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Abstra
t

The spatiotemporal dynami
s of the Bromate-Sul�te-Ferro
yanide (BSF) rea
tion-

di�usion system in a open one-side-fed rea
tor (OSFR) is investigated by numeri
al

simulations. The results of the simulations are 
ompared with experiments performed

in an annular shape OSFR. Both kineti
 and di�usion driven instabilities are identi�ed

in the model. There are two hydrogen ion 
onsuming pathways in the me
hanism, the

partial oxidation of sul�te to dithionate and the oxidation of ferro
yanide by bromate

ions. The dynami
al e�e
ts of them are similar as they support the same negative

feedba
k loop via sul�te ion. However, the time s
ale of the oxidation of ferro
yanide

by bromate ions 
an be 
onveniently 
ontrolled by the input feed 
on
entrations, thus

it provides a more �exible way �nd spatiotemporal os
illations. Long range a
tivation

due to the relative fast di�usion of hydrogen ions 
ompared to the other rea
tants


an also result in os
illations in this me
hanism. We show, that the spatial extent of

the rea
tion-di�usion medium along the dire
tion of the di�usive feed (the thi
kness)

a
ts as a general 
ontrol parameter of the dynami
s. Os
illations, either originated in

kineti
 or in di�usive instabilities, 
an only develop in a narrow range of the thi
kness.

This property explains the experimentally often observed spatial lo
alization of the

os
illations. A re
ipro
al relationship is found between two main 
ontrol parameters of

the dynami
s, whi
h are the thi
kness and the hydrogen ion input feed 
on
entration.

Introdu
tion

Pattern formation is often the result of time and length s
ale separation of the feedba
ks,

whi
h drive 
hemi
al or bio
hemi
al pro
esses. One of the most studied 
hemi
al examples

of temporal and spatiotemporal self-organization are the mixed Landolt type rea
tions.

1,2

These systems are 
apable to show bistability and os
illations in a 
ontinuous-�ow stirred

tank rea
tors (CSTR),

1


hemi
al waves and stationary patterns in an open one-side-fed

rea
tor (OSFR),

3�8

and also to drive periodi
 volume 
hanges of hydrogels.

9�13

A general

2



skeleton me
hanism of the mixed Landolt systems 
onsists of three rea
tion steps (RI-RIII).

14

A− +H+
⇋ HA (RI)

B + HA
H+

−−→ H+ + P (RII)

C + H+ → Q (RIII)

It is based on the a
id 
atalyzed oxidation of a weak a
id (HA) by an oxidant (B) in rea
tion

(RII), supplemented with a proton 
onsuming rea
tion (RIII) indu
ed by 
omponent C.

Here, P and Q are end produ
ts. In the experiments, sul�te ions are most often used as


omponent A

�

whereas the typi
al oxidant is iodate, bromate, or hydrogen peroxide. The

proton 
onsuming rea
tion (RIII) 
an be a
tualized by the rea
tion between the oxidant

(B) and ferro
yanide, thiosulfate or thiourea, or by using the protonation equilibrium of

hydrogen-
arbonate.

1

This large variety of 
hemistry provides a ne
essary �exibility for the

experimental realization of a wide range of dynami
al behavior.

Rea
tion-di�usion phenomena 
an develop due to kineti
 and di�usion driven instabilities

in mixed Landolt systems in an OSFR. In this type of rea
tors all spa
e points are maintained

at appropriate distan
e from thermodynami
 equilibrium by the input of fresh 
hemi
al and

withdrawal of end produ
ts. An OSFR 
onsists in a pie
e of porous material set in 
onta
t

with the 
ontents of a CSTR. Typi
ally, the porous material is a 
hemi
ally inert hydrogel.

The transport of 
hemi
al spe
ies inside the gel and the ex
hanges of matter between the

gel and its environment is provided by di�usion. The gel medium avoids any hydrodynami


�ow, thus pure rea
tion-di�usion behavior 
an develop inside it. The usual operation mode

of an OSFR is, when the mixture of the CSTR is kept on a low extent of rea
tion state, thus

the gel is fed by fresh rea
tants. An OSFR (Figure 1a) 
an be des
ribed by the next set of

3



equations:

dccstr
dt

= f(ccstr, k1, k2 . . . kn) + k0(c0 − ccstr)

+ρV
D

Lx

[

∂c

∂x

]

x=0

(1)

and

∂tc = f(c, k1, k2 . . . kn) +D∆c (2)

Diri
hlet b. 
. at x = 0(∀y, z) : c(x = 0, y, z) = ccstr

No-�ux boundary 
ondition at all other gel surfa
es

where ccstr are the 
on
entrations in the CSTR, f des
ribe the kineti
 fun
tions of ea
h

spe
ies, k1, k2, . . . , kn are the rate 
onstants, k0 is the re
ipro
al residen
e time of the CSTR,

c0 are the 
on
entrations in the input �ow of the CSTR, D is the diagonal matrix of the

di�usion 
oe�
ients, Lx is the size of the gel in the x-dire
tion, ρV is the ratio between

the volume of the gel and that of the CSTR and c are the 
on
entrations in the gel. The

last term of equation (1) 
an generally be negle
ted if ρV ≪ 1. The 
on
entrations in the

CSTR �x the boundary feed 
omposition at the CSTR/gel interfa
e. The mixed boundary


onditions have signi�
ant e�e
ts on the rea
tion-di�usion dynami
s observed in these type

of rea
tors.

Rea
tion systems exhibiting bistability in a CSTR, like the Landolt type rea
tions, 
an

lead to a phenomenon 
alled �spatial bistability� when they are operated in an OSFR.

15�17

This phenomenon 
orresponds to the 
oexisten
e of two di�erent 
on
entration pro�les in

the gel along the dire
tion (here it is denoted with x) of the di�usive feed, for the same

�xed 
omposition of the CSTR 
ontents. For 
ontinuity reason, the 
omposition in the gel

nearby the gel/CSTR boundary (x = 0) must be similar to that of the CSTR. Here, we

study the dynami
s in the gel, when the CSTR is kept on a low extent of rea
tion stationary

4
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Figure 1: Geometry of an open one-side-fed gel rea
tor (OSFR) used in the simulations

(a), and the sket
h of an annular OSFR applied in the experiments. Here w denotes the

thi
kness of the gel along the x dire
tion. The extent of the gel along the third dimension

(z) is negle
ted here. The volume of the CSTR is mu
h larger than that of the gel.
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state. Now, the 
omposition inside the gel along the x dire
tion depends on the a
tual time

s
ale of the the di�usive feed and that of the rea
tion. When the time s
ale of the di�usive

feed at ea
h spa
e points along x is shorter than that of the rea
tion, the extent of rea
tion

remains low in the whole gel. This state is 
alled as the F ��ow� state of the gel. At the

other spatial state the time s
ale of the di�usive feed in the depth of the gel, e.g. at x = Lx,

is longer than the time s
ale of the rea
tion, thus the extent of rea
tion be
omes high in the

inner part of the gel. But, a boundary layer at the gel/CSTR interfa
e remains in the low

extent of rea
tion state, as we have dis
ussed. This se
ond spatial state is 
hara
terized by

a relatively sharp 
hemi
al front between the unrea
ted and the rea
ted states and 
alled

as M �mixed� state of the gel. It has been shown theoreti
ally by using a general 
ubi


auto
atalyti
 model, that the appearan
e of spatial bistability is the 
onsequen
e of the

Diri
hlet boundary 
ondition at the gel/CSTR surfa
e and the �nite thi
kness of the gel.

16

The presen
e of an additional hydrogen ion 
onsuming rea
tion, 
an indu
e spatiotem-

poral os
illations in mixed Landolt rea
tions operated in an OSFR, by using either iodate,

bromate or hydrogen peroxide as an oxidant.

3�6,8

The theoreti
al 
onditions for the devel-

opment of os
illations due to a kineti
 instability in an OSFR are not known, but numeri
al

simulations with a model 
onsists of rea
tions (RI-RIII) are ready to a

ount the basi
 as-

pe
ts of the dynami
s.

2

The performan
e of this skeleton model is naturally limited. For

example, in parallel to the pH patterns triiodide patterns also form in the iodate-sul�te-

ferro
yanide (FIS) rea
tion,

18

but this behavior have not observed in the analogous iodate-

sul�te-thiourea (TuIS) rea
tion. As interesting phenomenon is the formation of the pe
uliar

�lamentous network stru
ture, that was dete
ted in the hydrogen-peroxide-sul�te-hydrogen


arbonate (HPSC) rea
tion,

5

whi
h has only some reminis
en
e in the FIS system. The ex-

planation of these behaviors would require the use of realisti
 
hemi
al models in numeri
al

simulations.

In an OSFR, due to the di�usive matter ex
hange between the CSTR 
ontent and the

gel, a di�usion driven instability 
an also results in the development of spatiotemporal os
il-

6



lations. This has been experimentally �rst observed in the 
hlorite-tetrathionate rea
tion.

19

The theoreti
al study of this bifur
ation has shown that the os
illations emerge from a Hopf

bifur
ation when the di�usion 
oe�
ient of the auto
atalyst is larger than that of the other

rea
tants (long-range a
tivation).

15

This prerequisite is naturally ful�lled in the mixed Lan-

dolt type rea
tions, sin
e hydrogen ions di�uses mu
h faster than the other 
omponents.

Numeri
al simulations with the skeleton model 
onsists of rea
tions (RI-RII) are ready to

show long range a
tivation os
illations.

20

But, this is not supported by the experiments. Un-

til now, this phenomenon have been observed experimentally only in the iodate-sul�te (IS)

rea
tion,

21

and not in the bromate-sul�te (BS) or in the hydrogen peroxide-sul�te (HPS)

rea
tions.

5,22

The reason for the di�erent behaviors of the analogous systems has not been


lari�ed yet. The reported numeri
al simulations with detailed model of the IS rea
tion show

long-range a
tivation,

22

and only kineti
 instabilities driven os
illations found in the model

of the BS rea
tion.

23

Here, we present a numeri
al study of the bromate-sul�te-ferro
yanide (BSF) rea
tion-

di�usion system, supplemented with experiments made in an annular OSFR. The model

we used in the simulations (Table 1) is based on the work of Rábai and 
oworkers.

24,25

The 
omplex me
hanism of the oxidation of ferro
yanide by bromate ions is

26

des
ribed

by a simpli�ed way with rea
tions (R6 and R7) following the suggestion of Epstein and


oworkers.

27

Table 1: Kineti
 model used in numeri
al simulations

rea
tions rate laws

R1 SO

2−
3 +H

+
⇋ HSO

−

3 r1 = k1[SO
2−
3 ℄[H

+
℄−k

−1[HSO
−

3 ℄

R2 HSO

−

3 +H
+
⇋ H2SO3 r2 = k2[HSO

−

3 ℄[H
+
℄−k

−2[ H2SO3℄

R3 BrO

−

3 +3HSO
−

3 → 3SO

2−
4 +Br

−

+3H

+
r3 = k3[HSO

−

3 ℄[BrO
−

3 ℄

R4 BrO

−

3 +3H2SO3 → 3SO

2−
4 +Br

−

+6H

+
r4 = k4[H2SO3℄[BrO

−

3 ℄

R5 BrO

−

3 +6H2SO3 → 3S2O
2−
6 +Br

−+6H+
+3H2O r5 = k5[H2SO3℄[BrO

−

3 ℄

R6 [Fe(CN)6℄
4−
+H

+
⇋ H[Fe(CN)6℄

3−
r6 = k6[Fe(CN)

4−
6 ℄[H

+
℄−k

−6[HFe(CN)
3−
6 ℄

R7 BrO

−

3 +6H[Fe(CN)6℄
3− → Br

−

+6[Fe(CN)6℄
3−
+3H2O r7 = k7[HFe(CN)

3−
6 ℄[BrO

−

3 ℄

R8 SO

2−
4 +H

+
⇋ HSO

−

4 r8 = k8[SO
2−
4 ℄[H

+
℄−k

−8[ HSO
−

4 ℄

R9 H

+
+ OH

−

⇋ H2O r9 = k9[H
+
℄[OH

−

℄−k
−9

The BSF rea
tion is known to show bistability and large amplitude pH-os
illations in a

7



CSTR.

28

In an OSFR diverse spatiotemporal dynami
s, in
luding spatial bistability, waves

and stationary patterns have been reported in this rea
tion.

7,8

The dynami
s of the BSF

rea
tion is driven by a positive feedba
k appear in the oxidation of hydrogen sul�te and

sulfurous a
id by bromate ions (R3 and R4). This pathway produ
es hydrogen ions in a

auto
atalyti
 manner. This positive feedba
k is responsible for the bistability phenomena

in CSTR and also for spatial bistability in OSFR. The formation of os
illations requires the

presen
e of a negative feedba
k, e.g. a hydrogen ions 
onsuming pro
ess. This is the role of

the ferro
yanide, due to its oxidation by bromate ions (R6 and R7). It has been suggested,

that beside sulfate ions, dithonate ions 
an also form in the the oxidation of sul�te bromate

ions.

25,29

This is a sign of an alternative hydrogen ion 
onsuming pathway (R5). A

ordingly,

temporal or spatiotemporal os
illations 
an also develop even in the absen
e of ferro
yanide,

in the 
ore BS system.

22,25

The me
hanism presented in Table 1 has been su

essfully applied

to simulate the CSTR dynami
s of the BSF rea
tion,

24,25

and also some aspe
ts of the OSFR

dynami
s of the BS rea
tion.

22

The aim of this paper is to 
larify the role of the di�erent feedba
k me
hanisms in the

spatiotemporal dynami
s of the BSF system operated in an OSFR. This would give some

insight into the pattern formation me
hanism of the BSF and the analogous Landolt type

systems. We also want to �nd the reason of la
k of long-range a
tivation os
illations, whi
h

is in prin
iple a general phenomena in hydrogen ion auto
atalyti
 systems, but have not

found in the BS rea
tion.

Experimental and Numeri
al Methods

The experiments were performed in a thermostatted annular-shape OSFR,

30

where the �at

annular shape gel was made of 2 w/w% agarose (Fluka 05077) with a thi
kness w = 1mm

and outer diameter 25mm. All of the fa
es of the annulus are tightly pressed against im-

permeable walls, ex
ept for the outer edge, whi
h is in dire
t 
onta
t with the 
ontents of a

8



CSTR. This design makes it possible to observe the 
olor 
hanges a
ross the 1.00 mm width

of the �at annulus (Figure 1b). The observations, in re�e
ted light, are made in a dire
tion

orthogonal to the dire
tion feed, along the x, y plane. The residen
e time in the CSTR was

�xed to 500 s. The experiments were made at T=30�. The feed solutions of the major


hemi
als were stored in four separated tanks but enter premixed into the CSTR. Rea
tants

were distributed in the feed tanks as follows:

Tank 1: NaBrO

3

(Sigma-Aldri
h)+ sodium bromo
resol green (Sigma-Aldri
h); Tank

2: Na

2

SO

3

(Sigma-Aldri
h) + sodium bromo
resol green (Sigma-Aldri
h); Tank 3:

K

4

Fe(CN)

6

· 3H
2

O (Sigma-Aldri
h); Tank 4: H

2

SO

4

(diluted from 1.0 mol/L standard solu-

tion (Sigma-Aldri
h)). All solutions were prepared with ion ex
hanged water and 
hemi
als

were used without further puri�
ation. The following input feed 
on
entrations were kept

�xed in all the experiments: [NaBrO

3

℄0 = 65mM, [sodium bromo
resol green℄0 = 0.2mM.

Here, [X℄0 denotes the 
on
entration that spe
ies X would have after mixing in the total inlet

�ow and prior to any rea
tion. To visualize the pH patterns bromo
resol green indi
ator

(pKa = 4.8) was sele
ted and the rea
tor was illuminated through a narrow band-pass �lter


entered at λ = 590 ± 5nm. The pi
tures were taken by using a AVT Stingray F-033B

(656 × 492, 14 bit) 
amera and re
orded by the Streampix (Norpix) software. The image

pro
essing are made by using ImageJ. The observed gray s
ale pi
tures were 
olorized to

mimi
 the 
olor 
hange of the applied indi
ator. The state of the CSTR 
omposition was

monitored by the re
ording the potential of a bright platinum ele
trode.

The partial di�erential equations were dis
retized with a standard se
ond-order �nite

di�eren
e s
heme on a 200 mesh in the 1D 
ase (simulations along the x axis), and on

a 100 × 250 mesh in the 2D 
ase. The resulting systems were solved by the SUNDIALS

CVODE

31

solver using the ba
kward di�erentiation formula method. The absolute and the

relative error toleran
e were 10−15
and 10−7

, respe
tively. The 
hemistry of model of the

BSF rea
tion is shown in Table 1. For the numeri
al simulation of the dynami
s in an OSFR

we used the the following set of equations. The CSTR 
ontent is des
ribed by the next

9



equations:

d[H+]

str

dt
= −r1 − r2 + 3r3 + 6r4 + 6r5 − r6 − r8 − r9 + k0([H

+]0 − [H+]

str

) (3)

d[SO 2−
3 ]


str

dt
= −r1 + k0([SO

2−
3 ]0 − [SO 2−

3 ]

str

) (4)

d[HSO −

3 ]

str

dt
= r1 − r2 − 3r3 + k0([HSO

−

3 ]0 − [HSO −

3 ]

str

) (5)

d[H2SO3]
str
dt

= r2 − 3r4 − 6r5 + k0([H2SO3]0 − [H2SO3]
str) (6)

d[BrO −

3 ]

str

dt
= −r3 − r4 − r5 − r7 + k0([BrO

−

3 ]0 − [BrO −

3 ]

str

) (7)

d[Fe(CN) 4−
6 ]


str

dt
= −r6 + k0([Fe(CN)

4−
6 ]0 − [Fe(CN) 4−

6 ]

str

) (8)

d[HFe(CN) 3−
6 ]


str

dt
= r6 − 6r7 + k0([HFe(CN)

3−
6 ]0 − [HFe(CN) 3−

6 ]

str

) (9)

d[SO 2−
4 ]


str

dt
= 3r3 + 3r4 − r8 + k0([SO

2−
4 ]0 − [SO 2−

4 ]

str

) (10)

d[HSO −

4 ]

str

dt
= r8 + k0([HSO

−

4 ]0 − [HSO −

4 ]

str

) (11)

d[OH−]

str

dt
= −r9 + k0([OH−]0 − [OH−]


str

) (12)

where, [ ]

str

and [ ]0 are 
on
entrations in the CSTR and in the input feed, respe
tively.

The feedba
k of the gel 
ontent on the state of the CSTR is negle
ted, sin
e in the typi
al

experiment the volume of the CSTR is mu
h larger than that of the gel. All the input feed


on
entrations are set to be zero, ex
ept [H+]0, [SO
2−

3 ]0, [BrO
−

3 ]0 and [Fe(CN) 4−
6 ]0. The

10



rea
tion-di�usion system is des
ribed by the following equations:

∂t[H
+] = −r1 − r2 + 3r3 + 6r4 + 6r5 − r6 − r8 − r9 +DH+∆[H+] (13)

∂t[SO
2−

3 ] = −r1 +DSO 2−

3
∆[SO 2−

3 ] (14)

∂t[HSO
−

3 ] = r1 − r2 − 3r3 +DHSO −

3
∆[HSO −

3 ] (15)

∂t[H2SO3] = r2 − 3r4 − 6r5 +DH2SO3
∆[H2SO3] (16)

∂t[BrO
−

3 ] = −r3 − r4 − r5 − r7 +DBrO −

3
∆[BrO −

3 ] (17)

∂t[Fe(CN)
4−

6 ] = −r6 +DFe(CN) 4−

6
∆[Fe(CN) 4−

6 ] (18)

∂t[HFe(CN)
3−

6 ] = r6 − 6r7 +DHFe(CN) 3−
6

∆[HFe(CN) 3−
6 ] (19)

∂t[SO
2−

4 ] = 3r3 + 3r4 − r8 +DSO 2−
4

∆[SO 2−
4 ] (20)

∂t[HSO
−

4 ] = r8 +DHSO −

4
∆[HSO −

4 ] (21)

∂t[OH−] = −r9 +DOH−∆[OH−] (22)

with Diri
hlet boundary 
onditions at the gel/CSTR surfa
e, e.g. [H+](x=0) = [H+]

str

, and

no �ux boundary 
onditions at the gel/impermeable wall surfa
es, e.g. (∂x[H
+])(x=Lx) = 0.

The rate 
onstants

22,25,27

and the di�usion 
oe�
ients

22,32

used in the simulations were taken

from the literature and listed in Table 2. Here, we assume that the di�usion 
oe�
ients of the

Table 2: Rate 
onstants and di�usion 
oe�
ients used in the simulations

k1 = 5× 1010 M−1
s

−1
k
−1 = 3× 103 s−1

k2 = 2× 108 M−1
s

−1
k
−2 = 3.4× 106 s−1

k3 = 3.3× 102 M−1
s

−1

k4 = 22 M−1
s

−1

k5 = 0.7 M−1
s

−1

k6 = 1× 1010 M−1
s

−1
k
−6 = 6× 106 s−1

k7 = 0.085M−1
s

−1

k8 = 1× 1011 M−1
s

−1
k
−8 = 1.148× 103 s−1

k9 = 1.4× 1011 M−1
s

−1
k
−9 = 1.4× 10−3

Ms

−1

k0 = 2× 10−3
s

−1

DH+ = 9.0× 10−5

m

2
s

−1
DSO 2−

3

= 1.1× 10−5

m

2
s

−1

DHSO −

3

= 1.5× 10−5

m

2
s

−1
DBrO −

3

= 1.485× 10−5

m

2
s

−1

DFe(CN) 4−

6

= 0.735× 10−5

m

2
s

−1
DHFe(CN) 3−

6

= 0.9× 10−5

m

2
s

−1

DH
2
SO

3
= 1.6× 10−5


m

2
s

−1
DSO 2−

4

= 1.065× 10−5

m

2
s

−1

DHSO −

4

= 1.33× 10−5

m

2
s

−1
DOH− = 5.26× 10−5


m

2
s

−1

11




omponents of the BSF rea
tion in 2 w/w% agarose gel is the same like in an aqueous solution.

Ouyang and 
oworkers measured the di�usion 
oe�
ient of NaCl as a fun
tion of the agarose

gel density.

33

A

ording to their results in a 2 w/w% agarose gel the di�usion 
oe�
ient of

NaCl is 1.5 × 10−5

m

2
s

−1

ompared to its value in water, that is 1.8 × 10−5


m

2
s

−1
. This

relatively small di�eren
e supports the validity of our assumption. However, the di�usion of

hydrogen ions in the agarose gel 
an be a�e
ted by the tra
es of agarope
tin. By 
onsidering

the typi
al amount of agarope
tin in the applied agarose, this e�e
t 
an be also negle
ted.

5

Experimental Results

A quite rea
h spatiotemporal dynami
s have already been reported when the BSF rea
tion

is performed in an OSFR.

7,8

The previous experiments were made in a disk shape OSFR,

where the quasi 2D patterns are re
orded along the (y, z) plane in perpendi
ular the dire
tion

of the di�usive feed (x). The re
orded pi
tures provides information on the integrated light

absorption patterns a
ross the thi
kness of the disk of gel but not on how the patterns

organize within the thi
kness (e.g. along the (x, y) plane). This informations 
an be 
olle
ted

by the experiments made in an annular OSFR.

At the 
onditions used here, in the absen
e of ferro
yanide or below [Fe(CN)

4�

6

℄0=15mM,

two di�erent spatial states 
an develop in the gel. At the F state of the OSFR, the gel is in

a quasi uniform dark 
olor state. In the pi
tures, the dark and light gray 
olors 
orrespond,

respe
tively, to high (pH> 4.8) and low pH (pH< 4.8) 
ompositions in gel. In this 
ase the

extent of the rea
tion is low at ea
h spa
e point in the gel. At M state of the OSFR, the a

stable pH-indi
ator 
olor swit
h settles parallel to the rim of the annulus. That means the

the extent of the rea
tion is high in the inner part of the gel, and low in the outer part of it.

In the parameter domain of spatial bistability, these two states 
oexist and a perturbation


an results in the formation of a moving front, as it is shown in Figure 2. The dire
tion of

the propagation of these fronts depends on the a
tual value of [H

2

SO

4

℄0.

The extent of the parameter domain of spatial bistability de
reases as [Fe(CN)

4�

6

℄0 is

12



0

Lx

x

y

CSTR

GEL

F state

M state

Figure 2: Propagating front in the BSF rea
tion in the annular OSFR. At the a
tual 
on-

ditions the M state domain in
reases at the expense of the F one in the gel. Experimental


onditions: [BrO

�

3

℄0=65mM, [SO

2�

3

℄0=80mM, [Fe(CN)

4�

6

℄0=5mM, [H

2

SO

4

℄0=5.0mM and

and w=1.0mm.

in
reased and vanishes at a 
riti
al value [Fe(CN)

4�

6

℄0 ≈ 15mM, as it has been reported

previously.

8

Above this limit, in a range of [H

2

SO

4

℄0, the innermost part of the gel suddenly

be
ome a
idi
, and the extent of this a
idi
 region moves ba
k and forth a
ross the width of

the annulus. In Figure 3a a snapshot of the gel is presented at this os
illatory state, where an

xL

x

y

0 CSTR

GELxL

0

x

30

30 t/min

t/min

1 mm

0 mm

y

(a)

(b)

(c)

Figure 3: Spatiotemporal os
illations in the BSF rea
tion in the gel of the annular OSFR (a),

and the 
orresponding time-spa
e plots along the x (b) and y axis (
). Experimental 
on-

ditions: [BrO

�

3

℄0=65mM, [SO

2�

3

℄0=80mM, [Fe(CN)

4�

6

℄0=20mM, [H

2

SO

4

℄0=5.6mM and

w=1.0mm.

a
idi
 pulse moves from the left to the right. The spa
e-time plot made along the x dire
tion

(Figure 3b) shows the 
hara
teristi
 of a relaxation os
illations. The period of os
illations

13



is about 17 min. It is important to noti
e, that the os
illatory phenomena is lo
ated to the

inner part of the gel. On the spa
e-time plot made along the y dire
tion (Figure 3
) a slight

phase shift 
an be noti
ed.

Numeri
al Simulations

In the experiments we 
an only follow the 
olor 
hange of the applied pH indi
ator, that

provides information about the spatial pH distribution. The simulations serve the 
on
entra-

tion distribution of all spe
ies in the CSTR and in the gel. In Figure 4 typi
al 
on
entration

pro�les, whi
h develop in the gel, are shown in the parameter domain of spatial bistability.

Although, the CSTR is kept on the �ow state, the 
on
entrations at the CSTR/gel bound-

ary (x = 0) di�er from that of in the input feed. This demonstrate, that the input feed


omposition is only indire
tly 
ontrol the boundary 
omposition at the CSTR/gel surfa
e.

At the F state (Figure 4a) the 
on
entration of bromate and sul�te ions de
reases smoothly

along the x axis, but the 
on
entration of hydrogen sul�te and ferro
yanide ions is almost


onstant in the gel. The ratio of [HSO

�

3

℄/[SO

2�

3

℄, whi
h determines the lo
al pH, 
hanges

from 0.282 at x = 0mm to 2.34 at x = 1.2mm.

At the M state (Figure 4b) a sharp stationary front, a sudden in
rease of the hydrogen ion

develop in the middle of the gel. The sul�te ion 
on
entration de
reases almost linearly from

the CSTR/gel surfa
e to this point. In the a
idi
 region of the gel both the hydrogen sul�te

and ferro
yanide ion vanishes smoothly. The bromate ion pro�le is quite similar to that of

the F state. Importantly, due to the presen
e of the hydrogen ion 
onsuming pathway via

rea
tion (R5-R7), the hydrogen ion 
on
entration in the a
idi
 
ore might be signi�
antly

lower than that of in the input feed. In 
ase of the simulation presented in Figure 4 the

input feed [H

+

℄0 is 11.0mM, while at the impermeable wall [H

+

℄(x = Lx) is only 0.54mM.

In the parameter domain of bistability an appropriate a
id perturbation, 
an indu
e a

propagating front. The shape of the simulated (Figure 5) and the experimentally observed

front (Figure 2) that 
onne
ts the F and the M state are in good agreement. Both show a

14
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Figure 4: Simulated 
on
entrations pro�les at the F (a) and the M (b) states of the gel. The

bla
k, blue, red, green and violet line 
orresponds to the [H

+

℄, [SO

2�

3

℄, [HSO

�

3

℄, [Fe(CN)

4�

6

℄

and [BrO

�

3

℄ pro�le, respe
tively. The [H

+

℄ values are show on the the left y-
oordinate.

Parameters: [BrO

�

3

℄0=65mM, [SO

2�

3

℄0=80mM, [Fe(CN)

4�

6

℄=5mM and [H

+

℄0=11.0mM,

w=1.2mm.

15



strong 
urvature in order to join up orthogonally with the impermeable wall. At the front
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Figure 5: Simulated propagating front in the gel: 
on
entration pro�les along y at x = Lx (a)

and pH distribution along the x, y plane (b). The front propagates from the left to the right.

The bla
k, blue and red line 
orresponds to the [H

+

℄, [SO

2�

3

℄, [HSO

�

3

℄ pro�le, respe
tively.

The [H

+

℄ values are shown on the the left y-
oordinate. Parameters: [BrO

�

3

℄0=65mM,

[SO

2�

3

℄0=80mM [Fe(CN)

4�

6

℄=5mM and [H

+

℄0=11.5mM, w=1.2mm.

position the sul�te ions are totally 
onsumed and hydrogen ions are produ
ed in expense of

the hydrogen sul�te ions (Figure 5a). The hydrogen ion pro�le of the moving front shows a

maximum, due to the presen
e of the hydrogen ion 
onsuming rea
tions.

Above a 
riti
al [Fe(CN)

4�

6

℄0 spatial bistability vanishes and spatiotemporal os
illation

arises. At the experimental 
onditions used here and in our previously report,

8

this limit

is around 15mM. The time-spa
e plots made from the results of the numeri
al simulations

(Figure 6) �t well to the experiments (Figure 3). The kineti
 
onstants used in the simula-

tions are valid at 25�, while the experiments are made at 30�. Taking into a

ount, that

the in
rease of temperature by 5� shorten the period of os
illations by a fa
tor of 1.5, the
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Figure 6: Simulated spatiotemporal os
illations in the gel at x = Lx (a) and the 
orre-

sponding time-spa
e plots along the x (b) and y axis (
). The bla
k, blue, red, green and

violet line 
orresponds to the [H

+

℄, [SO

2�

3

℄, [HSO

�

3

℄, [Fe(CN)

4�

6

℄ and [BrO

�

3

℄ pro�le, re-

spe
tively. The [H

+

℄ values are on the the left y-
oordinate. Parameters: [BrO

�

3

℄0=65mM,

[SO

2�

3

℄0=80mM, [Fe(CN)

4�

6

℄0=15mM and [H

+

℄0=12.2mM, w=1.2mm.

17



simulated and experimentally found periods are in good agreement. One important di�er-

en
e between the experimental observations and the simulation is, that in the simulations

the os
illations develop homogeneously, without phase shift along the y axis. This 
an be


aused by the relatively small extension of the rea
tor along the y axis in the simulations.

Furthermore, the presen
e of inhomogeneities in the gel stru
ture 
annot be avoided in the

experiments, and that 
an also results in the observed phase shift. The main lesson of the


on
entration vs. time 
urves (Figure 6a) is, that the hydrogen ion os
illates in antiphase

with the sul�te, hydrogen-sul�te, ferro
yanide and bromate ions. Remarkably, the variation

of the bromate ion 
on
entration is small 
ompare to its average value.
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Figure 7: Simulated nonequilibrium phase diagram of the BSF rea
tion in OSFR along

the [H℄0-[Fe(CN)
4�

6

℄0 plane. The diagram shows the states of the gel, when the CSTR is

maintained at the low extent of rea
tion stationary state. Parameters: [BrO

�

3

℄0=65mM,

[SO

2�

3

℄0=80mM and w=1.2mm.

The phase diagram along the [H

+

℄0-[Fe(CN)
4�

6

℄0 plane (Figure 7) shows the typi
al 
ross-

shaped topology of the a
tivator-inhibitor systems. In agreement with the experimental ob-

servations below a 
riti
al [Fe(CN)

4�

6

℄0 value only spatial bistability observed. A bifur
ation

diagram (Figure 8a), where the pH at (x = Lx) are plotted against the 
ontrol parameter

[H

+

℄0, represents this dynami
s. At the a
tual 
onditions starting from [H

+

℄0 = 9mM the

gel is on the F state, whi
h is stable until [H

+

℄0 = 11.7mM. Above this value only the M

18



state is stable. By de
reasing [H

+

℄0 the M state be
omes unstable at [H

+

℄0 = 9.7mM.
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Figure 8: Simulated bifur
ation diagrams at [Fe(CN)

4�

6

℄0=5mM (a), and at

[Fe(CN)

4�

6

℄=15mM (b). The red line shows the pH in the gel at (x = Lx) as a fun
-

tion of the 
ontrol parameter [H℄0, while the blue line 
orresponds to the pH of the CSTR


ontent. Parameters: [BrO

�

3

℄0=65mM, [SO

2�

3

℄0=80mM w=1.2mm.

The os
illations in the gel appear with a �nite amplitude through a sub
riti
al bifur
ation

(Figure 8b). Both stationary states overlap with the os
illatory one. The range of 
oexisten
e

of the M and the os
illatory states is quite large. A similar dynami
s have been found in the

simulations made with a skeleton model of the mixed Landolt systems.

2

Until this point we have only observed the appearan
e of the negative feedba
k in the

presen
e of ferro
yanide. The expe
ted e�e
ts of rea
tion (R5) and long range a
tivation


annot be seen at the applied 
onditions. De Kepper and 
oworkers suggested, that the in�u-

en
e of the negative feedba
k in an OSFR depends on the thi
kness of the gel.

2

Simulations
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Figure 9: Simulated nonequilibrium phase diagram of the BSF rea
tion in OSFR along the

[H

+

℄0-w plane at [Fe(CN)

4�

6

℄0=0mM (bla
k line), at [Fe(CN)

4�

6

℄0=10mM (red line) and at

[Fe(CN)

4�

6

℄0=20mM (blue line). The diagram shows the states of the gel, when the CSTR

is maintained at the low extent of rea
tion stationary state. Parameters: [BrO

�

3

℄0=65mM,

[SO

2�

3

℄0=80mM.

are e�
ient to study this e�e
t. The 
urves, that show the stability limits of the stationary

states on the phase diagram along [H

+

℄0-w plane (Figure 9), follow the shape of re
ipro
al

fun
tion. The important fa
tors, whi
h determine this shape, are the time s
ale of the dif-

fusive feed and the indu
tion time of the rea
tion between bromate and sul�te ions. As the

�rst one is longer than the se
ond one, the gel 
ontent stays on M state. The times
ale of

the di�usive feed (τf ) s
ales with w2
. For a 
hemi
al spe
ies with a di�usion 
oe�
ient Di,

at the 
ore of the gel x = Lx it 
an be 
al
ulated as τf = w2/Di. The kineti
 studies of the

Landolt type rea
tions with di�erent oxidants revealed, that the indu
tion time, τi, s
ales

with the re
ipro
al of the initial hydrogen ion 
on
entration, e.g. τi ∝ [H+]−1
i .

34

A

ordingly,

in a thinner gel a higher value of [H

+

℄0 is required to rea
h the M state.

In the absen
e of ferro
yanide the phase diagram shows spatial bistability below a 
riti
al

value of w = 3mm and os
illations above it. The appearan
e of os
illations in the gel is due

to the presen
e of rea
tion (R5). If the rate 
onstant of this rea
tion is arbitrary set to zero,

the os
illation disappear. As ferro
yanide is added to the input �ow, the 
riti
al value of

w de
reases and the domain of os
illation shifts to dire
tion of lower thi
kness and higher

20



[H

+

℄0. The e�e
t of the two hydrogen ion 
onsuming pro
esses, rea
tion (R5) and rea
tions

(R6-R7), 
annot be separated. Sin
e, the typi
al experiments are made in the range of

w = 3.0− 0.75mm, we 
an 
on
lude, that at these 
onditions the experimental observation

of os
illations in the gel is not expe
ted in the absen
e of ferro
yanide. However, at a large

ex
ess of bromate ions this dynami
s have already been reported.

22

An important lesson of the phase diagrams in Figure 9 is, that the os
illatory/bistable

dynami
s appear between an upper and a lower 
riti
al limit of w. The upper limit of

os
illations de
reases with [Fe(CN)

4�

6

℄0. In the absen
e of ferro
yanide it is 8.0mm and it

goes to 1.6mm at [Fe(CN)

4�

6

℄0=20mM. The lower limit of bistability in
reases from 0.13mm

to 0.21mm as [Fe(CN)

4�

6

℄0 is in
reased from zero to 20mM.

The puzzling aspe
t of the phase diagram 
al
ulated in the absen
e of ferro
yanide (Figure

9 bla
k line) is the la
k of long range a
tivation indu
ed os
illation. On the base of the

experimental result obtained in the IS rea
tion,

21

we assumed, that this kind of dynami
s

might be favored at lower sul�te 
on
entration. From the simulation made at di�erent
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Figure 10: Simulated nonequilibrium phase diagram of the BS rea
tion in OSFR along the
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3

℄0-w plane at [SO

2�

3

℄0=80mM (bla
k line) and [SO

2�

3

℄0=40mM (blue line).

The diagram shows the states of the gel, when the CSTR is maintained at the low extent of

rea
tion stationary state. Parameters: [BrO

�

3

℄0=65mM, [Fe(CN)

4�

6

℄=0mM.

[SO

2�

3

℄0, we have found out that the overall dynami
s s
ales with [H

+

℄0/[SO
2�

3

℄0 ratio

21



(Figure 10). Low [H

+

℄0/[SO
2�

3

℄0 ratio (e.g. < 0.07) supports kineti
 driven os
illations,

while at high values of it bistability is preferred.

By �xing this ratio to 0.1, we have 
al
ulated a phase diagram along the [SO

2�

3

℄0-w plane

(Figure 11a), where a small domain of spatiotemporal os
illations lo
ated at low values of

[SO

2�

3

℄0 appears. To 
larify the origin of this periodi
 behavior, we arbitrary set to zero
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Figure 11: Simulated nonequilibrium phase diagram of the BS rea
tion in OSFR along

the [SO

2�

3

℄0-w (a) and along the w-DH+
(b) plane. The diagram shows the states of the

gel, when the CSTR is maintained at the low extent of rea
tion stationary state. Pa-

rameters: [BrO

�

3

℄0=65mM, [Fe(CN)

4�

6

℄=0mM, [H

+

℄0/[SO
2�

3

℄0 = 0.1 and in 
ase of (b)
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3

℄0=6mM, [H

+

℄0=0.6mM.

the rate 
onstant of rea
tion (R5), but the os
illation does not disappear. A

ordingly, the

negative feedba
k, whi
h drives the os
illatory dynami
s at these 
onditions is not a kineti


instability. The phase diagram along the w-DH+
plane (Figure 11b) 
learly shows, that these

22



os
illations are originated in long range a
tivation. As the di�usion 
oe�
ient of hydrogen

ion is arbitrary de
reased the domain os
illations vanishes. Below, DH+ = 5.8× 10−5

m

2
s

−1

only bistability between the stationary F and M states are found. It is important to noti
e,

that this long range a
tivation driven os
illations develop only in tiny range of the thi
kness,

that makes the experimental observation of this phenomena quite di�
ult.

Dis
ussion

Some 
ru
ial parts of the experimentally observed versatile spatiotemporal dynami
s of the

BS/BSF rea
tion-di�usion system are a

ounted by a 
hemi
ally realisti
 ten variable model.

We have shown, that in an OSFR this me
hanism is 
apable to produ
e spatiotemporal

os
illations due to kineti
 and also di�usion driven instabilities. The kineti
 instabilities

are linked to present of di�erent hydrogen ion 
onsuming steps, namely rea
tion (R5) and

rea
tions (R6-R7). Although, the main antagonist of hydrogen ions are sul�te ions in this

system, the development of os
illations require a pro
ess, whi
h e�
iently removes hydrogen

ions at the a
idi
 state of rea
tion, when sul�te ion 
annot play this role. This is rea
tion

(R5) in the absen
e and rea
tion (R6) and (R7) in the presen
e of ferro
yanide. These two

kineti
 pathways are linked to the same negative feed loop. The advantage of the presen
e

of ferro
yanide is, that its input feed 
on
entration is a 
onvenient 
ontrol parameter to �nd

the 
onditions for the development of spatiotemporal os
illations.

The thi
kness of the gel (w) is a 
ru
ial parameter of the OSFR dynami
s as it determines

the value of the time s
ale of the di�usive feed at the innermost point of the gel. We have

shown that the os
illatory/bistable dynami
s appear between an upper and a lower 
riti
al

limit of w. Interesting dynami
al behavior 
annot develop in a too thi
k or in a too thin

gel. In an 
hemi
ally inert and low density agarose gel, the e�e
t of the gel matrix on the

the di�usion of the 
omponents of the BSF rea
tion is negligible. A spe
i�
 binding might

appears for hydrogen ions due to the agarope
tin residues, but previous measurements with
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the same type of agarose gels do not �nd this e�e
t to be signi�
ant. A

ording to our

simulations as [Fe(CN)

4�

6

℄0 in
reases the time s
ale of the negative feedba
k shortens and

os
illations 
an develop in a thinner gel. The range of w at whi
h os
illations 
an form is quite

narrow. This sensitivity to thi
kness is in agreement with the experimental observations,

8

and provides an explanation of the spatially lo
alized nature of the os
illations re
orded

previously in a dis
 shape OSFR .

8

Only a small spatial variation of the thi
kness of the gel,

like a few tenth of a millimeter, 
an be enough to 
ause signi�
ant shift in the dynami
s.

The simulations point out some interesting feature of the dynami
s. The �rst is the

re
ipro
al like relationship between the thi
kness of the gel and the hydrogen ion input feed


on
entration. In a thi
ker gel, lower hydrogen ion input feed 
on
entration is required to

swit
h from the F state to M and to get os
illations. The se
ond lesson is the s
aling of the

dynami
s a

ording to [H

+

℄0/[SO
2�

3

℄0 ratio. Both seems a general feature of the Landolt

type systems, and not spe
i�
 to the BSF rea
tion. Although, the formation of os
illations

due to long range a
tivation is an expe
ted result, but the small domain of os
illations found

in the simulations, explains why this behavior have not been observed experimentally, yet.

Con
lusions

Sustained rea
tion-di�usion patterns 
an only develop in open systems. The most popular

tools for experimental study of these phenomena are the OSFR's, whi
h are 
oupled dynam-

i
al systems. In an OSFR, a CSTR drives the dynami
s of a gel part, whi
h is a 
on�ned

rea
tion-di�usion medium with mixed boundary 
onditions. The theoreti
al 
onditions for

the development of spatiotemporal os
illations in a gel, whi
h is fed from its boundary by

a CSTR, are not known. However, a similar 
ross-shaped phase diagram topology found

for the CSTR and for the gel in several di�erent 
hemi
al systems, in
luding the BSF rea
-

tion.

4�6,8,35

The di�
ulties in the des
ription of the dynami
s often arise not only from the

mathemati
al, but also from the 
hemi
al side. The BSF rea
tion is a prototype of the large
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majority of os
illatory rea
tions, whi
h os
illates only in the presen
e of 
ontinuous in�ow of

the rea
tants, be
ause at least one of the initial reagents is nearly totally 
onsumed during

a period. Consequently, in the modeling of these systems pool 
hemi
al approximation is

generally inappropriate. There are many other interesting phenomena observed in the BSF

rea
tion-di�usion system, whi
h are beyond the s
ope of this report. Cal
ium waves in the

presen
e of 
al
ium ions and ethylenediaminetetraa
etate,

7

or stationary patterns in the

presen
e of sodium-polya
rylate,

8

have also been reported. The ten variable model with the

proper des
ription of the 
oupled CSTR/gel system presented in this work, seems to provide

a solid starting point to study all these 
omplex dynami
al behavior.
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