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Abstract. A sequence of first-order integer—valued autoregressive type (INAR(1))
processes is investigated, where the autoregressive type coefficients converge to 1. It
is shown that the limiting distribution of the joint conditional least squares estima-
tors for this coefficient and for the mean of the innovation is normal. Consequences
for sequences of Galton—Watson branching processes with unobservable immigra-
tion, where the mean of the offspring distribution converges to 1 (which is the
critical value), are discussed.

1 Introduction

In many practical situations one has to deal with non—negative integer—valued
time series. Examples of such time series, known as counting processes, arise
in several fields of medicine (see, e.g., Cardinal et.al. [5] and Franke and Selig-
mann [9]). To construct counting processes Al-Osh and Alzaid [1] proposed
a particular class of models, the so—called INAR(1) model. Later Al-Osh and
Alzaid [2], Du and Li [8] and Latour [12] generalized this model by introducing
the INAR(p) and GINAR(p) models. These processes can be considered as
discrete analogues of the scalar— and vector—valued AR(p) processes, because
their correlation structure is similar.

The present paper deals with so—called nearly unstable INAR(1) models.
It is, in fact, a sequence of INAR(1) models where the autoregressive type
coefficient «, is close to one, more precisely, a, =1—-,/n with v, — 7,
where ~ > 0. This parametrization has been suggested by Chan and Wei
[6] for the usual AR(1) model. The main motivation of our investigation
comes from econometrics, where the so—called ‘unit root problem’ plays an
important role (see, e.g., the monograph of Tanaka [15]). We considered in
[10] the conditional least squares estimate (CLSE) for «, assuming that the
mean . of the innovation is known. In this paper we do not suppose that
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te is known, and we show asymptotic normality of the joint CLSE of «,,
and fi.

To define the INAR(1) model let us recall the definition of the ao oper-
ator which is due to Steutel and van Harn [14].

Definition 1.1 Let X be a non—negative integer—valued random variable.
Let (Yj)jen be a sequence of independent and identically distributed (i.i.d.)
Bernoulli random variables with mean «. We assume that the sequence
(Yj)jen is independent of X. The non-negative integer—valued random
variable a o X s defined by

X
Y., X >0,
aoX = Zl J

=
0, X =0.

The sequence (Y;)jen is called a counting sequence.

Let (eg)gen is an i.i.d. sequence of non—negative integer—valued random
variables with mean p. and variance o2. The zero start INAR(1) time
series model is defined as

X, = aoXp 14+ex, k=1,2,...,
0, k=0,

where the counting sequences (Y;),jen involved in o Xy_; for k=1,2,...
are mutually independent and independent of (er)ren. We suppose that
pe >0 (otherwise X =0 for all ke N).

It is easy to show (see [10]), that

2
oz + ape
2 b

. e . B
kh_)rrgo EX;. = T , klirrgo VarX; =

I a for all « €10,1),
and that limy .. EX) = limg o VarXy = oo if o= 1. The case «a € [0,1)
is called stable or asymptotically stationary, while the case o =1 is called
unstable.

Let Fi bethe o—algebra generated by the random variables Xi, ..., Xj.
Clearly E(Xy | Fr—1) = aXk_1 + e, thus the conditional least squares
estimator (CLSE) @ of o based on the observations (Xi);<rgn (assuming
that p. is known) can be obtained by minimizing the sum of squares

i(xk —aXy 1 —pe)’ (1)
k=1

with respect to «, and it has the form

. ZZ:1 X1 (X — pe)
D1 (Xk—1)?
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In the stable case under the assumption Ee} < +00 we have

52 a(l —a)EZ3 + 02EZZ
A

where (Zy)rez is a stationary solution of the INAR(1) model

2@, — ) 25 N(0,02 ),

Zry =0 Zg_1+ €, k€ Z,

see Klimko and Nelson [11].
Let us consider now a nearly unstable sequence of INAR(1) models

n=12,...,

o Janox™ 4™ k=12,
x™ =
0, k=0,

where the autoregressive type coefficient has the form «, =1 —+,/n with
Yn — v such that ~ > 0. In [10] the authors have proved that (&p)nen is
asymptotically normal, namely,

n3/2(@, — ay) 2, N(O, o).

In this case it suffices to assume Ee? < +o0o. We draw the attention to the
normalizing factor n3/2, which is different from the stable case.
By minimizing the sum of squares (1) with respect to «,, and ., we

obtain the joint conditional least squares estimator (o, fie.n) of the vector
(tn, pe) based on the observations (X,g"))lgkgn:

) (n)

* 9

n

T xm (xm -xM)

~ —(n
=X
n —(n) 9 MEJL
S (x5 =X

—apX

*

where
n n

+m _ 1 n +m _ 1 n
XM= S xM XV = = S x
k=1 k=1

In Section 3 we show that (@, [te n)nen is asymptotically normal, namely,

<7’l3/2 (an - an)

D
n1/2(ﬁs,n - ﬂs)) o N(O, 2%6), (2)

and the covariance matrix X, . will be given explicitely.

It is easy to observe that the INAR(1) process is a special case of the
Galton—Watson branching process with immigration if the offspring distribu-
tion is a Bernoulli distribution (see, e.g., Franke and Seligmann [9]). We recall
that a Galton—Watson process is said to be subcritical, critical or supercriti-
cal if the expectation of the offspring distribution is less than 1, equals 1 or
greater than 1, respectively. The result (2) can be reformulated as follows.

Corollary 1.2 Consider a sequence of Galton—Watson branching processes
with Bernoulli offspring distribution with parameter o, = 1—"y,/n, v, —
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where v >0, and (unobservable) immigration with expectation pe >0 and
variance o2 < oo. Then the joint conditional least squares estimator of
and pe s asymptotically normal.

We remark that the asymtotic normality in the sub—critical case with gen-
eral offspring distribution and observed immigration is proved by Venkatara-
man and Nanthi [16]. The rate of convergence is n'/2 in this case. We
conjeture that our result can be extended for Galton—Watson processes with
a more general offspring distribution.

We note that Sriram [13] considered a nearly critical sequence of Galton—
Watson branching processes with a general offspring distribution. However,
the immigration was supposed to be observable. That is the reason why
Sriram [13] investigated the limiting behaviour of another joint estimator for
the offspring mean and for the mean of the immigration distribution.

2 Preliminaries

We shall need a simple lemma, which gives a sufficient condition for con-
vergence to a functional of a continuous process. The proof is based on the
Continuous Mapping Theorem (see Billingsley [4, Theorem 5.5]), and it can
be found in Araté, Pap and Zuijlen [3].

For measurable mappings ®,®,, : D(R,R*) — DR, ,RY), n=1,2,...
we shall write @, ~ @ if ||®,(2,) —P(2)|0o — 0 forall x,z, € D(R,,R¥)

with ||z, — 2[|oc — 0, where |- [« denotes the supremum norm.

Lemma 2.1 Let &,®, : D(R,R*) - DR, ,R"), n=1,2,... be measur-

able mappings such that @, ~> ®. Let Z, Z,, n=1,2,... be stochastic
processes with values in D(R,, R¥)  such that Z, L. 7 in D(R ., R¥)
and almost all trajectories of Z are continuous. Then, &,(Z,) 2, b(72)
in D(R4,RY).

Let

M,g") = X,gn) — anX,gi)l — fe-
Let us introduce the random step functions

]
MO =3 M",  t>o
k=1

XMty = xm

[nt)’

In [10] we have shown that

— ~ M® x®) _gx®)
(MM, X)) = < > L2, (M, X)

VRN



Nearly Unstable INAR(1) Models 5

in the Skorokhod space D(R;,R?), where (M(t));>o is a time—changed
Wiener process, namely, M (t) = W (T (t)) with

t
Tult) = [ opel@du,  golt) im0 (-,
0

and (W(t));>o is a standard Wiener process, and
¢
X(t) = / e 7D dM(s),  t>0
0

is a continuous zero mean Gaussian martingale (which is an Ornstein—Uhlen-
beck type process driven by M). The main idea was first to prove that

M® 20 by the help of the Martingale Central Limit Theorem, and
then to show that X (") is a measurable function of M  namely,
(M™, X)) =@,(M™) with &, : D[R4, R) — D(R;,R?),

B, (2)(t) = <m(t), ” (@) o /0 M ) g ds) ,

where ) := —nloga, — 7. Clearly @, ~» @, where

(x)(t) = (x(t), z(t) — / te—%t—s)x(s) ds) .

0

By Lemma 2.1, (M™), X(™) 2, (M, X), since Itd’s formula yields

t t
/ e YU dM(s) = M(t) — v / e =) M () ds,
0 0

hence (M,X)=&(X).
Moreover, based on (3), we proved in [10] that

o Jo nx(®dM () p

(@ — an) (0,03.)
n>“(a, — « Nk
T Jo px ()2 dt h
where
¢ l{y_s(]‘*eivt% 7>0a
px (t) = pe / e Mdu =
0 Het, T=Y
1
2 fo ﬂX(t)zé”y,s(t) de
0= ; 5
(Jy mx(t)2at)
Introducing

u (1) = ~EXO(t) = —EX[T),
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it is easy to show (see [10]) that ,ug?) — px locally uniformly on Ry, hence
also in D(R4,R).

We remark that Sriram [13] proved a limit theorem for the process n = X (")
for a nearly critical sequence of Galton—Watson branching processes with a
general offspring distribution. However, the result of Sriram [13] is not ap-
plicable for a nearly critical sequence of branching processes with Bernoulli
offspring distribution, since the variance a(1 —«) of the Bernoulli distribu-
tion tends to 0 as « tends to its critical value 1. In fact, (3) implies that in

this case we have n~1X™ 2, px in the Skorokhod space D(R,R), but
this limiting relationship is not sufficient for deriving the limiting behaviour
of the sequence (G, flen)-

3 Joint Estimator

The main result of the paper is that the joint conditional least squares esti-
mator (G, fle,n) of the vector (au,,p.) for a nearly unstable sequence of
INAR(1) models is asymptotically normal.

Theorem 3.1 Consider a sequence of INAR(1) models with parameters
an =1—7,/n such that v, — v with v>0, and suppose that p. >0
and o2 < oco. Then

Jo px () AM(t) — fix M (1)

n32(@, —an)\ o Tixo— (fix1)? D
( 1/2 ~n ! . _ 1 = N(0, 2%8)7
(e n = pe) fix2M(1) —Tix, Jy px(t) dM(2)
Bxo— (ﬁx,l)2

_ 1 _ 1
where Tix, = [} px(t)dt, Tixy = [ (ux()?dt, and

A2
2ye= |2 NN
(:LLX,Q - (:LLX,l) ) 1<i,j<2

with
1
o) = / (ix (1) — Tix1) %0y < (1) dt,
1
- / (i (£) — T ) (e (£) — Tix 2) 002 (£)

1
o(22) — / (ixaix () — Tix 2)20y.(8) dt.
0
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Proof. We have
n X(”) X(") o1 n X(”) n X(")
~ D1 Xpo1 X, T et X1 2opet X
n n) \2 _ n) \2
22:1 (Xlgf)l) -n 1(22:1 Xlgf)l)

hence X,gn) — anX(n) M(n) + pe implies

~ ZZ*I Xlgn)lM(n) —n~! ZZ*I Xlgn)1 ZZ 1 ]gn) U,

Ay — Oy = = —

Dk 1(X(n ) - _1(Ek 1X(n ) V'

)

where

U, :_/ X (1) dM™ (1) — M (1 /X<n
v, ::n/o (XM (1)) dt—n(/o X (1) dt) .

Applying XM (t) = nug?) (t) + n/2XM () and MM (t) = nt/2)M (™) (t),
we obtain

Un = n,1n3/2 + Un,Qna
Vn = Vn,1n3 + Vn,2n5/2 + Vn,3n2a

where
. 1
Uyt i / 1S (8 ABT) (1) — DT (1) / W (8) dt,

0
Upg = X(n) )dM n) /X(")

Vs = / (ug?)(t))th—< / e ()dt) |

1 1 1
Vig =2 / 1O (XM () dt — 2 / dO@dr [ X ar,
0 0 0

Vi o= /01 (X (1))t — (/01 X ™) (1) dt>2

Next we investigate

) he X n) X(n) Y e Xlgi)l Dkt Xign)

Zk 1( ) —n (ko 1571)1)2
T R XS ()T - S X S X X
> ket (Xlgn)l) —n (ko n)) '

)

ﬁf:‘,n = Y(" - X(n
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Clearly we have

- Wy
Hemn — He = 7717
where
n n n
W=t (X0 — ) D (X)) —n ZX DX (Y - ).
k=1 k k=1

—1
By X,i") — e = oan,gi)l + M,E”), we can write W, in the form
n-1 ZM(n) Z -1 ZX(n) ZX(n) M
1 k—1Mg
k=1

:M<">(1)/0 (X dt—/ xm )dt/OlX(”)(t)dM(")(t).

Applying again X ™) (t) = nug?)(t)—i—nlm)?(")(t) and M (t) = nt/20M (™) (t),
we obtain that

Wn = Wn71n5/2 + Wn,2n2 + Wn,3n3/27

where

o~ 1 o~
W = 30001) [0t - / W0t / W (6) AN o),
W, = 2011 >/1 ”(>X<"><>dt—/ P dt/ X0 (1) anT ) (t)

0
1
/ X de a0 o),
0
W =M™ (1) / (XM () dt — / XM (¢)dt / XM () dM™(¢).
0 0 0
We can notice that

Zn = (Un,la Un,27 Vn,h Vn,2a Vn,?n Wn,l: Wn,2a Wn,?))

can be expressed as a continuous function of the random vector

1 1
— (a7 (n) F(n) (n)
I, : (M (1),/0 Wy (t)dt,/o X (t)dt,/o (1 ()) dt,
1 1
¥ (n) 2 (n) 1\ ¥ (n) (n) MM (¢
[ GEowra [ oz / (03T 1))

and the random variable

/ 1 XM () dM ™ ().
0
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In [10] it is shown that there exist measurable functionals @, ®,, : D(R4,R) —
R, n €N, such that

[ W wario = o, (1),
0
and &, ~» & in the sense that |P,(x,) — P(z)] — 0 for all =z,z, €

D(R4+,R) with ||z, —z|lcc — 0. Hence we conclude the existence of mea-
surable functionals ¥, ¥, : D(R,,R?®) — R?, n € N, such that I, =

W, (u$, M X)) and @, ~ ¥ in the sense that ||¥,(z,) — ¥(z)|| — 0
for all z,z, € D(R;,R3) with ||z, — 2|lcc — 0. Thus (3), ,u(X) — px in
D(R4,R), and an appropriate analogue of Lemma 2.1 imply I, L. I with

1= (M<1>, / Cax()dr, / X, / (e (0)ar,
/01 (X (8))t, /O1 px ()X () dt, /O1 pix (t) dM(t)).

In [10] we have shown that
1 ~ —_—
/ XMW@y dM™(t) = A, + B,,
0

where

A - 1()?(”)(1))2 I M/l ()?<n>(t))2dt,

2 2 0
1 & (n 2 p 1

By, = — (M, —T 1
2n m (L)

k=1

Consequently, applying Slutsky’s theorem and its corollary in Chow and Te-
icher [7, 8.1], we obtain Z, — Z with

7Z = (U(l),U(z),V(l),V(Q),V(?’),W(l),W@),W@)),
where

Ut = / i (£) M (t) — M (1) / Jix (1),

2

v = /01 (Mx(t))zdt— (/01 px (t) dt) :

W = A1) /0 (x ()t — /0 jux (£) dt /O Jix (1) AM (8).
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Again by Slutsky’s argument we obtain

=3/2y,, nT52W,
3/2(~ 1/2(~ ) _ (" n n
(n (Qn —an), 0 (e — f1e) ( n 3V, ' o3y, >

p» (UL WA
_’ (Vu)’ v ) '

The covariance matrix X, . of the limiting normal distribution can be cal-
culated using dM (t) = \/0-,-(t)dW(t) (see [10]). This relationship implies

(M<1>, / Lux(® dM(t)) 2 (0, %)

with

fol O~.,e (t) dt - fol mx (t) O, (t) dt

— Jo px(®oy()dt [} (nx(®) 0ye(t) dt

Y=

Now the formula for X, . follows, since U®) and W®) are linear combi-

nations of M(1) and fol px (t) dM(t). O
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