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For the lattice-theoretical notions, used here, we refer to G. Birkhoff[1].
Let L be a complete lattice with the minimal element 0 and maximal ele-
ment 1. A subset S of L will be called a lower subset of L ifxsyandye S
always imply x € S. Furthermore a lower subset S is saidto be f-lower subset
of L, if ’ﬁ\rx, € S implies the existence of a finite subset 4of I'such that

,':' %2 € S holds. Obviously, one has 1€ S for a lower subset S of L, if and

only if S=L holds. The empty subset ¢ let us consider, as a lower subset, as
well as an f-lower subset . Theintersection of an arbitrary set-theoretical uni-
on of f-lower subsets of L, as well as the set-theoretical intersection of finite
number of f-lower subsets of L are again f-lower subsets of L.

Let x € L be an element such that x ¢ S foran f-lower subset of L. Then
an element vy € L is called an (x,S)-element, if x Ny ¢ S holds. Furthermore,
an element z € L is said to be a strong (x,S)-element, if zny is an (%,S)-
element for every (x,S)-element y of L.

It is evident, that every strong (%,S)-element is also an (x,S )-element,

and that x itself is a strong (x,S)-element for every f-lower subset S such
that x € S holds.

Theorem. The intersection z(x,S) of all strong (x,S )-element satis-
fies 2(x,S)=<x, and it is again a strong (x, S)-element, which coincides with
the join of all minimal (x, S )-elements of L.

Proof. Obviously, z2(x,S)=<x holds, since % is a strong (x,S)-element.
Let z1, 23, **, 2n be arbitrary strong (x,S)-elements and v and arbitrary
(%,S)-element of L. Then one has

(%) (zinzzn*nzn)ny=21n(22n (N (2an ¥)))
whence this intersection ( % ) is an (x,S)-element, and thus z;nzzn° N2zn
is a strong (x,S)-element. Put z(x,S)= r/&\ z, where z, runs all strong(x,S)-

*Mathematical Institute of Hungarian Acade my of Sciences, Budapest, Hungary.




18 F. Szisz

clements of L. For the arbitrary (x,S)-element y, let us define
Wy=ZyNYNX

if 2(x.S) would be not a strong (x,S )-element, then y could be chosen stich

that
z2(x,S)nynx€S

holds, which implies

(% %) r{_\Pwy €S
Therefore, by virtue of the definition of the f-lower subsets (% %) yields at
once with a finite set 4 of indices:

}___deazhdza nynx€S
which is, by the above assertation, a contradiction. Thus z(x,S ) is a strong
(x,S)-element, indeed.

The intersection of any descending chain of (x,S)-elements being again
an (x,S)-element of L, by virtue of Zorn’s lemma, there exist minimal (x,5)-
elements in L,which generally fail tobe minimal elements in L; they are only
minimal element in = as a suitable minimal (x,S)-element, which follows
from this application of Zorn’s lemma. Let j=j(x,S) be the join (i.e.com-
plete union) of all minimal (x,S)-element, y an arbitary (x,S)-element and
m a minimal (x,S)-element with m=y, of L. Then one obviously has, for j=
j(x,S) the relation

(k%%) jNyNzzmNmNx=mNx¢& S
and thus (% % %) implies, by the definition of the lower subsets jNyNx €S.
Therefore 7Ny is an (x,S)-element, consequently j is a strong (x,S )-element
of L, which implies j =z(x,S).

Conversely, 7 =z(x,S) can be shown, as follows. z(x,S)Nm is an (x,S)-
element for every minimal (x,S)-element m of L, since (x,S) is strong (x2,5)-
element. By the minimality-of m among all (x,S)-elements we have m=
z(x,S)Nm=z(x,S), whence also

z(x,S)zw\(gmwzj':j(x,S)
where m. runs all minimal (x,S)-elements of L.

Thus the desired equality z(x,S)=j(%,S)holds, indeed, which completes
the proof.

Problem. Let the complete lattice L be, at the same time, also a grou-
poid, written multiplicatively, generally without the requirements (aUb)c=
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acUbc and a(bU c)=abUac, and let us call an element p € Lprime, if f-g<p
always implies f<p or ¢<p, where .9 £L. Then, whatis a nontrivial
necessary and sufficient condition every strong (x,S)-element to be prime ?
(Characterize in this groupoid also the minimal (x,S)-elements!)

Remark. The result of this note dualizes some generalizations [6] of

some results of [2], [3], [4] and [5].
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