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The fundamental notions used in this paper can be found in N,
JACOBSON [4], I. KAPLANSKY [6] and N. H. McCoy [9]. All rings con-
sidered here will be associative. Their commutativity is not assumed,
but it will be proved. As is well known, a ring 4 is called regular in the
sense of Neumann (or strongly regular, respectively) if @ eada (or
@ € a”4, respectively) for every element « e 4. Every strongly regular
ring is also regular. A full # X% matrix ring (n > 2) over a division
ring is regular, but it is not strongly regular. For some results on strongly
regular rings we refer the reader to A. FORSYTHE - N.H.McCoy [3],
T. Kaxpo [5], L. G. KovAcs [7], 8. LAJOS and the author [8] and the
author [12]. The product BC of the subsets B and C of the ring 4 means
the additive subgroup, generated by all b.¢c with b € B and ¢ € 0, of the
additive group 4* of 4.

In studying the two-sided idealizer of a subring of a ring, the author
[13] has determined, among others, all rings such that every nonzero
subring coincides with its two-sided idealizer. If & ring 4 with this
property differs from the ring B of prime order with trivial multi-
plication (i. e. B2 = 0), then every subring S of 4 is idempotent, i. e.
8% = § holds.

The aim of this paper is to characterize all rings such that every
subring is idempotent, Namely we have:

Theorem 1. For an arbitrary ring A the following five conditions are
equivalent:

(I)  Every subring S of 4 is idempotent.

(IT) No homomorphic image of any subring S of A has nonzero lejt

annthilators.

(III) Every subring S of A is regular in the sense of Neumann.
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(IV) EBvery subring S of A is strongly reqular.

(V)  The additive group A* of 4 is a torsion group, and pA, =0
holds for every p-component 4, of A. Bvery subring {a}, generated by a
single element a of A, is finite, and is a direct sum, of finite fields. Fur-
thermore A is commutative*.

Proof. Assume condition (V), and we prove that condition (IV)
holds. Let @ be an arbitrary element of the ring A. Then there exist
some finite fields F; (¢ =1, 2, ..., n) such that

(@} =FORe...0F,
fa=f+h+4 ... +f, with 0 = f, e F,, then let g; be the inverse
element of £, in F; .Obviously we have

a=(h+ ...+ 1) (hgs+ .. + fgy) =
=BGt .+ ) ca{a).

Therefore the subring {a} is strongly regular, which implies con-
dition (IV).

Condition (IV) implies (ITI) trivially.

Since any homomorphic image of a Neumann regular ring is again
Neumann regular, and since a Neumann regular ring has no nonzero
left annihilators, condition (IIT) also implies (II).

Assume that condition (IT) holds for the ring 4. If J is an arbitrary
ideal of the ring {a}, then {a}/J -{a} has no nonzero left annihilators,
consequently J c J {a} holds. In particular, J = {a} yields {a} c {a}?,
therefore {a}* = {a} for every element a e 4, which implies condition (I).

We shall now prove that condition (I) implies (V). Assume that 4
is a ring satisfying condition (I). Let a be an arbitrary element of 4.
Then {a} = {a}® implies a = a.a, with an element a, € {a}, conse-
quently also @ = a.a}. Let a, be an element of {a} such that o} = aa,,
Then @ = a®.a, holds. Therefore 4 is strongly regular, and it has no
nonzero nilpotent elements, Furthermore ¢ — aa, and @, e {a} imply
@ =ay % 0. Consequently any nonzero subring contains a nonzero
idempotent element,

Let T be the maximal torsion ideal of the ring 4. Then B = 4/T
is torsion free (cf. I. KAPLANSKY [6]), and B also satisfies condition(I).
Let b; be a nonzero idempotent which belongs to the nonzero subring

* Added in proof (February 25, 1971); In the meantime there appeared
P. N. 8TewAR1’s paper ”Semisimple radical classes”, Pacific J. Math. 32 (1970),
249—264, in which it is asserted that there exists a natural number n for every
@ € A such that @ = a holds. (But cf. our Remark 6(4) at the end of this paper.)
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{b} of B=A|T. Then we have {2b,}* = 4{b,} = 2{b;}, B* being
torsion free; consequently the subring {2b,} is not idempotent. There-
fore b=0, B=0 and T = 4. Thus 4" is a torsion group, and we
have 4 = X 4, where 4, 1s a nonzero p-component of 4. Then AL = 4,

and (pA,}¥= pd, obviously imply p(pd,) = pd,, i e. pA, is & divi-
sible subgroup, which is a direct sum of Priifer quasicyclic groups
C(p.,). But any C(p,,) admits only trivial multiplication (i. e. .y =0
holds for all @,y €C(p,)), whence condition (I) implies pd4, =0
for any prime p. Therefore 4+ is an elementary torsion group (of.
L. KAPLANSKY [6]).

Consequently any p-component 4, is an algebra over the finite
prime field K, and 4, is algebraic since a e {a}? for every a e 4.
4, having no nonzero nilpotent elements, is commutative by Corollary
X.1 of N. JACOBSON [4]. Since {a} is finite and semisimple in the sense
of N. JACOBSON [4], it is a direct sum of finite fields. Therefore con-
dition (V) is indeed satisfied.

This completes the proof of Theorem 1.

Corollary 2. Every ring satisfying condition (I) 4s commutative and
reqular, and consequently, strongly regular.

Corollary 3. Every ring satisfying condition (I) 4s @ subdirect sum of
fields.

Corollary 4. Any p-component of a ring with condition (I) vs an alge-
braic Pl-algebra (in the sense of Chapter X of N. Jacobson [4]) over the
finite prime field K ,, and consequently it is locally finite (4. e. any finitely
generated subalgebra has finite dimension).

Ezamples 5. (1) Let K be a field which is the algebraic closure of
the finite prime field X,. Then K is infinite, locally finite over K, and
it satisfies condition (I), any subring § of K being a field. We mention
that every subring S of K coincides with its two-sided idealizer J(8S)
in K (see the author [13]).

(2) Let 4 be the direct sum of the finite prime fields {a} and {b} with
0*—a = b*—b = ab = ba = pa = pb = 0, where P is a prime number.
Then 4 satisfies condition (I). Furthermore, the additive subgroup 8,
generated by a + b, is a subring, but S is not a two-sided ideal of 4
since @ = a (a+b) ¢ S and b = b (a+-b) ¢ 8.

(3) Let 4 be an arbitrary ring with trivial multiplication, i. e. 42 = 0,
Then any subgroup of 4 is a two-sided ideal of 4, but 4 does not satisfy
condition (I).
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Remarks 6. (1) Let C; denote the class of all rings satisfying condition
(I). L. REDEL [10] has determined the class O, of all full ideal rings,
i. e. rings such that every additive subgroup is a twosided ideal. Now
C; % O, holds, by Example 5.(2). Furthermore we have also C, 3 C,,

by Example 5.(3), consequently C; and C, are two different classes of
rings.

(2) A third class, which is a proper subclass of (Y, of strongly regular
rings has been determined in the author’s paper [14] such that every
ring of this subelass is a certain subdirect sum of finite prime fields.

(8) Every ring satisfying condition (I) is F-regular in the sense of
B. BROWN-N. H. McCovY [1], page 308, by a e {a}?, according to their
example 4. Namely we have {a}* c F(a), where F(a) is the set of all
polynomial expressions of the form n,a?® + nya® -+ ... 4+ ma.

(4) Let R be the upper radical (cf. N. DIVINSKY [2]), determined
by the class C; of all rings satisfying condition (I). Then any homo-
morphic image of any R-semisimple ring is again R-semisimple, conse-
quently the mapping J — R(J) is a join endomorphism of the lattice
of the ideals J of any ring 4 (cf. the author’s paper [11]). Namely
R (Jy + J5) = R (J;) + R(J,) holds for every ideal J, and J, of an
arbitrary ring.
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