying (c1)-(c3). Define

d(a,b) =l (b 2ab ?)l, abe A}

and 1 1

p(a,b)=hy(b"2ab 2)l, abe A}
By the remark (R1) we know that d, p are generalized distance measures and we have
ey p(@(a),¢p(b) =d(a,b), a,be Ay},
Observe the following. Applying (R5) and (R6) we have

d(zaz",zbz") =d(a,b)

and
2) dbx b, bx' ') =dx L) = d, x)

forall a,b,x € Al‘i and invertible z € A;. Clearly, similar properties hold for the generalized dis-
tance measure p, too.

Now define the map ¢ : A7} — A3l by ¢o(a@) = p(1)"2p(@p(1)"Z, a € A7L. Plainly, ¢y is a
well defined and surjective map from Al_i onto Agi, ¢ is unital meaning that ¢(1) = 1, and the
equality (1) holds also for ¢y, i.e., we have p(¢po(a),po(b)) =d(a,b), a,b e Al_i.

We are going to apply Theorem 3. In order to do that we need to check that the conditions in
that theorem are satisfied. Firstly, we define the point-reflection geometry structures on A~ i in the
standard way, i.e., just as we did after Definition 1. The condition (b1) is fulfilled by (2).

To proceed, we claim the following. Let H be a subset of A1_+1 with the property that there are
positive numbers a, f such that @l < y < 1 holds for all y € H. (This means that H is bounded
away from zero and also from above with respect to the usual order < defined on the set of all self-
adjoint elements coming from the notion of positivity. Recall that positive elements are the self-
adjoint ones with spectrum within the set of non-negative reals.) Then we assert that there exists
anumber 6§ > 0 with the property that whenever a, b € H are such that ||a — b| < §, we necessarily
have | b_%xb‘% — 1|l <€ (i.e., the spectrum of b_%xb_% isin]1—e¢,1+¢]) forall x € L, p, where € is
the number that appears in (R4) in relation with h;. Assume for a moment that this assertion is
already proven. We can check rather easily that for a,b € Al‘i with [|a — b|| < § the properties (b2)
and (b3) are satisfied. Indeed, by the isometric property of the continuous functional calculus,
the fulfillment of (b2) is clear since h; is bounded in the closed interval [1 —¢€,1 + €]. As for (b3),
applying the second equality in (2), the first part of (R5) and (R6), we can compute

d(x,bx"'b)=d(b~ xb™", x™1) = |y (x2 (b~ xb~Hx2))|
= 1 ((x2b ™ x2)2)]| = by (b2 xb™ D)) = K| hy (b2 xb™2)|| = Kd(x, b)

for all x € L, ;, meaning that (b3) is also satisfied.
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Now, in order to verify the starting assertion, assume on the contrary that we have sequences
1

1 1
an,by€ Hyx, €L, p, suchthat |la, — byl < l but ||b,,? x,b,* — 1|l = €. We compute

1 -1
b, an n’ 1||—||b2(an bu)by? 1 < by, @ — byl

—

1 1
and this last term converges to 0 since We have || b}, Y < 1/a. Therefore, b,,? a,b, > — 1 and by (c1) it
follows that d(ay, b n) = IIhl(b 2a,b 2)|| — 0. Since x, € L,, p,, we have d(ay, x,) = d(ay, by) — 0
meaning that hl(xn anxn ) — 0. Applying the observation in (R2) one can check rather easily

that this implies x,%a,x,> — 1. Therefore, for an arbitrary scalar 0 < y < 1 we have an index ny
1 1

such that for all n = ny we obtain 1 -y1 < x,%a,x,> < 1+y1 which yields (1/(1 +y))a, < x, <
_1 _1

(1/(1 —vy))ay, for all n = ny. Since we also have b,,*a,b,,* — 1, in a similar manner, we may also

assume that (1/(1+v))a, < b, < (1/(1 —y))a, holds for all n = ny. These imply that

1/A+p-1/A-y)an<x,—b,=A/A-y)-1/A+7y)a,

for all n = ny. Since y > 0 is arbltrary and we have a, < ,61 for all n, we infer that x,, — b, — 0 which

1
2

immediately yields b xnb K | contradicting to ||b xnb — 1|l = €. This proves the above
assertion and hence we have that (b2) and (b3) in Theorem 3 are satisfied. Observe that (b4) is
fulfilled, too, which can be checked just as the condition (b1) above. By Theorem 3 it follows that

there is a number § > 0 such that whenever |la— b|| <0, a,b € A1 +» we necessarily have

Go(ba™'b) = Po(b)po(a@)  Po(b).

Now pick arbitrary a, b € Al_i. We prove that the above displayed equality holds for a and b. To
verify this, consider the curve
1

L= az (exp(tlog(a_%ba_%))) az, tel0,2]

connecting aand ba~'b and passing through b. The range of this curve is a norrn compact subset
of A and hence it satisfies the condition we imposed on the subset H of A . in the previous
part of the proof. Therefore, there is a number § > 0 such that for any a’, b’ € F([0,2]) we have
Po(b' a1 b") = po(b)po(a’) "o (b'). By the uniform continuity of T, for close enough t, s € [0,2] we
have ||T'(£)-T'(s)|| < 6. Now, we can select a large enough 7 such that for the elements a; = I'(k/2"),
k=0,1,...,2"" we have || ay—ay1 || < 6. Clearly, ag = a, asn = b, aynr1 = ba™'b, and ag,1a; ' ags, =
ay+2 holds forevery 0 < k < 2"+l _2 Moreover, by the closeness of a; and aj.; we have
Pl a; ar1) = Polars1)po(an) " polar.)

for every 0 < k < 2"*1 — 1. It requires purely algebraic computations to verify that then we have
poaznay” azn) = po(az)po(ao) ™ Polazn).

In fact, this is just the content of the technical Lemma 4.2 in [3]. As ap = a and ay» = b, we get

3) Po(ba™'b) = Po(b)po(a) " o (D)

for an arbitrary pair a, b € A7}.
Putting b = 1 we deduce that ¢o(a™) = po(a)~! for every a € A7} and then we obtain that

() o(bab) = po(b)po(@po(b), a,be AT,

One can trivially deduce using (3) and (4) that for any a € A . we have ¢g(a™) = ¢po(a)™ first for
any integer m and then for any rational number, too.
Pick x € Ajs and define S: R — A, by

S(1) =¢polexp(tx)), teR.
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We assert that S is continuous with respect the norm-topology. To see this, first observe that ap-
plying (R2) for a sequence x,, € Al_i we have

x, =1 = 0= [[h1(x)| = 0=>d(x,,1) = 0=>
p(po(xn),Po(1)) = p(o(x,),1) = 0= [[ha(Po(xp)) | = 0= lIpo(x,) — 1] — 0.
Now, picking ¢, p € R we compute
1S(2+ o) — S(to) ||l = llpo (exp((£ + £9)x)) — o (exp (Lo X)) I
< llpo (exp (1)) 2 12l o (exp (1)) ™2 po (exp (£ + £o) X))o (exp(fox)) "2 — 1|

— 1 —1
= |lpo(exp(tox)) 1o (eXp (Tox) exp((t + fp) x) exp (TOx)) = 1]
= |lpo(exp(fox)) Il o (exp(£x)) —1]|.

It follows that for t — 0 we have S(t+1y) — S(%) in the norm topology implying the norm-continuity
of S. We next deduce that S is a one-parameter group in A2‘+1. Indeed, let m, n, m’, n’ be integers
with m, m' # 0. We calculate

o)l

m m m

S

)m’n+mn’

x)) = o (exp mlm’x

= o (eXp

x) m/n(po (exp mlm’ x)mn’ =S (%) S (%) .

mm/’

Since S is continuous, it follows that
S(t+t)=S)S(t), tteRr.

Therefore, S is a continuous one-parameter group in A,. By part (a) in Proposition 6.4.6 in [10]
there exists y € Ay with

S(t) =exp(ty), teR.
Since S(t) is self-adjoint, we deduce that y is also self-adjoint using, e.g., (c) in Proposition 6.4.6 in
[10].
Defining f(x) = y we obtain amap f: A;; — Ay, for which

dolexp(tx)) =S(t) =exp(tf(x)), teR, xe Ay

As ¢ preserves or, better say, respects the pair d, p of generalized distance measures, it is clearly
injective. This implies that f is injective, too. Considering ¢, Lin the place of ¢y, we clearly have an
injective map g: Aas — A such that (pal(exp(ty)) = exp(tg(y)) holds for every y € Ays and t € R.
This easily implies that y = f(g(y)) holds for all y € A,;. Hence f is surjective and therefore it is a
bijection from A;s onto Ay,. Note that f(0) = 0 is true by the definition of f.

Our next claim is that f is a scalar multiple of a norm-isometry. To verify this, we assert that as
t — 0, we have that

d(exp(tx),exp(ty))

5}
) o

— R MIllx-yl
holds for all x, y € A;;. Clearly,

exp(—%y)exp(rx)exp(—5y) -1
t

_ exp (_éy) (exp(tx)—1) ; (exp(ty)—1) exp (_éy) oy,

Since
d(exp(tx),exp(ty)) _ llhi(exp(~5y)exp(tx)exp(=5¥)) — (Dl
1] - |11

)
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the validity of (5) follows from (R3) and from the chain rule. Similarly, we obtain that

p(exp(tx),exp(ty))
1]

holds for all x,y € As;. Since ¢ respects the pair d, p of generalized distance measures, it now
follows that |A] (1)|llx — yll = |hy (I f(x) = f(W), x,¥ € Ars. This implies that we have a positive
scalar c such that (1/¢) f is a surjective isometry from A;; onto Ay. Since f(0) = 0, by the classical
Mazur-Ulam theorem we infer that f is linear. The structure of linear isometries between the self-
adjoint parts of C*-algebras is well-known. In fact, according to a theorem of Kadison [6, Therem
2] we obtain that (1/¢) f(1) is a central symmetry in A, and there is a Jordan *-isomorphism J from
Aj onto A, such that

— [hy(Mllx -yl

FX)=fM)Jx), xe€Aps.
Put p=(1+(1/¢c)f(1))/2. Then p is a central projection in A, and

f)=cpJx)-A-p)J(x), x€As.

We now calculate

¢po(exp x) =exp(c(pJ(x) — (1 - p)J(x)))
X (cp])-A-p N & pJcx))+A-p)J((=cx)™
- Zo _ Zo

n! n!
= pJ(exp(cx)) + (1—p)J(exp(—cx)) = pJ(expx)°+ (1 — p)J(expx)©
for every x € A;;. Thus
(6) Pola)=pJl@)°+QQ-p)Ja)°, aEAfi,

and we arrive at (4.4). Observe further that if we assume h; = h, and that the central projection p
above is non-trivial, then inserting a = ¢1,  €]0,00[ and b = 1 into (6), and using the generalized
distance measure preserving property of ¢y, we easily obtain

[y ()] = max{| hy (£9)], |y ()}

for all positive real number ¢. From this we first deduce that |, (?)| = |h(t™1)| and then that
|y (B)] = | ()], t €]0,00[. Differentiating h; at ¢ = 1 we easily obtain that ¢ = 1. Therefore, in
the case where the projection p is non-trivial, we have ¢ = 1. Similar argument applies when p
is trivial, i.e., when |k (#)| = |h1(£°)] or |y (8)| = |hy (£ 9)], t €]0,00[. This gives us the implication
(4.3) = (4.5).

If above we also assume that h; = hy and |k (%)] # Ihl(to‘l)l holds for some £y €]0,00[, then
reconsidering the last part of the argument above, we see that p is necessarily trivial, in fact p =1,
and c = 1 verifying the implication (4.3) = (4.6).

To complete the proof, suppose now that (4.6) holds. For any a, b € A]! we infer that

o(p@pb) ™) =aboJ(@) (b)) bhyh
=a(boJ( @b HbyH=a(J(@]b™h) =a(ab™")
and hence we obtain (4.1). ]

Observe that the implication (4.3) = (4.5) gives a substantial generalization of our former result
Theorem 9 in [5] about the structure of Thompson isometries between the positive definite cones
of C*-algebras which is one of the main results in that paper. Indeed, one needs only to choose
h; = hy =log to obtain that result from Theorem 4.

We also remark that in [8] we have presented structural results for surjective maps between
the positive definite cones of factor von Neumann algebras which respect a pair of generalized
distance measures of the form similar to what appears in (4.3) above with the difference that in
[8] we have considered arbitrary unitarily invariant norms in the place of the unique C*-algebra
norm ||.|| (operator norm). So in a sense those results concern more general distance measures but
in a more restricted context. Indeed, due to the (mainly algebraic) tools we have applied there, the
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results [8] have been obtained only for factor von Neumann algebras and not, like here, for general
C*-algebras. Related results in the context of matrix algebras appeared in our former paper [9].
In what follows we present several sorts of extensions of our previous theorem.

Corollary 5. Let Aj be a C*-algebra for j = 1,2 and suppose that ¢ and v are surjections from Al_i
onto A, +1 Then the following assertions are equivalent:

(5.1) o(ab) =o(p(@y (b)), abe A7}

1+
(5.2) rab-1) =r@p@yb)-1), abeAl};
(5.3) there is a continuous function h :]0,00[— R which satisfies (c1)-(c4) and we have
|h(b? ab?)l = Ik (D)2 p@y(B)D, a,be AL
(5.4) there exists a Jordan *-isomorphism ] from A, onto A, and by € Agi such that
P(a) = boJ(@bo, w(a) = by J(@by', ac Al
Proof. The implication (5.1) = (5.2) is obvious, to see (5.2) = (5.3) set h(t) =t -1, £t €]0,00[.
Suppose that (5.3) holds. For any a € Al‘+l we have
0=llha 2 aa 2| = | hy(a Y2p@y a2
which implies w(a‘l)%(p(a)w(a_l)% =1,i.e.,, ¢p(a) = w(a~!)~L. It then follows that

1 1 1 1 1 1
Ih(b~2ab™2)|| = [ h(y(b™) 2 p(@y (b~ H2)| = | h(pb) "2 p(@db) ).
Applying Theorem 4 we obtain that there is a Jordan *-isomorphism J from A; onto A; and b € A, 1
such that
¢(a) =boJ(@)by, ac A}
Moreover, we infer that
via) =¢p@a ) =by J(@by!, ae A7}
and obtain (5.4).
Suppose now that (5.4) holds. For any a, b € Al_i we calculate

o(pla)y (b)) = O(bo](a)](b)bal) =a(J(@)J (b)) =o(ab).
Thus (5.1) holds and the proof is complete. 0

From the above statement we immediately obtain the following corollary which presents a com-
plete description of spectrally multiplicative maps between the positive definite cones of C* -algebras.

Corollary 6. Let Aj be a C*-algebra for j = 1,2. Suppose that ¢ is a surjection from A1_+l onto Az_i.
Then the following statements are equivalent:

6.1) o(ab) =o(p@¢(b)), abe A7l

1+

6.2) r(ab-1)=r(p@db)-1), a,be A7L;

1+’
(6.3) there is a continuous function h :]0,00[— R which satisfies (c1)-(c4) and we have

|h(b?ab?)| = | (@B p@B))],  a,be AT;
(6.4) there exists a Jordan *-isomorphism ] from A, onto A, such that
Pla)=J(a), ae Al

Proof. In the light of the proofs of the previous results, the only implication we need to verify is
(6.3) = (6.4). Assuming (6.3), by Corollary 6 there exists a Jordan *-isomorphism J from A; onto A,
and by € A;! such that

P(a) = boJ(a)by, p(a) = by J(@)by', ac A}

Choosing a = 1, it follows that b(z) =b, 2 which implies by = 1 and we are done. O
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With some extra efforts, from Corollary 5 we can deduce the following formally even more gen-
eral result on the structure of maps defined on arbitrary sets with values in the positive definite
cones of C*-algebras with a specific property closely related to spectral multiplicativity.

Theorem 7. Let A; be a C*-algebra for j = 1,2 and F a non-empty set. Suppose that ®, and ¥,
are surjections from F onto Al_i and that ®, and ¥, are surjections from F onto Agi. The following
statements are equivalent:

(7.1) o(@1()¥1(y) =0 (@2(x)¥2(y)), X, y€F;

(7.2) r( @1 (Y1) =D =r(@2(x0)¥2() -1, x,yeF;

(7.3) there is a continuous function h :]0,oc0[— R which satisfies (c1)-(c4) and we have

IROY1 (1) 2B (0W1 () )| = A (P2(1) 2 B2(0W2()2)l, X,y € F;
(7.4) there exists a Jordan *-isomorphism ] from A, onto A, and an element by € Az‘i such that

@y (x) = boJ (@1 (X)) by, W2 (x) = by ' J(¥1(x)by*, x,y€F.

Proof. Again, in the light of the previous proofs the implications (7.1) = (7.2) = (7.3) are apparent.

Suppose that (7.3) holds. To prove (7.4), we first observe that ®;(x) = ®@;(x’) implies ®,(x) =
@, (x). Indeed, let x, x' € F and assume that ®;(x) = ®;(x’). Since ¥ (F) = AL}, there exists y € F
with ¥, (y) = ®;(x)~!. Then we have

0= 1R(¥1 ()20 ()¥1()D) = 1h(F2(y)2 D2 (x) P2 (1) 2) |

implying that W, (y) %d)z (x)Wa( y)% = 1. Thus we have ¥,(y) ! = ®,(x). In a similar way we obtain
that W, (y)~! = @,(x) holds, too. It then follows that ®,(x) = ®,(x/). In the same way one can
deduce that ¥; (x) = ¥;(x') implies W, (x) = W, (x'). After this we define maps ¢,y : A]} — Ay}
by ¢ (P (x)) = P2(x), x € F and by (¥ (x)) = W2 (x), x € F. Apparently, ¢, v are well defined and
surjective. Rewriting the displayed equality in (7.3) we have

Ih(b2ab?)| = [hw(B)ip@y b)), abe A7l

By Corollary 5 there exists a Jordan *-isomorphism J from A; onto A, and an element by € Az‘i
such that
@(@) = boJ(@bo, w(a) = by J(@by', ae A}
In other words, we have
@5 (x) = boJ (®1(x)) by, W2(x) = ball(‘P1(x))b61, xeF

and this proves (7.4).
Finally, in a way similar to the proof of Corollary 5 one can check that (7.4) implies (7.1) which
finishes the proof of the theorem. U

We conclude the section with a few other corollaries which provide characterizations of Jordan
*-isomorphisms of the self-adjoint parts of C*-algebras by means of their certain spectral multi-
plicativity type properties.

Corollary 8. Let A; be a C*-algebra for j = 1,2. Suppose that f and g are surjections from Ay onto
Ays. Then the following assertions are equivalent:

(8.1) o(expxexpy) =o(exp f(x)expg(y)), X,y€ Axss

8.2) r(expxexpy—1)=r(expf(x)expg(y)—1), x,y€ Ass;

(8.3) there is a continuous function h :]0,00[— R which satisfies (c1)-(c4) and we have

| h(exp(y/2) exp(x) exp(y/2))ll

= [lh(exp(g(y)/2)exp(f(x)) exp(g(N /2N, x,y€ A

(8.4) there exists a Jordan *-isomorphism ] from A5 onto Ays and by € Agi such that

exp f(x) = bo(exp J(x))bo, expg(x) = by (exp J(x)by', X,y € As.
Moreover, in any of the above cases, if f(0) =0, then we f = g = ] on Ay;.
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Proof. Define ¢(a) = exp(f(loga)), a € A1_+1 and y(b) = exp(g(logh)), be A1_+1. Apply Corollary 5 to
see the equivalence of the assertions (8.1)-(8.4). If f(0) = 0, we easily obtain by = 1 which implies
f=g=7JonAj. H

If we have f = g in the previous corollary, we trivially obtain the following statement.
Corollary 9. Let Aj be a C*-algebra for j = 1,2. Suppose that f is a surjection from A5 onto Ayg.
Then the following assertions are equivalent:

(9.1) o(expxexpy) =o(exp f(x)exp f()), x,y€ A

(9.2) r(expxexpy—1)=r(exp f(x)expf(y)—1), x,y€ Ass;

(9.3) there is a continuous function h :]0,00[— R which satisfies (c1)-(c4) and we have

| h(exp(y/2) exp(x) exp(y/2))

= llh(exp(f (1) /2) exp(f(x) exp(f(W /2], x,y€ A1

(9.4) there exists a Jordan *-isomorphism ] from A5 onto Ay such that f = ] on Ay;.
Similarly, putting g(y) = —f(-=y), y € &/, into Corollary 8 we have the following statement.

Corollary 10. Let Aj be a C*-algebra for j = 1,2. Suppose that f is a surjection from Ay onto Ayg.
Then the following assertions are equivalent:

(10.1) a(expx(expy) ) =o(exp f(X)(exp fy)™H, x,y€ A
(10.2) rexpx(expy) ' =1 =r(exp f(x)(expf(y) 1 =1), x,y€ A
(10.3) there is a continuous function h :]0,00[— R which satisfies (c1)-(c4) and we have

| h(eXp(y)‘% exp(x) eXp(y)‘%) I
= IIh(eXp(f(y))'% eXp(f(X))eXp(f(y))'%)Il, X,y € Arg;

(10.4) there exists a Jordan *-isomorphism ] from Ays onto Azs and by € Az_i such that

exp f(x) = by(exp J(x)) by, X,y € Axs.
Moreover, in any of the above cases, if f(0) =0, then f = ] holds on Ay;.

3. THE CASE OF THE UNITARY GROUPS

In the last part of our paper we present spectral conditions for Jordan *-isomorphisms between
the unitary groups of von Neumann algebras. In the proof of our second main result Theorem 12
below we apply the next general Mazur-Ulam type result relating groups. It appeared as Proposi-
tion 20 in [8] (cf. Corollary 3.9 in [3]).

Theorem 11. Suppose that G and H are groups equipped with generalized distance measures d and
p, respectively. Pick a,b € G, set

Lop=1{x€G:d(a,x)=d(x,ba 'b) = d(a,b)},
and assume the following:

d1) dbx b, bx'"'b)=d(x', x) holds for all x, x' € G;
(d2) sup{d(x,b) : x€ Ly p} <o0;
(d3) there exists a constant K > 1 such that

d(x,bx™'b) = Kd(x,b), x€Lgyp;
d4) plcytc ey’ ) = p(y,y) holds forallc,c',y,y € H.
Then for any surjective map ¢ : G — H which satisfies
p(Pp(x),p(x)) =dx,x"), xx'€G

we have

d(ba~'b) = p(b)p(a) L p(b).
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One may ask if the above statement can be deduced from Theorem 3. The easy answer is "no",
since the natural operation ab™'a called the inverted Jordan triple product in a group does not
generally satisfy the uniqueness part of the condition in (a3).

Analogously to Section 2, below we shall consider generalized distance measures on unitary
groups obtained from continuous functions defined on the unit circle T.

For any continuous function /& : T — C we shall consider the following properties:

(el) h(z)=0holds exactly for z = 1;
(e2) his differentiable at z = 1 meaning that the limit lim,_.;
it is non-zero.

h(z)-hQ)

~—1 exists and we assume that

Observe that just as in the remark (R4) one can prove that the condition imply that for any num-
ber 0 < K < 2 we have |h(z%)| = K|h(z)| for all z€ T close enough to 1.
The second main result of the paper reads as follows.

Theorem 12. Let M; be a von Neumann algebra with unitary group U; for j = 1,2. Suppose that ¢
is a surjection from Uy onto U,. The following two conditions are equivalent:
(12.1) o(ab ™) =o(@Pp@¢pb)™"), a,beUi;
(12.2) there exists a Jordan *-isomorphism ] from M, onto M, and an element uy € U, such that
$(a@) =uoJ(a), acU.
Moreover, the following three conditions are also equivalent:
(12.3) r(ab ' -1 =r(p@pb) ' -1), a,beU;;
(12.4) there exists a pair hy, hy : T — C of continuous functions which satisfy (el)-(e2) and we have
IRy (ab™ )1 = I ha(@(@pB) DI, abe Uy
(12.5) there exists a Jordan *-isomorphism ] from M, onto M,, an element uy € U, and a central
projection p € A, such that
Pa) = up(pJ(@) +1-p)J@~"), acU.

Proof. We begin with the second part of the theorem. To see the implication (12.3) = (12.4) con-
sider simply the functions h;(z) = hy(z) =z—1,z€T.
In the rest of the proof we follow the proof of Theorem 4 rather closely in spirit. Assume that
(12.4) holds with continuous functions hy, hy : T — C satisfying (el)-(e2). Define
d(a,b)=l(ab™)l, abel
and
p(a,b) = llh(ab™)l, abeU,.
By the property (el) we obtain that d, p are generalized distance measures and we have
() p(p(a),pb)) =d(a,b), a,beU.
One can easily check that
d(zaw,zbw) =d(a,b)
and
®8) dbx b, bx' ') =dx LAY = d, )

are satisfied for all a, b, x, z, w € U;. Clearly, similar properties hold for the generalized distance
measure p, too.

Define the map ¢ : Uy — U, by ¢p(a) = (,b(l)_l(,b(a), a € U;. Plainly, ¢y is a well defined and
surjective map from U; onto Uy, it is unital meaning that ¢y(1) = 1, and the equality (7) holds also
for ¢y, i.e., we have

(9) p((,b()(a))(p()(b)) = d(a) b); a, be Ul-

We are going to apply Theorem 11 for G = U;, H = Us, for the above defined distance measures
d, p and for the surjective map ¢,. We have seen in (8) that the conditions (d1), (d4) in Theorem 11
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are satisfied. The condition (d2) is also fulfilled as a consequence of the boundedness of the con-
tinuous function h;. Now we show that (d3) is satisfied for such a, b € U; which are close enough to
each other in norm. To see this, we shall need the following simple observation: for any sequences
a, by, in U; we have

lan— byl = la,b,' =11 — 0 |hy(a,b, )| = d(an, b,) — 0

and similar observation holds for the generalized distance measure p as well. In fact, this follows
rather easily from the continuity of s; and the property (el). In particular, we obtain that "con-
vergence" in any of the generalized distance measures d, p is equivalent to the convergence in the
norm ||.||.

In order to show that the condition (d3) holds for close enough a, b € U;, assume on the contrary
that we have sequences a,, b, € U; and x, € L,, p, such that ||a, — b,| — 0 and

d(xp, bnxyzlbn) < (3/2)d(xp, by)
holds for every positive integer n. This latter inequality means that
11 (b D) < B/2) 11 (b DI

holds for all n. Since d(a;, x,;) = d(a,, b,;) — 0, we have anx,gl, anb,;1 — 1 in norm which appar-
ently implies that xnb;1 — 1 in norm. On the other hand, we know that |h(z%)| = (3/2)|h(z)| for
all z € T which are close enough to 1. Therefore, we obtain ||h1((xnb,;1)2)|| > 3/2||h1(xnb,;1)|| for
large enough n, a contradiction. This shows that the condition (d3) is satisfied for close enough
a,b € U,. Applying Theorem 11 it follows that there is § > 0 such that for every |la—b| < 6, a,b e Uy
we have

po(ba™"b) = po(b)po(@ ™ Po (D).
Just as in the first section of the proof of Theorem 1 in [5] we then deduce that
po(ba~"b) = po(b)po(@ ' Po(b)
holds not only locally, but also globally, i.e., for any a, b € U,. Putting b = 1 we get ¢ (a™}) = ¢po(a) !
for every a € U; and then obtain that
(10) ¢po(bab) = po(b)po(@)po(D), a,be U,.

By the equivalence of the convergence in d, p and in the norm we deduce that ¢y is norm-continuous.
Therefore, following the proof of Theorem 1 in [5] on page 160-161 employing one-parameter uni-
tary groups, we infer that there is a bijective map f : My, — M with f(0) = 0 for which

polexp(itx)) =exp(itf(x)), teR, xe M.
Just as in the proof of Theorem 4 we claim that f is a scalar multiple of a norm-isometry. To verify
this, we observe that one can prove similarly to (5) that
d(exp(itx),exp(ity))
1]
holds for all x, y € M, as t — 0. We omit the details. Similarly, we obtain that
plexp(itx),exp(ity))
1]
holds for all x, y € M as t — 0. Since ¢ respects the pair d, p of generalized distance measures,
i.e., satisfies (9), it follows that |1} (1)[llx — yll = [, (DI f(x) = fWII, x, ¥ € Mys. This implies that
we have a positive scalar ¢ such that (1/¢) f is a surjective isometry from M;; onto M. Just as in
the proof of Theorem 4, since f(0) = 0, by Mazur-Ulam theorem we infer that f is linear and next
apply Kadison’s theorem [6, Therem 2] to obtain that (1/¢) f(1) is a central symmetry in M, and
there is a Jordan *-isomorphism J from M; onto M, such that
f)=fM)Jx), x€ M.
Set p=(1+(1/c)f(1))/2. Then p is a central projection in M, and

f)=clpJx)-1A-p)J(x)), x€ M.

— Ry (Mllx =yl

— |y (Wllx -yl
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Next an easy calculation yields that

(11) ¢olexpix) =exp(c(p](ix)— (1 - p)J(ix)))
= pJ(exp(icx)) + (1 - p)J(exp(—icx))

holds for every x € M;;. We assert that c is necessarily an integer. Indeed, since ¢y is unital and
satisfies (10), it follows that ¢y sends symmetries to symmetries. Therefore, for any non-zero pro-
jection g in M, the spectrum of

dolexpinqg) = pJlexp(icntq))+ (1 - p)J(exp(—icnq))

is contained in {—1, 1}. Since J preserves the spectrum and p is central, it follows that at least one
of the sets {1,exp(icm)}, {1,exp(—icm)} (p might be trivial) is contained in {—1, 1}. This gives as that
c is an integer and since it is assumed also to be positive, we obtain that c is a positive integer.
Therefore, by (11) we have

(12) ¢o(a) = pJ(a)+(1-p)Ja "), acl.

Now we prove that ¢ = 1. Indeed, assuming that the central projection p above is non-trivial,
inserting scalars a = z1, z € T and b = 1 into (12), and using the generalized distance measure
preserving property of ¢y, we easily obtain

|h1(2)| = max{|hy(2°)], | ha (2" )|}

for all z € T. Since hy, hy has unique roots at z = 1, we infer that ¢ must be 1. Similar argument
works also in the case where p is trivial. This completes the proof of the implication (12.4) = (12.5).
Assume (12.5) holds. We compute

13) rp@ed ™ -1) = |p@pb) " -1|
= luo(pJ @I (D)™ + (A= p)J (@~ T (D) uy' 1]
=llpJ(@JB) "'+ Q- p) @ ' Jb)-1]
= max{| p(J(@J ()" = DI, 11 - p)J (@ J(b) - D).

Furthermore, by taking adjoints we have

(14) 10-pU@  Tb) -DI=10-pUB) @ -1
=17 -p)U(a) - T = 11— p)J(a) - () J(b) |
=11-p) U @) -1

since 1 — p commutes with every element in M>. It follows from (13) and (14) that

r( @@ —1) =max{|pU(@)J (L) = DI, IL-p)U@b) =1}
=lpU@JD ' -D+A-pU@IB) " =Dl =IJ(@]b) " -1]
=r(J@JbH-1)=r(ab'-1).

The last equality follows from the spectral multiplicativity of /. Thus we obtain (12.3).

Let us consider now the first part of the theorem. Assume (12.1) holds. It trivially implies (12.3)
which implies (12.5). Consequently, there exists a Jordan *-isomorphism J from M; onto M, an
element uj € U, and a central projection p € A, such that

dla) = up(pJ(@+1-pJa™), aeUy;

Itis not hard to verify that the central projection p above must be the identity and hence we obtain
(12.2). The implication (12.2) = (12.1) is trivial to check and hence the proof of the theorem is
complete.

U

Corollary 13. Let M be a von Neumann algebra with unitary group U; for j = 1,2. Suppose that ¢
and y are surjections from U; onto U,. Then the following two conditions are equivalent:
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(13.1) a(ab) =o(p(@w (b)), a,beUy;
(13.2) there exists a Jordan *-isomorphism ] from M, onto M, and uy € U, such that

d(a) = upJ(a),w(a@) = J(@u,"', aecU.

Moreover the following three conditions are also equivalent:

(13.3) r(ab-1) =r(p(@w(b)-1), a,beU;
(13.4) there exists a pair hy, hy : T — C of continuous functions which satisfy (el)-(e2) and we have

I hy(ab) |l = | he(p(@)y (b)), a,be Us;

(13.5) there exists a Jordan *-isomorphism ] from M, onto M-, a central projection p € M,, and
ug € U, such that

P(a) = uy(pJ@+0-p)J@™), va=pla+A-p)Ja Hu,', acU.

Proof. Setting b = a~!, from both of (13.1) and (13.4) we obtain w(a‘l) = (,b(a)_l. Easy application
of Theorem 12 gives the implications (13.1) = (13.2) and (13.4) = (13.5). The rest of the proof
can be shown by arguments already employed in the previous part of the paper. For example, the
implication (13.5) = (13.3) can be proved by a reasoning similar to the one that has appeared in
the proof of the implication (12.5) = (12.3). We omit the details. U

Corollary 14. Let M; be a von Neumann algebra with unitary group U; for j = 1,2. Suppose that ¢
is a surjection from Uy onto U,. Then the following conditions are equivalent:

(14.1) o(ab) =o(p(a)p(b)), a,be Uy,

(14.2) thereexists a Jordan *-isomorphism ] from M, onto M, and a central symmetry uy € Uy such

that
¢(a) =upJ(a), acl.

Moreover the following three conditions are also equivalent:

(14.3) r(ab-1)=r(p@¢pb)-1), a,beU;

(14.4) there exists a pair hy, hy : T — C of continuous functions which satisfy (el)-(e2) and we have

I hi(aD)|l = [ ha(p(@)pD), a,be Us;

(14.5) there exists a Jordan *-isomorphism ] from M, onto M>, a central projection p € M, and a
central symmetry uy € U such that

$la) = up(pJ(@+1-p)Ja™), aeU.

Proof. We apply Theorem 13 for ¢ = ¢p. The only implications that need closer look are (14.1) =
(14.2) and (14.4) = (14.5). Assuming (14.1) we have a Jordan *-isomorphism J : M; — M, and
an element uy € U such that ¢(a) = ugJ(a) = J(@)u, 1 a e U;. Since the unitary group linearly
generate the whole algebra, it follows that uox = xu, ! holds for all x € M, which readily implies
that ug = u, ! and then that uyg is central. Similar argument applies for the implication (14.4) =
(14.5), the rest of the proof is either easy or can be proved by already employed arguments. U

In order to avoid overcomplications in the formulations of the remaining results, in what fol-
lows we shall omit conditions regarding the invariance properties of the transformations under
considerations with respect to generalized distance measures. We are convinced that having read
the paper carefully up to this point, it would be an easy task for the reader to complete the results
with such additional equivalent conditions.

Theorem 15. Let M; be a von Neumann algebra with unitary group U; for j = 1,2 and F a non-
empty set. Suppose that ®; and ¥ j are surjections from F onto U;j for j = 1,2. Then the following
two conditions are equivalent

(15.1) o(@1(0)¥1() =0 (D2(x)¥2(y), X, y€F;

(15.2) there exists a Jordan *-isomorphism ] from M, onto M, and uy € U, such that

D, (x) = upJ (D1 (x)), P2 (x) = J(P1(x)up', x€F
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Moreover, the following two conditions are also equivalent:

(15.3) r(@1()¥Y1(y) -1 =r(@2(x)¥2(y)-1), x,yeF;
(15.4) there exists a Jordan *-isomorphism ] from My onto M>, a central projection p € M,, and
ug € U, such that

D7 (x) = up(pJ(@1(x)) + (1 — P)](qh(x))_l), xeF
and
Wy (x) = (pJ(P1(x) + (1 - pJ(¥1(x0)) Dug', x€eE
Proof. Suppose that (15.2) holds. We simply infer that
0(@2(x)¥2(¥)) =0 (J(@1(x)J(P1()) =0 (@1 (x)¥1(y)), x,y€eF

Suppose now that (15.1) holds. We first observe that ®; (x) = ®(x’) implies that ®,(x) = ®,(x").

Indeed, assume that ®; (x) = ®; (x). Then we obtain
0(@2(0)¥2(y) =0 (@1 (0)Y1() =0 (@1 (X1 (1) = 0 (P2(x)¥2(y)), yeF
Pick y € F with W,(y) = ®»(x)~!. Such an element y € F exists since ¥»(F) = U,. With this y we
have that
{1} = 0(@2(x) P2 () = 0 (D2(x) P2 ().
From this we infer that 1 = @, (x")¥,(y), thus we have
Dy (x) = Pa(y) ! = Do (x).

In the same way we see that W1 (x) = ¥, (x’) implies that ¥, (x) = ¥, (x). Define maps ¢,y : Uy —
U; by (P (x)) = D2 (x) and ¢ (¥1(x)) = V2(x), x € F. Clearly, ¢, v are well defined surjections from
U; onto U,. Moreover, we have

o(ab)=o(p@y (b)), a,beU;.
By Theorem 13 there exists a Jordan *-isomorphism from M; onto M, and u, € U, such that
P(a) = upJ(a), y(a) =J(@uy', acl
and we easily conclude that (15.2) holds.
The implication (15.4) = (15.3) can be proved by a reasoning similar to the one that has ap-
peared in the proof of the implication (12.5) = (12.3).
Suppose now that (15.3) holds. We first observe that ®; (x) = ®;(x’) implies that ®,(x) = ®,(x')
for any x, x' € F. Indeed, assume @; (x) = @ (x'). Then we have
r( @) ¥2(y)— 1) =r@(x)¥1(y) - 1) =r(@ (2P () - 1)
=r(@;(x)¥2(»)-1), yeF
As ¥, (F) = Uy, there exists y € F with W, (y) = ®»(x)~!. With this y we obtain
0=r(@2(x0)¥2(y) — 1) = r(@2(x)¥2(y) — D).
As Dy (x)Ws ( y) is unitary, we have
@2 (xYP2 () — 1l = r(@2(x)P2(y) -1) =0
implying
Dy (x) = Pa(y) ! = Do (x).
In a similar way we see that W, (x) = ¥;(x') implies W»(x) = W»(x). Once again, define maps

¢, : Uy — Uz by ¢p(D1(x)) = P2(x) and w(W;(x)) = ¥Y2(x), x € F which turn to be well defined
and surjective. Moreover, we infer that

riab-1) =r( @@y b) -1), a,beU,.

Then by Theorem 13 there exists a Jordan *-isomorphism, a central projection p € M, and uy € U,
such that

d(a) = up(pJ(@+1-p) (@), wia) = (pJ@+Q1Q- p)](a)_l)ual, aeU.
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This apparently gives us that (15.4) holds. O

Finally, we present corollaries of the former results from which non-linear spectral multiplica-
tivity type conditions can be deduced for maps between the self-adjoint parts of von Neumann
algebras to be Jordan *-isomorphismes.

Corollary 16. Let M; be a von Neumann algebra for j = 1,2. Suppose that f and g are bijections
from M onto Mys. Then the following two conditions are equivalent:
(16.1) o(exp(ix)exp(iy)) =o(exp(if(x))exp(ig(y)), x,y€ Mg,
(16.2) there exists a Jordan *-isomorphism ] from M, onto M, and uy € U, such that
exp (i f(x)) = ugexp(iJ(x)), exp(ig(x)) = (eXp(i](x)))ual, X € M.

In particular, if f and g are homogeneous, then we have f = g =] and up = 1.
Moreover, the following two conditions are also equivalent:

(16.3) r(exp(ix)exp(iy)—1) =r(exp(if(x))exp(ig(y)) —1), x,y€ M,
(16.4) there exists a Jordan *-isomorphism ] from M; onto M>, a central projection p € M, and
ug € U, such that

exp(i f(x)) = ug(pexp(iJ(x)) + (1 - p)(exp(i](x))) ")
and
exp(ig(x)) = (pexp(iJ(x)) + (1 - p)(exp(iJ (x)) Hug'
for every x € My;.
In particular, if f and g are homogeneous, then we have f = g=2p—-1)] and up = 1.

Proof. Suppose that (16.2) holds. We infer that

o(exp(if(x) exp(ig(y))) = o (ugexp(iJ(x)) exp(iJ(y)uy ")
=o(J(exp(ix))J(exp(iy))) = o(exp(ix)exp(iy)), x,y€ M.
In particular, if f is homogeneous, then f(0) = 0. It follows that 1y = 1 and we have
exp(itf(x)) =exp(if(tx)) =exp(it/(x)), teR,xe M.
Letting t — 0, from
(exp(itf(x))—1)/t=(exp(it](x))—1)/t

we obtain f(x) = J(x), x € M. In the same way we deduce g(x) = J(x), x € M, if g is homoge-
neous.

Suppose that (16.1) holds. Set F = M and define ®,, ¥; : M;; — U; by ®@;(x) = ¥ (x) = exp(ix),
X € My. Also define ®@,, ¥, : M1s — U by @, (x) = exp(i f(x)) and ¥ (x) = exp(ig(x)), x € M. As
expiMjs=Uj for j = 1,2, the maps ®; and V¥ ; are surjective for j = 1,2. Apparently, we have

(@1 (X)¥Y1(y) =0(@2(x)¥2(y)), x,y€F
Then by Theorem 15 there exists a Jordan *-isomorphism J: M; — M, and ug € U, such that
exp(if(x)) = Da(x) = ugJ(P1(x)) = upJ (exp(ix)) = upexp(iJ(x))
and
exp(ig(x)) = W (x) = J(¥1(x)up ' = Jexpix)uy' = (exp(iJ(x))uy"

for every x € M, and hence we obtain (16.2).

Now suppose that (16.4) holds. Then by a simple calculation we have that

exp(if(x)) exp(ig(y)

= uy(pJ(exp(ix))J(exp(iy)) + (1 — p)J(exp(ix) " J(exp(iy)) Dug .

Using a calculation similar to the one we have applied in the proof of the implication (12.5) =
(12.3) in Theorem 12 we have that

r(exp(ix)exp(iy)—1) =r(exp(if(x))exp(ig(x))—1), x,y€ M
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and hence we obtain (16.3). In particular, if f is homogeneous, then f(0) = 0. Thus we have
1 =exp(if(0)) = up(pJ(exp(i0) + (1 - p)](exp(iO))_l) = Up.
It follows that

exp(itf(x)) =exp(if(tx)) =pexp(iJ(tx))+(1—p) (exp(i](tx)))_1
=pexp(it](x))+(1—-p)exp(-it](x)), x€ M.
Letting £ — 0, from
(exp(itf(x))—1D/it=pexp(it](x))—1D/it+ (1 —p)lexp(=it](x))—1)/it,
we deduce
fxX)=2p-DJ(x), x€Ms.
In a similar manner we obtain g(x) = 2p —1)J(x), x € M.

Suppose that (16.3) holds. Set F = M;; and once again define ®,, ¥ : M1s — U; by ®;(x) =
Y1 (x) =exp(ix) and ®,, ¥, : M1s — Uz by @,(x) = exp(i f(x)), V2(x) = exp(ig(x)), x € Ms. Then
®; and ¥ are both surjective maps for j = 1,2. Apparently, we have

r@(x)¥Y1(y) - D =r@:(x)¥2(y) - 1), x,y€ M.

By Theorem 15 there exists a Jordan *-isomorphism J from M; onto M5, a central projection p € M,
and a unitary ug € U, such that

Dy (%) = up(pJ(@1(x) + (1= p)J(@1(x)) " H)
and
Yo (x) = (pJ(P1(x) + (1= p)J(P1(0)) D'
hold for every x € M;5. Then

exp(if(x)) = up(J(exp(ix)) +(1— p)](eXp(ix))‘l)
= up(pexp(iJ(x)) + (1 - p)exp(iJ(x))™H

and

exp(ig(x)) = (pJ(exp(ix)) + (1 - p)J(exp(ix)) Huy?
= (pexp(iJ(x)) + (1 - p)(exp(iJ(x)) Huy*
for every x € M. This completes the proof. U

The following statement is an easy consequence of Corollary 16, one just needs to take g = f
(and have a short look at the argument in the proof of Corollary 14 concerning centrality).

Corollary 17. Let M; be a von Neumann algebra for j = 1,2. Suppose that [ is a bijection from M,
onto Mas. Then the following two conditions are equivalent:

(17.1) o(exp(ix)exp(iy)) =o(exp(if(x))exp(if())), X,y€ M,
(17.2) there exists a Jordan *-isomorphism ] from M, onto M, and a central symmetry uy € U, such
that

exp(if(x)) = upexp(iJ(x)), x€ Mis.

In particular, if f is homogeneous, then we have f = ] and up = 1.
The following two conditions are also equivalent:

(17.3) r(exp(ix)exp(iy)—1) =r(exp(if(x)exp(if(y))—1), x,y€ M,
(17.4) there exists a Jordan *-isomorphism ] : My — M>, a central projection p € M, and a central
symmetry ug € U, such that

exp(i f(x)) = up(pexp(iJ(x)) + (1 — p)exp(iJ(x)) 1), xe M.

In particular, if f is homogeneous, then we have f = 2p—1)] and ug = 1.
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Our last statement is again a simple consequence of Corollary 16, one needs to consider the
map g(y) =—f(-y), y € Mis.

Corollary 18. Let M; be a von Neumann algebra for j = 1,2. Suppose that [ is a bijection from M,
onto My. Then the following two conditions are equivalent:

(18.1) a(exp(ix)(exp(iy)™") = o(exp(if(x)(expf (NN, x,y€ Mg
(18.2) there exists a Jordan *-isomorphism ] from M; onto M, and uy € U, such that

exp(if(x)) = upexp(iJ(x)), x€ Mis.

In particular, if f is homogeneous, then we have f = ] and up = 1.
The following two conditions are also equivalent:

(18.3) r(exp(ix)(exp(iy)~' —1) = r(exp(if () (exp(if (M)~ ~1), x,yeMy
(18.4) there exists a Jordan *-isomorphism ] : My — M>, a central projection p € M, and unitary
ug € U, such that

exp(i f(x)) = ug(pexp(iJ(x)) + (1 - p)(exp(iJ(x)) ™1, xe M.

In particular, if f is homogeneous, then we have f = 2p —1)] and up = 1.
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