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Highlights 

1) The magnitudes series of the Pannonian shallow earthquakes are weakly persistent. 

2) The magnitude series of the Pannonian deep events are almost uncorrelated. 

3) The multifractal spectrum of deep catalogue is wider than that of the shallow one. 

4) The deep series has a wider multifractal spectrum and right-skewed 
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Abstract 

The multifractality of the series of magnitudes of the earthquakes occurred in Pannonia region from 

2002 to 2012 has been investigated. The shallow (depth less than 40 km) and deep (depth larger than 

70 km) seismic catalogues were analysed by using the multifractal detrended fluctuation analysis. The 

shallow and deep catalogues are characterized by different multifractal properties: i) the magnitudes of 

the shallow events are weakly persistent, while those of the deep ones are almost uncorrelated; ii) the 

deep  catalogue is more multifractal than the shallow  one; iii) the magnitudes of the deep catalogue are  

characterized by a right-skewed multifractal spectrum, while that of the shallow magnitude is rather  

symmetric; iv) a direct relationship between the b-value of the Gutenberg-Richter law and the 

multifractality of the magnitudes is suggested.  
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1. Introduction 

Earthquake sequences have been widely investigated in order to detect fractal/multifractal features in 

the their space and time domain (Telesca et al., 2001; Telesca et al., 2002a; 2002b; Telesca and 

Lapenna, 2006; Telesca et al., 2012a, 2012b; Chamoli and Yadav, 2013). On the contrary, the 

investigation of the fractality/multifractality of earthquakes in magnitude domain has not been 

extensively approached so far. Lennartz et al. (2008) analysed the long-range correlation properties in  

the magnitude sequences of earthquakes occurred in Northern and Southern California by using the 

detrended fluctuation analysis (DFA), revealing that long-term memory exists in the seismic activity 

manifested in the temporal fluctuations of magnitudes. Varotsos et al. (2012) applied the DFA to the 

magnitude sequence of California seismicity between 1973 and 2003, and detected a change in the  

long-range temporal correlations between earthquake magnitudes from a weak persistence (DFA 

exponent ∼0.6) to anti-persistence (DFA exponent even lower than 0.5) prior the occurrence of the 

largest events. Aggarwal et al. (2015) analysed the sequence of magnitudes of the earthquakes occurred 

in Kachchh area (Gujarat, Western India) from 2003 to 2012, finding that the aftershock-depleted 

catalogue is more multifractal and also more persistent than the whole catalogue, indicating that 

aftershocks contribute to increase the homogeneity and the randomness of the magnitude sequence of 

the whole seismicity.  

In this study, we investigate the magnitude sequences of earthquakes occurred in the Pannonian Basin, 

considering separately the shallow and the deep seismicity, whose multifractality has not been  studied  

so far.  
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2. Data 

The Pannonian Basin, located in northern sector of the central Mediterranean region, is bounded on the 

north to the east by the Carpathian mountain belt, on the south by the Dinarides mountain belt and on 

the west by the Eastern Alps. Recently, the area, tectonically rather complicated, has been deeply 

investigated (Bada et al., 2007). 

The seismic activity in the region is less intense than that occurring in the peripheral areas; 

nevertheless, the analysis of the distribution of the total seismic energy release suggests that the basin is 

currently affected by deformation. The seismicity is shallow (earthquakes whose  hypocental depth is 

within the top 30-40 km of the earth’s crust) in the entire region, except for the Vrancea zone where the 

events occur at larger depth, between approximately 70 and 160 km (Fig. 1). From the analysis of the 

focal mechanism solutions it is deduced that strike-slip and thrust faulting are almost exclusive in the 

Southern Alps and in the Dinarides, and are exclusively strike-slip type in the Eastern Alps and Western 

Carpathians. In the Pannonian Basin, thrust and strike-slip faulting seems to dominate, but Vrancea 

events occur in a compressive regime with thrust tectonics. (Tóth et al., 2002) 

The Pannonian earthquake catalogue has been compiled, comprising both historical and instrumental 

seismicity within a region delimited by 44.0-50.0N latitude and 13.0-28.0E longitude mainly for  the 

seismic hazard assessment of nuclear power plant sites. A “quasi homogenous” earthquake catalogue 

was obtained converting the different magnitude scales into moment magnitude (Mw). The Pannonian 

catalogue spans from 1501 to 2012. The application of the Reasenberg’s  (1985) declustering method 

has eliminated from the catalogue all the aftershocks leading to an earthquake catalogue comprising 

“independent” events. The completeness magnitude of the Pannonian catalogue decreases with the 

time, being 6.0 since 1500, 5.8 since 1601, 5.3 since 1701, 4.7 since 1801 and 3.5 since 1881. These 

data jointly used with stress data derived from focal mechanism solutions for individual earthquakes, a 
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relatively strong basis for evaluating seismic sources and seismotectonic models have been obtained for 

the area inside the Pannonian Basin and around (Tóth et al., 2006). 

 

2. The multifractal detrended fluctuation analysis  

The multifractal detrended fluctuation analysis (MF-DFA) (Kantelhardt et al., 2002) is a very effective  

technique to detect multifractality in nonstationary tim series. It is an extension of the detrended 

fluctuation analysis. If x(i), with i=1,2,...,N is a time series, where N indicates its length, firstly the so-

called “trajectory” or “profile” is constructed by integration after removing its average xave   
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for ν=NS+1,..,2NS. Here, yν(i) is the fitting polynomial in segment ν. Then, averaging over all segments  

the q-th order fluctuation function is computed 
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where, in general, the index variable q can take any real value except zero. The parameter q enhances 

the small fluctuations if negative, otherwise, the large ones if positive. Fq(s) will increase with 

increasing s and from Fq(s) versus s, plotted in bilogarithmic scales, for each value of q, we get the  

scaling in the fluctuation function. If the xi is long-range power-law correlated, Fq(s) increases for large 

values of s as a power-law 

qh
q ssF ≈)( . (5) 

The value h0 corresponds to the limit hq for q→0, and is obtained through the logarithmic averaging 

procedure: 
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In general the exponent hq will depend on q. hq are called as generalized Hurst exponents, due to the 

equivalence between  h2 and the Hurst exponent H (Feder, 1988) for stationary series. If hq does not 

depend on q the series is mono-fractal, while in case it is a monotonically decreasing function of q the 

series is multifractal. 

Multifractal series can be also studied by means of the singularity spectrum, obtained applying the 

Legendre transform (Parisi and Frisch, 1985). From the relationship 

τ(q)=qhq-1, (7) 

and  

dq
dτα =

, (8) 

we obtain 

f(α)=qα-τ(q), (9) 

where, α is the Hölder exponent and f(α) indicates the dimension of the subset of the series that is 

characterized by α (Ashkenazy et al., 2003). The multifractal spectrum indicates how much dominant 
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are various fractal exponents present in the series. The width of the singularity spectrum is often used 

to quantitatively measure the degree of multifractality of the series, thus the wider the spectrum more 

multifractal the series. 

 

3. Results 

We analysed the magnitudes of Pannonian earthquakes occurred from 2002 to 2012 (Fig. 1a). The 

earthquake sequence is featured by two well distinct depth classes, shallow (depth less than 40 km) and 

deep (depth larger than 70 km) (Telesca and Toth, 2014). The two sets of events are characterized by 

different seismotectonic charactericstics; Fig. 1b and Fig 1c show respectively the time series of the 

shallow and deep earthquakes that we investigated. Before applying the MFDFA to both magnitude 

series, we performed the Gutenberg-Richter (GR) analysis (Gutenberg and Richter, 1944). The GR law 

states that N(M>Mth)∼10-b, where N represents the number of earthquakes with magnitude larger than a 

threshold Mth and b is the so called “b-value” that represents the proportion of small events versus large 

events and is given by the exponent of the power-law (the GR law for both sequences is represented by 

squares in Fig. 2). The power-law holds for just a limited magnitude range. The minimum of such 

magnitude range is called completeness magnitude, which represents the minimum magnitude over 

which all the earthquakes occurring in a certain area can be reliably detected. There are several 

methods to estimate the completeness magnitude and the b-value (see, for instance, van Stiphout et al., 

(2012) for a review). In this study, we estimated the completeness magnitude as the maximum of the 

binned distribution of the magnitudes (Wiemer and Wyss, 2000) (triangles in Fig. 2). For the shallow 

and deep catalogue the completeness magnitude Mc is 2.5 and 3.6 respectively. The length of the 

shallow catalogue (considering only events with magnitude larger or equal to 2.5) is 2366 and that of 

the deep catalogue (considering only the earthquakes with magnitude larger or equal to 3.6) is 901. The 

b-value is calculated by using the maximum likelihood estimation formula by Aki (1965),  
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where <M> is the mean magnitude of the events whose magnitude is larger than Mc, and ΔMbin is the 

width of the bin. The uncertainty of b-value was calculated by using the following formula (Aki, 1965): 

b
b
N

ε =

 (11)

 

Therefore (b, εb) for the shallow and deep catalogue are respectively (0.82, 0.02) and (0.92, 0.03). 

Considering only the events with magnitude larger or equal to Mc, the  

If the shallow catalogue is long enough, the deep catalogue is quite small, thus raising possible issues 

related with finite-size effects (FSE) linked with the choice of the range of scales s, the range of q and 

the value of degree m of the detrending polynomial.  

For the analysis of the multifractal behaviour of the deep catalogue, we considered a relatively short 

range of the q values due to the relatively short length of the series (Lòpez and Contreras, 2013). We 

considered q ranging between -5 and 5 with step of 0.5 and scale s ranging between 10 and  N/4. Fig. 3  

shows the fluctuation functions corresponding to q=-5, 0 and 5 for m varying between 1 and 5. We can 

observe that the fluctuations functions show a clear dependence on the minimum scale s: in fact, for all 

the degrees m at shorter scales up to approximately 16, the fluctuation functions are bent down; such 

effect is clearly visible for q=-5, weakly present for q=0 and apparently absent for q=5. Regarding the 

variation with the degree m, we can observe that for m≥4 the fluctuation functions tend to overlap, and 

this indicates that a 4-th degree polynomial is sufficient to remove the trends of order up to the 4-th in 

the profile (and so, up to the 3-rd in the series). On the base of above observations, we selected the 

following ranges of the parameters to calculate hq and the singularity spectrum: q ranging between -5 
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and 5, s between 20 and N/4 and m=4.  Fig. 4 shows the hq for the deep catalogue. Following Lòpez 

and Contreras (2013), we calculated three parameters to quantify the multifractal behaviour of the 

series: the mean value of the generalized Hurst exponent over all the q <hq>, the corresponding 

standard deviation σh and the relative maximum difference between h(q) and the mean Δmax=(max{hq}-

<hq>)/<hq>. For the deep catalogue, these are: <hq>=0.54, σh=0.04 and Δmax=0.16. The behaviour 

shown by the series appears consistent with a monofractal signal with Hurst exponent=0.5. Since the  

application of MFDFA to short series could raise some uncertainty in the results, in order to check if 

the values of the generalized Hurst exponents are due to the shortness of the time series or if they  

suggest some deeper dynamics, we applied the MFDFA-4 (m=4) to two thousands Gaussian white 

noise series with the same length, mean magnitude and standard deviation as the original one. Then for 

each q, 2000 values were averaged and the hq curve was obtained (red circles in Fig. 4). The 

comparison between the two curves seems to suggest that the multifractality of the deep original series 

is not due to its shortness but is an inner dynamical feature of the series. However, in order to 

quantitatively test if the multifractality of the deep series is significant against the random simulations, 

for each random series we calculated the standard deviation σh,r and the relative maximum difference 

between the Hurst exponents and the mean Δmax,r. Fig. 4 shows the distribution of the σh,r (Fig. 5a) and 

Δmax,r (Fig. 5b) along with the corresponding values of the deep series (red vertical arrows). It is visible 

that the values calculated for the deep series are located in the ending part of the distribution, indicating 

that their significance is high. We calculated the significance of the σh and Δmax by using the following 

formula (Theiler et al., 1992) 

R

R

a a
σ

σ
−

= , (12) 

where a is σh or Δmax and aR and σR indicate the mean and the standard deviation σh,r and Δmax,r. Then 

the p-value is calculated by means of the formula p=erfc(σ ⁄ √2); this is the probability of observing a 
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significance σ or larger if the multifractality observed in the deep sequence is obtained purely by 

chance. In our case we obtained pσ=1.4⋅10-2 and pΔ=8.8⋅10-4; both the values are small, indicating a 

high significance of the σh and Δmax respectively. 

Fig. 7 shows the singularity spectrum for the deep catalogue: the singularity spectrum appears to be 

quite right-skewed, indicating the relative dominance of the higher generalized Hurst exponents and, 

then, of the small fluctuations in the magnitude series. 

We applied the MFDFA-4 to the shallow series, for the same parameter ranges as the deep series. Fig. 

6 shows also the comparison between the hq curves obtained for the two catalogues. The hq curve of the 

shallow series is shifted up with respect to the hq curve of the deep series, indicating a higher 

persistence, but the multifractal degree is lower than that of the deep series: in fact the < hq >=0.61 

σq=0.03 and Δmax=0.09. Furthermore, the singularity spectrum (Fig. 7) appears more symmetric than 

that of the deep series. Comparing with the random series, the p-values of both the standard deviation 

and the relative maximum difference between the Hurst exponents and the mean are respectively 

0.0163 and 0.0268 that indicate a significance larger than 95%. 

The two catalogues have different minimum magnitude, which is 2.5 and 3.6 respectively for the 

shallow and deep series. The found difference between the two catalogues in the multifractal character  

could be probably due to the different minimum magnitude that, furthermore, is directly linked with the 

size of the catalogue (2366 and 901 for the shallow and deep series respectively). In order to check if 

any change in the multifractality could occur changing the minimum magnitude, we applied the 

MFDFA-4 to the shallow catalogue, but varying the minimum magnitude from 2.6 (N=1808) to 3.0 

(N=976). Fig. 8 shows the comparison among the Legendre spectra: we can observe that the Legendre 

spectra for the magnitude series corresponding to the minimum threshold of 2.5 up to 2.8 are 

overlapped, while for minimum threshold of 2.9 and 3.0 they shift toward higher values of α, 

indicating an increase of the persistence for these thresholds. However, the multifractal degree, linked 
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with the width of the Legendre spectrum, is almost identical in all the series (see the Legendre spectra 

centred on the corresponding maxima in Fig. 9).  

 

4. Conclusions 

In this paper the multifractal properties of the earthquake magnitude sequence of Pannonian region  

were investigated. The comparison of the multifractal characteristics between the deep and the shallow  

catalogues point out to the following findings: 

i) The magnitude sequence of the shallow catalogue is weakly persistent, while that of the 

deep one is almost uncorrelated. The uncorrelation characterizing the deep catalogue could 

be linked with its magnitude range: the minimum magnitude of the deep catalogue is 3.6, 

and this means that the catalogue is mainly formed by relatively large events, whose 

occurrence could probably be more random than that of the shallow events..  

ii) The magnitude sequence of the deep catalogue is more multifractal than that of the shallow  

one. This suggests that the magnitude sequence of the deep catalogue is less homogenous  

than that of the shallow catalogue; this reveals that for the deep catalogue the difference 

between the scaling behaviour of the larger magnitude fluctuations and the smaller ones is  

more intense than that characterizing the shallow catalogue. The presence of more smaller 

magnitude events in the shallow catalogue probably tends to weaken the magnitude 

fluctuations, favoring the dominance of a higher homogeneity.     

iii) The magnitude sequence of the deep catalogue is characterized by a right-skewed 

multifractal spectrum, while that of the magnitude series of the shallow one is rather  

symmetric. This indicates that the multifractality of the magnitude sequence of the deep  

catalogue is mainly governed by the small magnitude fluctuations that arise from the 

difference in magnitude between earthquakes. This could be probably explained by the 
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higher variability of the magnitudes in the shallow catalogue than that in the deep one. The 

maximum magnitude in both catalogues is 5.8, but the minimum magnitude of the deep 

catalogue is 3.6 (while is 2.5 in the shallow one), suggesting that the smaller magnitude 

variations are more dominant in the deep series than in shallow one. 

iv) The overlapping effect shown by the deep catalogue with changing the minimum magnitude 

indicates that multifractality is invariant with respect to the magnitude threshold. Such 

invariance with respect to the minimum magnitude holds also for the b-value of the GR law 

N(M>Mth)∼10-b (Fig. 2). Such similar behavior could suggest that probably there exists a 

relationship between multifractality (quantified by the width of the Legendre spectrum) and 

the b-value that could be direct, since higher the b-value larger the multifractality (as it 

could be deduced comparing the results for the deep and the shallow catalogues). However,  

more investigation is needed to show if a quantitative relationship exists. 
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Fig. 1. a) Spatial distribution of the Pannonia earthquakes: the shallow (depth smaller than 40 km) 

events are indicated by yellow circles; the deep (depth larger than 70 km) events by blue circles; b) 

magnitude time series of shallow earthquakes; c) magnitude time series of deep earthquakes. 
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Fig. 2. Magnitude distribution of the shallow catalogue (a) and deep catalogue (b). The triangles 

indicate the binned magnitude distribution, while the squares indicate the cumulative number of 

earthquakes with magnitude larger than the Mth . The b-value of the GR law, estimated by using the 

MLE method, is 0.82 for the shallow series and 0.92 for the deep one. The red lines represent the 

GR law corresponding to the estimated b-value. 
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Fig. 3. Fluctuation functions of the deep catalogue for q=-5 (a), q=0 (b) and q=5 (c), for several 

degrees of the detrending polynomial m. 
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Fig. 4. hq for the deep catalogue (black squares) and average over 2000 realizations of Gaussian 

noise.  
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Fig. 5. Distribution of the standard deviation (a) and relative maximum difference between the 

Hurst exponents and the mean for the Gaussian realization. The red vertical arrows indicate the 

values for the deep series. 
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Fig. 6. Generalized Hurst exponents for the deep (black squares) and shallow (red circles) 

catalogues. 
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Fig. 7. Singularity spectrum for the deep (black squares) and shallow (red circles) catalogues. 
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Fig. 8. Comparison among the singularity spectra of the shallow catalogue for different minimum 

magnitude. 
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Fig. 9. Comparison among the singularity spectra of the shallow catalogue centred on the 

corresponding maxima. 


