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 Abstract: This paper deals with the development of a model for assessment of the indicators, 
which characterize the unbalanced and harmonic distorted operation regime in the three-phase 
low voltage networks. The symmetrical components transformation and the Fourier method are 
applied, in which each harmonic is decomposed into zero, positive and negative sequence 
components. The quality indicators in voltage distorted and unbalanced regime are obtained using 
MathCAD software. The proposed model and procedure is applied for specific case studies. This 
approach allows the identification and analysis of distorted and unbalanced regime indicators of 
three-phase low voltage supply system in common coupling point of the consumer, and the 
procedure can be integrated into a power quality monitoring system. 
 
 Keywords: Voltage quality indicators, Unbalanced and harmonic distorted regime, Low 
three-phase voltage network, Symmetrical component method, Fourier decomposition method 

1. Introduction 

 Currently, the three-phase low voltage networks, which supply residential, 
commercial and industrial consumers are characterized by the presence of voltage and 
current harmonics, often accompanied by unbalances. This is due to the introduction of 
widespread power electronic devices, the presence of a large number of single-phase 
consumers, and the development of distributed power systems, in which the electrical 
consumers are active elements.  
 Effects in a power network operating in unbalanced regime are similar to the effects 
of distorted regimes, namely, to increase power and energy losses, with negative 
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consequences for the efficiency of transfer of power. The unbalanced and distorted 
regime of the power supply to consumer affects operating parameters of consumer 
equipment, which are usually designed to operate under sinusoidal and balanced regime.  
 To mitigate the effects of distorted and unbalanced regime were conducted research 
on developing methods and tools to increase the power quality delivered at the common 
coupling point [1]-[3].  
 Study of voltage unbalance allowed standardization of unbalance indicators and 
assessment methods in case of low voltage power network [4]-[10]. Also, the modeling 
of harmonic currents, the analysis of their effects and introducing new sets of indicators 
able to characterize power quality in terms of harmonic distortion are the subject of 
many researches [11]-[14]. 
 But a pertinent analysis of power quality indicators can only be done if the 
unbalance is analyzed together with distorted regime. There are papers [15]-[17], 
analyzed unbalanced and distorted regime and established the impact of non-linear 
loads on the power distribution network and substantiation. Also, in international 
regulations [18]-[19], are defined specific indicators, and assessing the possible errors in 
the calculation of indicators are taken in account. The researches in papers [20]-[23] 
target on the development of hardware and software algorithms to determine the RMS 
values of the voltages and currents in combined regime of unbalance and harmonic 
distorted regime, and identify possible hidden errors in calculation and interpretation. 
 All these studies indicate that distorted and unbalanced regimes are complex 
processes that require a detailed characterization. 
 The aim of this paper is to develop a tool for assessment of the voltage quality 
indicators, which characterize the distorted and unbalanced regime of operation of the 
three-phase low voltage networks. Quality indicators are established in MathCAD 
applying the symmetrical components transformation and the Fourier method, in which 
each harmonic is decomposed into zero, positive and negative sequence components. 

2. Voltage quality indicators 

 The unbalanced and non-sinusoidal regime of the phase voltages of a three-phase 
power system is described by considering the Fourier series decomposition, with 
relationships: 
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where k is the number of the harmonic, kUR  is the corresponding RMS phase voltage 

harmonic of order k and k  is the initial phase angle of the harmonic voltage of order k. 

The reference angle for the entire system is considered as the origin of phase voltage 
component at the fundamental frequency [22]. For three-phase voltage systems there is 
a correlation (Table I) between the harmonic order and sequence of rotation ω [17]. 

Table I 

Correlation between the harmonic order and the rotation sequence  

Order of 
harmonics 

Frequency of 
rotation 

Sequence of 
rotation 

3n+1 (3n+1)ω Positive 
3n+2 (3n+2)ω Negative 
3n+3 (3n+3)ω Zero 

 The specific indicators that characterize unbalanced and distorted regime is 
determined by applying the method using symmetrical components and harmonics 
properties described in Table I. 
 Considering the relation (1), the matrix of phase voltage phasors corresponding to k 
harmonic order is defined: 

t
k k
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k
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 UUUU , (2) 

where t indicates matrix transposition.  
 To separate the balanced and unbalanced system components, the following 
considerations are used.  

2.1. Distorted and balanced voltage regime 

 In balanced regime, the equilibrium conditions of the RMS values and phase angles 
for phase voltages are: 
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where for  ,,1,0  , the following properties are valid: 

 Harmonics of order k = 3n + 1, n = 0, 1, 2, ...., of the voltage phasors rotate 
positively with the frequency f of the network. Positive sequence components 
contained in these harmonics will be non-zero and negative and zero sequence 
components will be zero; 

 Harmonics of order k = 3n + 2, n = 0, 1, 2, ...., of the voltage and current phasors 
rotate negatively with the frequency f of the network. Negative sequence 
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component contained in these harmonics will be non-zero and positive and zero 
sequence components will be zero; 

 Harmonics of order k = 3n + 3, n = 0, 1, 2, ...., the voltage and current phasors 
not rotate, are in phase. Zero sequence component contained in these harmonics 
will be non-zero and positive and negative sequence components will be zero. 

 The balanced regime can be characterized by: 

 positive sequence components corresponding harmonic order k = 3n +1;  
 negative sequence components corresponding harmonic order k = 3n+2;  
 zero sequence components corresponding harmonic order k = 3n +3. 

 To calculate the symmetrical components for each group of harmonics are defined 
the transformation matrices: 

 for k = 3n + 1 
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 for k = 3n + 3 




























2

31

2

31
1

2

31

2

31
1

111

3

1
0T , (6) 

where 3

2


j

ea . 
 The relations (4)-(6) are applied for each group of harmonic components, and the 
following symmetrical voltage components are obtained: 
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 phase voltage (k = 3n + 1) components, for positive sequence harmonics: 
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 phase voltage (k = 3n + 2) components, for negative sequence harmonics: 
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 phase voltage (k = 3n + 3) components, for zero sequence harmonics: 

tn
T

n
S

n
R

tn
pUn

pUn
pU 



 



  333333

0
33

0
23

0
13

0 UUUT   (9) 

 With these considerations, the following phase voltage characteristics corresponding 
to the distorted and balanced regime are defined. 

 Phase voltage equivalent to balanced regime: 
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where 

 the first term corresponds to a positive component of harmonics with 
positive sequence rotation;  

 the second term corresponds to the negative component of harmonics with 
negative sequence harmonic rotation;  

 the third term corresponds to the zero component of harmonics with zero 
sequence harmonics rotation; 

 Phase voltage equivalent to balanced regime for fundamental harmonic: 

1
1

1
pUb

pU  ; (11) 

 Distorted residue of phase voltage equivalent to balanced regime: 

     212 b
pUb

pUbd
pU    (12) 
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2.2. Distorted and unbalance voltage regime  

 In the distorted regime in the presence of unbalance no longer a connection between 
harmonic order and direction of rotation of the corresponding phasors exists. Even for 
fundamental harmonic in unbalanced regime there are three components of positive, 
negative and zero sequence. It must be considered appropriate components of positive, 
negative and zero sequence. 
 In voltage distorted and unbalanced regime the following phase voltage quality 
indicators are defined: 

 Phase voltage equivalent to unbalanced regime: 
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where the terms correspond to all harmonic components, which do not affect the 
balanced regime. 

 Phase voltage equivalent to unbalanced regime for fundamental harmonic: 
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 Deformed residue of phase voltage equivalent to unbalanced regime: 

     212 u
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pU  ; (15) 

 Total phase voltage equivalent to unbalanced and distorted regime: 
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 The voltage distortion and unbalance factors are also defined: 

 Distortion factor of phase voltage equivalent to unbalanced regime: 

1u
pU

u
pU

u
Uk  ; (17) 

 Unbalance indicator of phase voltage corresponding to fundamental harmonic: 
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 Total Harmonic Distortion indicator of phase voltage equivalent to balanced 
regime: 
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 Total Harmonic Distortion indicator of phase voltage equivalent to unbalanced 
regime: 
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 Total indicator of phase voltage equivalent to unbalanced regime: 
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 Total indicator phase voltage equivalent to distorted regime: 
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 The system of relationships (10)-(22) shows that the analysis of three-phase voltage 
system in unbalanced and distorted regime is complex and requires laborious 
calculations, with specific and dedicated software. In this paper an application in 
MathCAD environment is developed to obtain the voltage characteristics and indicators. 

3. Computation tool 

 The flowchart of the calculation modulus of the characteristics and indicators of in 
phase voltage in an unbalanced and distorted regime is shown in Fig. 1. 
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Fig. 1. Flow chart for voltage indicators calculation in distorted and unbalanced regime 

 The input data are RMS and phase angles values of voltage harmonics 

( kUR , kUS , kUT , k
R , k

S , k
T ). Applying transformation matrix (4)-(6), with the 

relations (4)-(9), the symmetrical voltage components kU1 , kU2 , kU0 for each voltage 

harmonic are obtained.  
 The phase voltage quality indicators are determined with the relations (10)-(16), and 
the voltage distortion and unbalance factors are obtained with the relations (17)-(22). 

4. Case studies  

 To illustrate the calculation method of power quality indicators, four case studies of 
the operation regimes in a low three-phase voltage network are considered: 

 Case 1 - balanced regime without harmonic distortions;  
 Case 2 - unbalanced regime without harmonic distortions;  
 Case 3 - balanced regime with harmonic distortions (harmonics 3 and 5);  
 Case 4 - unbalanced regime with harmonic distortions (harmonics 3 and 5). 

 Only voltage unbalance defined by inequality of RMS phase’s voltage is considered. 
In Table II the RMS phase voltages and corresponding phase angles values for the four 
case studies are given. 
 The waveforms of three-phase voltage systems corresponding to the four considered 
regimes are shown in Fig. 2. 
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Table II  

Input data for the four case studies 

Voltage Case 1 Case 2 Case 3 Case 4 
Harmonics 1-st 1-st 1-st 3 rd 5-th 1-st 3-rd 5-th 

k
RU  [V] 

k
R  

230 
0o 

210 
0o 

230 
0o 

46.0 
0o 

23.0 
0o 

210 
0o 

57.5 
0o 

34.5 
0o 

k
SU [V] 

k
S  

230 
-120o 

228 
-120o 

230 
-120o 

46.0 
-120o 

23.0 
-120o 

228 
-120o 

46.0 
-120o 

23.0 
-120o 

k
TU [V] 

k
T  

230 
120 o 

240 
120o 

230 
120o 

46.0 
120o 

23.0 
120o 

240 
120o 

34.5 
120o 

11.5 
120o 

   

 Case 1 Case 2 

   

 Case 3 Case 4 

Fig. 2. Waveforms of three-phase voltage systems in the four case studies 
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 Applying the algorithm described in Paragraph 2, the voltage quality indicators  are 
calculated. The results are shown in Table III and Table IV. 

Table III 

The phase voltage quality indicators for the four case studies 

 Case 1 Case 2 Case 3 Case 4 
b
pU  230 226 232,29 228,04 

1b
pU  230 226 230 226.00 

 bd
pU  0 0 32.53 30.45 

u
pU  0 12.33 32.53 37.80 

1u
pU  0 0 0 6.64 

 ud
pU  0 12.33 32.33 37.21 

ud
pU  0 12.33 46 48.08 

Table IV 

The voltage distortion and unbalance factors for the four case studies 

 Case 1 Case 2 Case 3 Case 4 
u
Uk  0 0.055 0.14 16.73 

1ud
Uk  0 0 0 2.94 

 bUTHD  0 0 14.00 13.47 

 uUTHD  0 0.055 14.00 16.46 

 uUTPU  0 0.055 14.00 16.57 

 uUTPD  0 0.055 20.00 21.27 

 The results underline the following: 

 Case 1 - Balanced regime without distortions 

 equivalent phase voltage ( b
pU ) and the equivalent phase voltage of 

fundamental ( 1b
pU ) are equal to the nominal value of supply phase 

voltage; 
 other voltage quality indicators and distortion and unbalance factors are 

zero, indicating no distorted and unbalanced regime. 

 Case 2 - Unbalanced regime without distortions 

 distorted residue of phase voltage equivalent to balanced regime  bd
pU  

is zero, indicating the lack of distorted regime; 
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 phase voltage equivalent to unbalanced regime ( u
pU ) indicates the voltage 

unbalance; 

 phase voltage equivalent to unbalanced regime u
pU , the distorted residue 

of equivalent phase voltage under unbalanced regime  ud
pU  and total 

equivalent phase voltage under unbalanced and distorted regime ud
pU  

have the same value, indicating that the voltage unbalance is given by the 
presence of  unbalanced regime;   

 Case 3 - Unbalanced regime with voltage harmonics 

 distorted residue of phase voltage equivalent to balanced regime  bd
pU  

indicates the level of distorted regime; 

 distorted residue of phase voltage equivalent to balanced regime  bd
pU . 

phase voltage equivalent to unbalanced regime u
pU  and the distorted 

residue of equivalent phase voltage under unbalanced regime  ud
pU are 

equal, indicating that unbalance is caused by the presence of distortions; 

 phase voltage distortion factor equivalent to balanced regime  bUTHD  is 

equal to the total harmonic distortion (THD) in balanced regime; 
 total indicator of unbalanced regime of equivalent phase voltage 

 uUTPU and total indicator of distorted regime of equivalent phase voltage 

 uUTPD  indicate that the predominant regime is distorted.  

 Case 4 - Unbalanced and distorted regime with voltage harmonics 
 total equivalent phase voltage under unbalanced and distorted regime 

ud
pU indicates that the prevailing regime is distorted regime; 

 total indicator of unbalanced regime of equivalent phase voltage  uUTPU  

and total indicator of distorted regime of equivalent phase voltage 

 uUTPD  indicate that the predominant is distorted regime. 

5. Conclusions 

 The unbalanced regime with harmonic distortions in low three-phase voltage 
networks requires an adequate monitoring of power quality using a set of appropriate 
indicators. 
 In this paper the analysis on the phase voltage waveforms of three-phase low voltage 
network which operates in unbalanced and distorted regime is done using the 
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symmetrical component method and Fourier decomposition. The characteristics and 
indicators of unbalance and harmonic distortion regime are obtained.  
 The set of determined indicators allows to characterize unbalanced and distorted 
regimes, with the following observations and comments:  

 without harmonic distortions, the 1ud
Uk indicator is equal to the ratio of negative 

sequence current to positive sequence, which can be a common indicator of 
unbalanced system;  

 TPDU and TPUU indicators can provide information regarding the difference 
between three-phase systems unbalance caused by unbalances and harmonic 
distortion. 

 The results of this study may be useful in:  

 characterization of unbalance and harmonic distortion regime in power systems;  
 setting industry standards for the operation of sensitive loads in power systems;  
 power quality study such as the design and construction of systems with 

balanced loads based on the proposed method. 
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