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Abstract

We derive a simple formula characterizing the distribution of the size of the connected
component of a fixed vertex in the Erddés-Rényi random graph which allows us to give
elementary proofs of some results of [8] and [10] about the susceptibility in the subcritical
graph and the CLT [4] for the size of the giant component in the supercritical graph.
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1 Introduction

The Erdés-Rényi graph G, ,, introduced in [7], is the random graph on n vertices where
each pair of vertices is connected with probability p, independently from each other. For an
introduction to this fundamental mathematical model of large networks, see [5, 11, 9].

We denote by P, ,, the law of G, ;, and E,, ;, the corresponding expectation.

We assume that the vertex set of G, p, is [n] = {1,...,n} and we denote by C the connected
component in G, , of the vertex indexed by 1. We denote by |C| the number of vertices of C.

For any n € N, p € [0,1], j € ZN (—n,+00), and k € [n] we define

k—1 . .
) ; n—i+y
gnp(isk) = (L=pV* [ ——= (1.1)
=0
The central result of this short note is the following formula.
Proposition 1.1. For any n € N, j € ZN (—n,+o0) and p € [0, 1] we have

n+j

Enp(9np(3;1C) ] = (1= PoijplIC] >n]). (1.2)

Note that if j < 0 then the r.h.s. is simply "Tﬂ We prove Proposition 1.1 in Section 2.

Remark 1.2. Let us define the n x n matrix M by M;; = gnp(j, k) for j € ZN (—n,0] and
k € [n]. The matrix M is triangular with non-zero diagonal entries, hence it is invertible.
Therefore Proposition 1.1 uniquely characterizes the distribution of |C| under Py, .

Proposition 1.1 allows us to give short and self-contained proofs of some delicate results
about the sizes of connected components of the Erdds-Rényi graph in the subcritical (see
Theorem 1.4) as well as the supercritical (see Theorem 1.6) cases. First, we give a short
non-rigorous demonstration of how our formula is used in Remark 1.3.
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When we study the phase transition of the Erdés-Rényi graph, it is natural to introduce
a parameter ¢t € Ry and to study G, , for

p=p(t,n)=1—e"/m (1.3)

We will fix this relation between p and ¢ throughout this paper.
For any n € N, A € R, and k € [n] we define

k—1 A
FaaO\ k) =] e - ( ) (1.4)

i=0 E

so that we have fn,t(%, k) = gnp(j, k) if j € ZN (—n,+00) and thus

Enp [nsNED] 2 (14 0) (1= Bl > n]), A€ oA (-1 400).  (15)

Remark 1.3. If we fix ¢ < 1 and (non-rigorously) denote G¢(z) = limy o0 Ey p(n,z) [2[€1] for
any z € [0, 1], then for A = z — 1 we (non-rigorously) obtain

L5) . 1.4 _ .
z=1+A (L2 nlgEO Er p(n,t) [frt (A, IC])] (L) Gy (e M1+ )\)) =Gy (e(l )tz> . (1.6)

Now it is known that if p = 1 — e=%" and n — oo then |C| converges in distribution to
the total number of offspring in a subcritical Galton-Watson branching process with POI(¢)
offspring distribution (see [3, Section 10.4]), i.e., |C| has Borel distribution with parameter ¢
(see [2, Section 2.2] or [10, Section 7]). The generating function G; of the Borel distribution
with parameter ¢ is known to be characterized by the identity Gy(z) = ze(Gi(z)—1)t (see [3,
Sections 10.4 and 10.5]), which is in turn equivalent to z = Gy (e(l_z)tz), therefore a more
rigorous version of (1.6) can be used to show that the distribution |C| weakly converges to the
Borel distribution with parameter ¢t as n — oco.

Now we state our rigorous results. We will use the Bachmann-Landau big O notation: we
write f(n,t) = O (g(n,t)) if there exists a universal constant C' such that f(n,t) < Cg(n,t)
for any n € N and any ¢ in an explicitly specified domain. We write f(n) = O (g(n)) if there
exists a constant C' (that may depend on ¢) such that f(n) < Cg(n) for any n € N.

We will give a short and self-contained proof of some results of [8] and [10]:

Theorem 1.4. For any ¢ € [0,1 — n_1/3] we have

1 -t 1 1 1
Enp(IC]) = ( t)4ﬁ <(1 7 n2> , (1.7)

Enp(CP*) = 5 + O < 5 > (1.8)

We will prove Theorem 1.4 in Section 3.

Remark 1.5. E, ,(|C]) is often called the susceptibility of the Erdés-Rényi graph.

(i) Equation (1.15) of [8, Theorem 1.2] states that if p = -£5 and 0 < p < 1 then
1 2u —p* 1 1
— — — . 1.
Enal(C]) = 1 2(1_M)4n+o(n2) (19)

Now (1.9) follows from (1.7) if we take into account that p = (n — 1)(1 — e~*/™). The
proof of (1.9) in [8, Section 2] uses a coupling of the breadth-first exploration process of
C and a process related to a branching random walk. Our proof of (1.7) is completely
different as it only uses Proposition 1.1.



(ii) Equation (1.3) of [10, Theorem 1.1] follows from our (1.7). In fact it already follows from
our short Lemma 3.2, see (3.7). Our (1.8) is equivalent to one of the statements about
Sz in [10, Theorem 3.4]. The proofs of these results in [10, Section 3] use differential
equations (in the variable t) and are completely different from ours.

(iii) Both statements of Theorem 1.4 give something meaningful in the whole subcritical
regime outside the critical window, e.g., the first term of the r.h.s. of (1.7) is much
bigger than the second one, which is much bigger than the third one if (1 —¢)3n > 1.

We also give a short and self-contained proof of the central limit theorem for the size of
the giant connected component of G,, p,, [4, Theorem 1.1], which only uses Proposition 1.1, see
Theorem 1.6 below. We begin with some notation.

Given some t > 1 let us define the function ¢ : [0,1) — R by

o(r) = —zt — In(1 — ). (1.10)

Then ¢ is a convex function satisfying ¢(0) = 0, ¢'(0) < 0 and p(1-) = +o0.
Given t > 1 define § = 0(t) € (0, 1) to be unique number for which

p(#) =0, or, equivalently ew(l —-0)=1. (1.11)

We note that

1
/ —_— — _
©'(0) = t+1_0>0. (1.12)

Recall the notion of p = p(t,n) =1 — e t/™ from (1.3).

Theorem 1.6. Let us denote by |Cpaz| the size of the largest connected component of Gy, .
For any ¢t > 1 we have

Vo

PN (1.13)

A P pen)

|Crmaz| — On
oy/n

and ®(z) is the c.d.f. of the standard normal distribution.

< m} = ®(x), where o=

We prove Theorem 1.6 in Section 4. Our proof is completely different from the proof of
[4], which uses exploration processes. In contrast to [4, Theorem 1.1], our elementary proof
does not provide information about the rate of convergence to the limit distribution.

Remark 1.7. We believe that (1.2) can also be used to give elementary alternative proofs
of other results on the size of the connected component of a fixed vertex in the Erds-Rényi
graph, e.g. the relation between the scaling limit of |C| in the critical window and the excursion
length measure of Brownian motion with parabolic drift (see [1, Section 5.2]) or finding the
time t for which % In(E,, p(n,)(IC])) is maximal (see [12]).

We discuss the origins and possible extensions of (1.2) to other models in Remark 2.2.

2 Proof of Proposition 1.1

Lemma 2.1. For any M, N € N, p € [0,1], and k € {1,..., N} we have

M —q

k—1
=1



Proof. If k > M then both sides of (2.1) are zero. Thus w.l.o.g. we can assume k < M A N.
Now we observe that if we prove (2.1) for some M < N, then we also obtain (2.1) for M/ = N
and N’ = M by rearranging the formula (2.1), thus we may assume w.l.o.g. that k < M < N.
In order to prove (2.1) it is enough to show

1\ ! oy -l
(h2)) Paslier=k1- =m0 — (Y1) Tpaglic =kl @2

Now if we denote by V(C) the vertex set of C then

N -1

Prallc =k = (3

)PN,p[v<c> — W), (2.3

since Py, is invariant under the permutation of vertices and there are (]Z__ll) subsets of [N]

with cardinality k that contain the vertex indexed by 1. Using (2.3) for Py, as well as Pyy p,
the formula (2.2) reduces to showing

Parp[V(C) = [K]]- (1 — p)*N=M) =y [V(C) = [K]]. (2.4)

Now (2.4) holds since V(C) = [k] in Gy, if and only if V/(C) = [k] in Gprp, and there are no
edges in Gy between [k] and [N]\ [M]. This completes the proof of Lemma 2.1. O

Proof of Proposition 1.1. For any n € N, j € Z N (—n,+00) and p € [0, 1] we have

.on k—1 . .
. (11 n+y ; n—+7—1 (x
Enp (9000 O] = 5 3 Paglle] = k] - (L= py* [ 2= =
k=1 i=1

n+j o n+j
— Y Pusl 0] = k] = T (1= BuyypllC] > ), (25)

n
k=1
where in (%) we used (2.1) with n = N and M = n + j. The proof of (1.2) is complete. [

Remark 2.2.

(i) Our original proof of Proposition 1.1 used the so-called rigid representation of the time
evolution of the component size structure of the Erdés-Rényi graph, see [13, Section
6.1.1, Case 1]. In a nutshell, if V3, = t — X, k& € [n], where X1, Xs,...,X,, denote
independent exponentially distributed random variables X; ~ EXP (1 — %), then 7 =
min{ k : Y1+---+Y; < 0} has the same distribution as |C| under P, ,, p = 1—e~/". We
chose to include an elementary proof instead in order to keep the paper self-contained.

(ii) It is formally possible to extend Proposition 1.1 (in particular (2.4)) to the inhomoge-
neous random graph model of [6], however it is hard to assess at this point whether the
resulting generalization of (1.2) is simple enough to be useful.

3 Proof of Theorem 1.4

The basic idea is to treat E,, p [gnp(J,|C|)] as the generating function of |C|, c¢.f. Remark 1.3.
Thus if we want to obtain information about the first and second moments of |C|, we have
to “differentiate” with respect to the variable j twice. Since j can only take integer values,
we have to consider the first order discrete differences gy, (4, |C|) — gn (0, |C|) for j = —1 and
j = —2 in the proof of Lemmas 3.2 and 3.4, and the second order discrete difference (i.e., the
difference of the first order differences) in the proof of Lemma 3.5.



The statement of Lemma 3.1 is equivalent to [10, Lemma 3.2] (which is proved using
differential equations), moreover it also classically follows from the fact that |C| is stochastically
dominated by a subcritical branching process if t < 1. Despite of this, we chose to include a
proof of Lemma 3.1 which only uses Proposition 1.1 in order to keep the paper self-contained.

Recall our convention p = 1 — e~*/™ from (1.3).

Lemma 3.1. If t € (0,1) then

E,, (IC)) = O <(1_1)2_1> . GeN (3.1)

Proof. W.lo.g. we assume ¢ € [3,1) and 1% < n. For any j > 0 we have

, A\ €] (1.9) ; (1.5) ;
(o (1+2)) ] < By | e (Lokel) | €14 2. (32)
n mn n

Note that if we let X = 1 —1 then we have max) e (1 +)\) = e*Xt(l +)) = Tet=1 > e2(1-07,

]En 7p

Thus choosing j* = |[n- (+ — 1)] we can use 1% < n to infer
et /m <1 + j*> > er(1-t)? (3.3)
n — )

therefore for any ¢ € N we have

11 ; ; = (1 -n2e)’
! y !
(3.3) . F\\ €] 3.2) S|
(1=n2el| L —tj*/n J_ < J 2
En,p[m ] < En,p <e <1+n <S1+l<o (34)
from which (3.1) follows if t € [3,1). O

Lemma 3.2. For any ¢ € [0,1) we have

) Easl) () B 1

1=(1-tE,,(C]) + (t— 5 - 5”8 3 +O<(1t)7n3>’ (3.5)

Before we prove Lemma 3.2, let us state the immediate

Corollary 3.3. Applying (3.1) to E,,(|C|?) in (3.5) we obtain

1 L —tE,,(C?) 1
]En — 2 n,p - 1— -1/3 . .
e =2y + 2l o (), teba-ns )
Applying (3.1) to E,, ,(|C|?) in (3.6) we obtain
_ 1 1 _ 13
E,»(C|) = 1—t+0((1—t)4n>’ tef0,1—n""""]. (3.7)

Proof of Lemma 3.2. Let k € [n]. We begin with with observing that (1.1) is a telescopic
product if j = —1 and then we apply Taylor expansion:

3 i 4
(11),(13) 4p/m k 1tk k k
n.p(=1, k) e ( n> (;ZO T O -
k t? k2 3 2\ k3 k4
=14 (t-1)-+ <2—t>nQ+ (6—2) ng+(’)<n4). (3.8)




Combining (3.8) with Proposition 1.1 we obtain

1 E,
1—f:1+(t—1)M+
n n
t? Enp(IC1?) | (* Y Enp(IC[) Enp(IC[*)
RS Wl 52 S L o =L . (3.9
( 2 ) 2 T\ \6 2 W n? (8:9)
Subtracting one from both sides of (3.9), multiplying the result by —n and applying (3.1) to
En,(|C[Y), we obtain (3.5). O

Lemma 3.4. For any ¢ € [0,1 —n~'/3] we have

E, 21 E,
olICP] _ EnpllCl]
n n

—2= (2t = 2)E,,[|C|] + (1 — 4t + 2t%)

3
(2t — 412 + ;Lt?’)E””;L[LCH +0 <(1_1t)7n3) . (3.10)

Proof. Let k € [n]. We begin with a calculation similar to (3.8):

Inp(—2,k) (1L g2t/ <1 — k) <1 __k ) —
n

n—1

(S o) 0-2) (4 (5 0(2)

k Kk N kK k E*
1+(2t—2)ﬁ—|—(1—4t+2t2) —2+(2t—4t2+§t3)$+(1—2t) 3+O<).

n?2 n n n n*
(3.11)
From (3.11) and Proposition 1.1 we obtain
2 E,.»[|IC E.,[CI?] E.,[lC
L2 g Banllll gy e BaalOF) Euslcl)
n n n n
4 5 EnplICI°] EnpllCl?]  EnplIC]] EnpllC]"]
2t — 47 + )= 4 (1 - 2t) P — P oL . (312
(21— 4 4 522 4 (1 ) o (BB 3ag)

Subtracting one from both sides of (3.12), multiplying the result by n and applying (3.1) to
the last three terms of (3.12), we obtain (3.10).

0
Lemma 3.5. For any ¢ € [0,1 —n~'/3] we have
Enp(IC]) 1
E, 2y = — . 1
7p(|c| ) (1 _ t)2 +0 (1 _ t)ﬁn (3 3)
Proof. Adding (3.10) to twice (3.5) we obtain
Enp(IC*) _ Enp(IC]) Enp(IC) 1
0=(1-2t+¢*)—"L - 8 — 3% + 2t)—L o . (3.14
( +T)— T +2)— o+ A= (3.14)
Rearranging (3.14) and multiplying by n we obtain
Eypp(ICI°) 1
E, = (1= t)’Enp(IC]%) + t(t — 1)(t — 2)—L : 1
A6 = (1= 7B (10P) + (e = (e =2 ED 0 (s ). (319)
Dividing both sides of (3.15) by (1 —t)? we use (3.1) to obtain (3.13). O
Proof of Theorem 1.4. From (3.7) and (3.13) we obtain (1.8).
Plugging (1.8) into (3.6) we obtain (1.7).
O



4 Proof of Theorem 1.6

We will deduce Theorem 1.6 (i.e., the CLT for |Cpqz|) from Lemma 4.1 (i.e., the CLT for |C]).
We deduce Lemma 4.1 from Lemmas 4.2 and 4.3 using that convergence of moment generating
functions implies weak convergence of probability distributions. We prove Lemmas 4.2 and
4.3 by viewing (1.5) as moment generating function identity. The crux of the proof of Lemma
4.2 is (4.24) and the crux of the proof of Lemma 4.3 is (4.38).

Throughout this section we fix ¢ > 1. Recall the notion of ¢ : [0,1) — R from (1.10) and
0 =0(t) € (0,1) from (1.11). Recall the notion of p = p(t,n) = 1 — e~*/" from (1.3).

We will often use the shorthand P for P, ,,,, sy and E for E,, ;, 1)

If X is a random variable and A is an event, we will denote E(X; A) :=E(X14).

Lemma 4.1. Let us define o as in (1.13). For any x € R we have

A P pn. 1)

o

Before we prove Lemma 4.1, we use it to prove Theorem 1.6.

Sx} =(1-0)+09(x). (4.1)

Proof of Theorem 1.6. Given some v € R, let us define the events

Ay~ = {Gnyp has a component bigger than 6n + vy/n }, (4.2)
By, = {Gnp has at least two components bigger than 6n — v/n }, (4.3)
Cn~ = { Gnp has a component bigger than On — y/n }. (4.4)

Before we deduce Theorem 1.6 from Lemma 4.1, we will first show

WILIEO li7r1n_>sol<1>p Py, p(n,t) [An4] =0, (4.5)
T 1mSup (B ] = 0, (16)
lim liminf P, 0, )[Crn 5] = 1. (4.7)

=00 Nn—o0

Proof of (4.5): Since |C| is a size-biased sample from the collection of component sizes
of the graph Gy , we have P[|C| > On +v/n] =P [|C| > 6n + y/n | Any| P[Ans] > 6P[A, ],
thus from (4.1) we can infer (4.5).

Proof of (4.6): Let v = min{[n] \ C} and let C* denote the connected component of the
vertex v in G, p. If C = [n], let C* = ). Note that C N C* = () and that we have

Py [ICT] =€ |[Cl=k] =Pp_ip[IC] = £]. (4.8)

Let us denote n = |n — On + v/n|. We have

() rim=r ({52 0- )0 Lo g -
P[|C*| > 0n—~yvn|[C|>0n—~vvn]|P[|C| > 6n—vv/n] <

(4.8) Ezp [IC]]
plick _ _ < P — < mp PR
[IC*| > 6n—yvn | |C| > 0n—yv/n] < Pr,[IC| > 6n Vﬁ]*en—v\/ﬁ

(4.9)

Now we observe that G5, is a subcritical Erd6s-Rényi graph, since

. ~ (1.3) ..
lim np =" lim
n—oo n—o0

(1.12)
<

[n—0n+~vn]-(1—e ™) = (1-0)t 1.



Now Ej ,, [|C]] remains bounded as n — oo by (3.1), hence (4.6) follows from (4.9).

Proof of (4.7): Let us define D, , = A7, . N By, , N Chp 4.
Now we bound the probability of C, , from below.

P(IC| > 0n —~vv/n] =P [{|C| > n —y/n} N Cpy] <
P[|C| > 6n—vn | Dpy]P[Dyy] 4+ PlAny N Byl <
@+}JMQM+M%MU%JS@+})Pmﬂ+m&mm&ﬁ.@m)

From (4.1), (4.5), (4.6) and (4.10) we obtain (4.7) and
lim lim P, o, [Dny] = 1. (4.11)

Y—00 N—+00

Proof of (1.13): We first note that if the event D, , occurs then G, , has exactly one
component Cpq, which satisfies |Cpnaz| € [n0 —yy/n,n+vy/n] and Cpaq is the unique largest
component in G, ,. Hence, for any a < b € R we have

(4.1),(4.11) . . IC| — 6n
0(®(b) — ®(a)) = ,Yh_g)lo nh_}ngo Py, p(n.t) [ o € la,b], Dpy | =
. . N ‘Cmaa:| —0n (4£1)
'yhﬁnolo T}LH;O ]Pn,p(n,t) |:C = Cmaxa 7 € [a7 b]a Dn,’y =
. ’Cmaa;‘ - 077/
enlirgo Pmp(n,t) |:0'\/ﬁ (S [CL, b] . (412)
This completes the proof of Theorem 1.6 given Lemma 4.1. ]

We will deduce Lemma 4.1 from Lemmas 4.2 and 4.3 below.
Let us subdivide the interval [1,n) into five disjoint sub-intervals:

I, = [1,nYY,  J, = [nV40%Y, K, = 034, 0n — n®/®), (4.13)

I, = [Bn —n®/8,0n +n®?®), K, = [0n+n"% n). (4.14)
The choice of the exponents i, % and % above is somewhat arbitrary.
Lemma 4.2. We have

nh_)rgo P png) (IC] € In) =1 0. (4.15)
Lemma 4.3. For any o € R we have

. ICl—6n o 0 ~
i (Pagiuo) (161 € 1)+ Eagng (@) S22 - S0 e 1) ) =1 o)

Before we prove Lemmas 4.2 and 4.3, let us deduce Lemma 4.1 from them.

Proof of Lemma 4.1. First note that it follows from (4.15) and the o = 0 case of (4.16) that
Tim Py ) (|C| c In> — 0. (4.17)
Denote by p, the conditional distribution of IC\% given |C| € I,,. We have

2
lim [ exp (o' (0)x) dpun(z) (EESHEL0H(E0 exp <0< 6 ) , acR. (4.18)

n—00 21-0
The r.h.s. of (4.18) is the moment generating function of N <0, %e), thus it classically follows

from (4.18) that u, weakly converges to N(O,a2) as n — 0o, where o appears in (1.13).
Together with (4.15) and (4.17) this implies Lemma 4.1, given Lemmas 4.2 and 4.3. O



We will prove Lemma 4.2 in Section 4.1 and Lemma 4.3 in Section 4.2. The proofs will
make excessive use of (1.5). Let us now introduce some notation that will be used throughout.
For any A € (—1,400) and any n € N let us define

1
Ar = —|nAl. (4.19)
n

Now X} € % N (=1, 4+00), which is required if we want to use (1.5).
Having fixed t > 1, we note that A}, approximates A well, i.e., we have
t

() e
2

Tt k) =" frui(A k) exp <O (i)) , et—1<A <1, 1<k<-—n. (4.20)

We will often implicitly use that for any A > —1 we have
fatAn, k) =0 if n+[nA\| <k<n and fot(\,,k)>0 if ke{l,...,n}. (4.21)

We note that if we let

~ 1 _ 3 ~ 1
A= e 1 then we have 7 := m;txe_”\t(l +A) =eM14N) = Zet_l > 1. (4.22)
In Sections 4.1 and 4.2 we will dominate f, (X, k) by fn,t(x,’;, k) for k € J,, (defined in (4.13))

in order to show that “nothing interesting happens” in the interval J,.
We will write f(n) = (g(n)) if there exists a constant ¢ > 0 (that may depend on t) such
that f(n) > cg(n) for any n € N.

4.1 Proof of Lemma 4.2

Before we outline the strategy of the proof of Lemma 4.2 in the paragraph below (4.23), we
need to introduce some notation. Let us abbreviate

X = far(=0,IC[)  and X" = f4((=0)5,[C).
Recalling the definition of the intervals I,, and J,, from (4.13), we have

14 (=0 “WE[X* | € L]+ E[ X% C| € Jo] + E (x5 n¥t < cl] (4.23)
We will estimate the three terms on the r.h.s. of (4.23). We will show that the first term
approximates P (|C| € I,,) as n — oo, while the second and third terms vanish as n — oo.

Before we start estimating the three terms of (4.23), we observe

k-1 i
Fut(—0,k) “'441‘”)H<1—9 > ke [l (4.24)

=0

Note that (—0)* > e~t — 1 for large enough n, since § < 1 —e~* by (1.10) and (1.11), so
we can apply (4.20) in (4.25) and (4.29) below. Now we bound the three terms of (4.23).

First term:

E[X* [c| € I,] “PEY ) B [ xe007) el e In] WU p el e 1) + 0 1)
Vn
(4.25)



Second term (E[X*; [C| € J,,]):

. )\ (1.11),(4.19),(4.22) AN G
e (Ot <1+( 6%) < (1”) et <1+ An.), 1<i<nd4

11— 2 1-1
(4.26)
. (1.4),(4.13),(4.26) 1+73\ ~, (4.13)
EIXldes] (*37)  melileniiele )| <
N —npl/4 . _pl/4
1+z\ " ~y ws) (1+z\ " | G19(422) o
= <
(F35) B[] @ (F5F) T (eR) TET e )
Third term (E [ X*; n*/* <|C|]):
e~ (0t (1 + (1_9):L> < ef(1-0) ULV for any i > [n3/4], (4.28)
(1.4),(4.28) s (4.24)
E[x5n¥ <] S fual(=005 [034) 27 fs(=, [n3/47)e00 7 T2

[n3/4]—1 i
4 i) o1y~ —a(ym)
_ — < . .
exp T 0 ZEZO ol <e (4.29)

The statement of Lemma 4.2 follows from (4.23), (4.25), (4.27) and (4.29).

4.2 Proof of Lemma 4.3

Before we outline the strategy of the proof of Lemma 4.3 in the paragraph below (4.31), we
need to introduce some notation. If we define

ap : Lvnal then ( “ ) (19 2n

SV NG

Let us abbreviate

NG (4.30)

and |a, — o

1
< —.
_\/ﬁ

a
Y= for (22 10]) .
ot (1)
Recall the definitions of the five intervals from (4.13) and (4.14). We have
anp (1.5) N N
<1 + \/ﬁ> (1= Porymagallc] > n]) = B ICl € L) + B[V [C] € Jo]+
E[Y*;|C| € K,] + E[Y*;|C| € I,] + E[Y*;|C| € K,]. (4.31)

We will estimate the five terms on the r.h.s. of (4.31). We will show that the terms corre-
sponding to I, and I, in (4.31) approximate the terms corresponding to I,, and I,, in (4.16)
as n — oo, while the terms corresponding to J,, K, and K,, in (4.31) vanish as n — oc.
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Before we start estimating the five terms of (4.31), we note that if k € I, U J,, U K, U [,
then we can use Taylor expansion of In(1 4 z) to obtain for any « € R the formula

Now we can estimate the five terms on the r.h.s. of (4.31)

First term:
E[Y*|c| e I,] O b e 1y 0 (n—1/4) . (4.33)
Second term: The bound
E[Y*;[C| € Ju] < e ) (4.34)
can be deduced analogously to (4.27) using that for large enough n we have
S (1 N 1%%) (4.19)é(4.22) <1 _|2_§> -1 it (1 N 1>\2§Z> 7 L<i<n¥t  (4.35)

Third term (E[Y™*;|C| € K,]): We note
(4.36)

It %,k (1.10),(1.11),(4.13)
) 1 (s () o) "L o, e

ot (505

E[Y™;[C| € K]

4.36)

( 1/8 (a — 1) (1.5) 1/8
< )R Z n : K, | < 20" 4
= [fnut ( \/ﬁ 7‘0‘ ) ’C| € n = ( 37)

18] ie., if k = |6n+ zy/n] € I, then

—n1/8, n
(4.38)

Fourth term (E[Y*;|C| € I,)]): If z € |
2
e b, (n—1/4>> ,

a? 0 ) Lo (n_1/4fn,t (5‘" k)) . (4.39)

% (4.30),(4.38) , o
~ — 2 -
v* e e I,) e g [exp< C’\/;" - (12139) el e In} +0(n 1),
- (4.40)
Fifth term (E[Y™*;|C| € K,]): We observe that
(1.12)
< eV (441)

e (G Um0 VI)) (—¢On + o)

=50, o0+ ¥V )

fn,t (
11



a T\ (112) o
exp <—ant> 1+ - < exp —Mt 1+ 1f- . On 0!V <,

(4.42)

5 (1.4),(4.41),(4.42) 1
fnt (j%,k) < G_Q(nl/g)fn,t (a—i_\/ﬁ)",k‘ . |On+ nl/sx/ﬁj <k, (4.43)

~  (4.14),(4.43) ~ | (1.5)
ElY:[Cle K, < e IR [, (a}n”,\cw JJcle Kn| < 2e7%0"). (4.44)
n

Finally, the proof of the fact that the error term P, | 54 ,[IC| > n] that appears on the
Lh.s. of (4.31) goes to zero as n — oo is analogous to the o = 0 case of (4.44). The statement
of Lemma 4.3 follows from (4.31), (4.33), (4.34), (4.37), (4.40) and (4.44).
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