On minimal biideals of rings

By FERENC A. SZASZ in Budapest

In this paper by a ring we always mean an associative ring (cf. N. JAcoBson [4]).
For arbitrary subsets C and D of a ring 4 the product CD will mean the subgroup
generaled by all products ¢-d with ¢€ C and de€ D. By a biideal B of a ring 4 we
understand a subring B of A satisfying the condition BABZSB.

Obviously, every one-sided ideal is a biideal. The biideals for semigroups are
special cases of the (m, n)-ideals, introduced by S. Lajos [5]. The concept of biideal
for semigroups was introduced by R. A. Goop and D. R. HuGHsEs [3] (in addition
A, H. CLirFFORD—G. B. PRESTON [2]). For biideals of rings we refer the reader to
[7], whose Proposition 3 asserts that for any biideal B and any subset T of a ring 4
the products BT and T'B are again biideals of A. Biideals of rings occurred earlier
also in the author’s papers [9]and [10]. Obviously, any biideal B of a two-sided regular
ring A is, by BEBA=AB=BANAB=BA, AB=BABE B, a two-sided ideal of 4
(cf. S. Lajos and the author [6]). Important particular cases of biideals are the quasi-
ideals which were studied for rings by O. STEINFELD [8]. The quasiideal Q of a ring
A is in fact a submodule satisfying QAN AQ & Q.

J. Cavats [1] gave an example of a biideal, which is a product of two quasi-
ideals, but which itself is not a quasiideal. But it is still an open problem whether
there exists a ring 4 having a minimal biideal B such that B*> =0 and B is not a quasi-
ideal of A.

In this paper we are interested in minimal biideals of rings.

Theorem 1. If the biideal B of a ring A is a division ring, then B is a minimal
biideal of A.

Proof. Assume that C is an arbitrary biideal of A satisfying CSB. Then
CAC S C implies CBC & C and thus C'is also a biideal of B. Consequently, by Theo-
rem 1 of [7] C is a left ideal of a right ideal of B. But the division ring B has only
trivial left ideals and right ideals, and therefore either C=0 or C =B. Consequently
B is a minimal biideal of A.

Conversely, we have also the following
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Theorem 2. For any minimal biideal B of a ring A the following holds: either
B%=0, or B is a division ring.

Proof. By Proposition 3 of [7], B? is a biideal of 4, and by the assumed mini-
mality of B, we have either B2=0 or B*=B. We assume B?=B which implies
B*=B.

First we prove the existence of the two-sided unity element of the subring B
and then we show that B is a division ring.

We note that the definition of the biideal B of a ring A implies that the set .S
of all elements xby (b runs over B, x and y are fixed elements of B) coincides with
the subring generated by the set S.

Since B®= B, therc exist elements b,, b, € B with b, Bb, #0. B being a subring,
by Proposition 3 of [7] we have b,Bb,=B and, by 03 B=B*=b, Bb,b, Bb,,
obviously b,b; 70, too. Since b; Bb, =B, there cxist iwo elements bj, b, € B salis{y-
ing b, =b,b3b, and b,=b,b,b,, whence

05#byby =b,bybybybsby=b,by(byby)=(byb1)b3by, € BbybyNb,by B

follows. Bb,b, &B, b,b;B< B being true, Propositions 1 and 3 of [7] imply that
Bb,b, Nb,b, Bis also a biideal of 4 which is contained in B. Thus the fact b, b, =0
and the minimality of B give B = Bb,b, b, b, B. Consequently, there exist four
further elements b5, bg, b, and bg of B satisfying

b1:b5b2b1:b2b1b6¢0 alld bz=b7b2b1 =b2b1b8¢0.

As for the element e=bsb,b,bg, since b; %0 and b, #0, we first observe
that
07#e=>bsb,bybg=0b1bg=bsb,
and
e?=(bsby,)(bybg)=c€B

hold. Furthermore e=e®¢ceBe< B, thus Proposition 3 of [7] and the minimality
of B imply B = eBe.

Therefore e is the two-sided unity element of the subring B.

Let ebe be any nonzero element of eBe. Then B’ = eBe, ebe is contained in eBe.
Furthermore, since e3 - ebe 7 0, by virtue of Proposition 3 of [7], and the minimality
of B, B’ is a nonzero biideal of A, consequently B’ = B. Thus there exists an element
eb’ ec B satisfying eb’e.ebe = e.

Therefore B is a division ring indeed, which completes the proof.

Theorem 3. If a minimal biideal B of a ring A contains an element b such that
b is neither a left divisor of zero, nor a right divisor of zero in A, then A must have a
two-sided unity element.
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Proof. Evidently 550. Then, since b>¢bAbS B, in virtue of Proposition 3
of [7] and the minimality of B we have bAb = B. Hence there exists an element ¢ € 4
such that b = bab holds. Then for any x € A and y € A, by making use of the two-sided
cancelling rule concerning b, we obtain from xb=xbab and by =baby that x==xba
and y=aby. Consequenily e==ba is a righl unity element and f=ab a lefl unity
element of A, therefore e=fe=fis the two-sided unity element of the ring.

Theorem 4. If R is a minimal right ideal and L a minimal left ideal of a ring A,
then either RL=0 or RL is a minimal biideal of A.

Proof. Assume RL #0. If B’ is a biideal of A4 satisfying 0B’ cB=RL,
then from B’ RLS R we conclude that B’A S R. The minimality of R also im-
plies B’A =R, because in the case B’A =0 the biideal B’ is also a nontrivial right
ideal of 4 which is contained in R. Similarly one also has L=AB’ and thus the
contradiction

B=RL=B'A-AB’SB'AB'B’CB

completes the proof of Theorem 4.
In some special cases the converse statement to Theorem 4 also holds. In fact
we have

Theorem 5. Any minimal biideal B of a ring ‘A without nonzero nilpotent
ideals can be represented in the form B=RL, where R is a minimal right ideal and L
is a minimal left ideal of A.

Proof. By virtue of BABS B and Proposition 3 of [7] we have BAB=B. In
fact, in case BAB=0, the right ideal BA is nilpotent, consequently BA =0, B%=0,
B =0, which is impossible. Therefore B = BABAB, which, by virtue of BABABZ
S BA*>BS BAB, implies B=BA - AB.

We shall prove that R=BA is a minimal right ideal, and L =A4B is a minimal
left ideal of A.

If R’ is a right ideal of A salisfying 0 R’ C R, then by Proposition 3 of [7]
B’ =R’AB is a biideal of 4 such that B”S BAABC B holds. By the minimality of
B we have either B’=0 or B’=B. But B’=0 implies R'AR’SR'’ABA=B"A =0,
(R'A)*=0, R"A=0, (R’)*=0, R’ =0, which is impossible. Therefore B’=B, con-
sequently B=R'ABSR’, BACR ASR cBA. This is a contradiction, and thus
the verification of the minimality of the right ideal R = BA is complete. For L =A4B
the proof is similar.

Theorem 6. Any ring A without nonzero uilpotent ideals and with minimum
condition on principal right ideals is a sum of minimal biideals of A.

8k

All rights reserved @ Bolyai Institute, University of Szeged



336 . A. Szész: Minimal biidcals of rings

Proof. By[9] wec have A= 2 R,= >'L;, where R, are minimal right ideals and
« ;

L; minimal left ideals of 4. Then A=A4%= >R, L, and Theorem 4 implies Theo-
a, fi
rem 0.
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