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DEGREE BOUND FOR SEPARATING INVARIANTS OF
ABELIAN GROUPS

M. DOMOKOS

ABSTRACT. It is proved that the universal degree bound for separating poly-
nomial invariants of a finite abelian group (in non-modular characteristic) is
strictly smaller than the universal degree bound for generators of polynomial
invariants, unless the goup is cyclic or is the direct product of r even order
cyclic groups where the number of two-element direct factors is not less than
the integer part of the half of r. A characterization of separating sets of mono-
mials is given in terms of zero-sum sequences over abelian groups.

1. INTRODUCTION

Let G be a finite group and F an algebraically closed field. A G-module is a
finite dimensional F-vector space V' endowed with an action of G on V via linear
transformations. In other words, the G-module consists of the pair (V, p) where p
is a group homomorphism G — GL(V'). The coordinate ring O(V') of V contains
the subalgebra

O(V) = {f € O(V): f(gv) = f(v) Vv e V,¥ge G}

of G-invariants. For f € O(V) and g € G write g - f € O(V) for the function v —
f(g7'v). This way we get an action of G on O(V) via F-algebra automorphisms,
and O(V)¢ = {f € O(V):g-f = f Vg € G}. Choosing a basis z1,...,z} in
the dual space V* of V| the coordinate ring O(V) is identified with the polynomial
algebra F[z1,...,zx], on which G acts via linear substitutions of the variables.

Following Definition 2.3.8 in [5], we call subset S C O(V)® a separating set
of invariants if whenever for v,w € V we have f(v) = f(w) for all f € S, then
h(v) = h(w) for all h € O(V)%. Clearly if v and w belong to the same G-orbit in
V, then h(v) = h(w) holds for all h € O(V)Y. Tt is well known that the finiteness
of G implies the converse as well: if v and w have different G-orbits, then there
exists an b € O(V)Y with h(v) # h(w). So S € O(V)% is a separating set if and
only if for any v,w € V with Gv # Gw there is an f € S such that f(v) # f(w).
For a survey on separating sets of invariants see [19].

Since the G-action preserves the standard grading on Flxq,...,z], the alge-
bra O(V)% is generated by homogeneous elements. Write 3(G, V) (respectively
Bsep(G, V) for the minimal positive integer & such that O(V)% contains a generat-
ing set (respectively separating set) consisting of homogeneous elements of degree
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at most k. Moreover, set
B(G) == Slép{ﬁ(Ga V) and Buep(G) = Sl‘ip{ﬁseI)(Gv V)}

where the supremum above is taken over all G-modules V. The number Ssep(G)
was introduced and studied in [20], inspired by the number §(G) first appearing
in [26]. Obviously Bsep(G, V) < B(G,V) and hence Bsep(G) < B(G). When the
characteristic of F does not divide the group order |G|, we have 5(G) < |G| (see
[23] for char(F) = 0 and [I0],[I1] for positive non-modular characteristic). One nice
feature of Bsep(G) is that the inequality Ssep(G) < |G| holds also in the modular
case char(F) | |G| as well, see Corollary 3.9.14 in [5]. In comparison we mention
that when char(FF) divides |G| we have 3(G) = oo by [25]. However, as far as we
know, not much is said in the literature about the following question:

Question 1.1. Is Beep, (G) typicallly strictly smaller than B(G) in the non-modular
case char(F) { |G| ?

A difficulty in answering Question [[.T] is that the exact value of the Noether
number is known only for a very limited class of groups, see for example [2], [3], [4].
It is shown in [I] that for the non-abelian semidirect product C), x C5 (where p is a
prime) and char(F) = 0 we have 3(C), x C3) = p+2 whereas feep(Cp X C3) = p+ 1.

In the present paper we shall deal with abelian groups. Our main result Theo-
rem implies that for abelian groups the answer to Question [[.1] is yes. More
precisely, Corollary B.I1] asserts that when G is abelian, Beep(G) = B(G) implies
that G is cyclic or G is the direct product of r cyclic groups of even order, where
at least | 5] of the cyclic factors has order 2.

A interesting special feature of the case of abelian groups is that the investigation
of separating invariants can be tied up with the theory of zero-sum sequences over
abelian groups. Given a finite abelian group G (written additively) and an ordered
sequence ay, ..., ay of elements of G (repetition is allowed) set

Glay,...,ax) == {(my,...,my) € ZF: Zmiai =0¢€ G}.
This is a subgroup of the free abelian group Z*. It contains the submonoid
B(a,...,a;) :=NiNG(ay,..., ax).

Denote by e; the ith standard basis vector in Z*. Clearly ordg(a;)e; € B(ai, ... ,ax),
where ordg(a;) is the order of a; in G. Since for any m € G(aq, ..., a) there exist
non-negative integers t1,...,t; € No with m + > t;ordg(a;)e; € B(ay,...,ax), it
follows that G(a1, ..., ax) is the quotient group of the monoid B(as, ..., ax). In par-
ticular, the abelian group G(as, .. ., ax) is generated by its submonoid B(a1, ..., ak).
In the special case when aq,...,a, are distinct and {a1,...,ar} = G, we recover
the monoid B(G) of zero-sum sequences over GG, a well studied object in arithmetic
combinatorics. In particular, the Davenport constant D(G) is defined as the maxi-
mal length of an atom in the monoid B(G), where for s € B(G) C N(‘JG‘ the length
of sis [s| = > 8- More generally, the study of the monoid B(Go) of zero-sum
sequences over an arbitrary subset Gy of G has an extensive literature, see Propo-
sition 2.5.6 in [15] for the first abstract algebraic properties of the monoid B(Gy),
or [24] for recent combinatorial work on D(Gy) (for some very special subset Gj).
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From now on we assume that G is a finite abelian group and the characteristic
of the base field F does not divide |G|. Then V' decomposes as a direct sum

VZVl@"'@Vk

of 1-dimensional G-modules. Accordingly the variables in O(V) = Fxy, ..., zx] will
be chosen to be G-eigenvectors, so there exist characters x; € G = hom(G,F*) such
that g - x; = x;(g)x; for i = 1,..., k. For m € N§ write 2™ = 2™ ---2}"*. Each

monomial spans a G-invariant subspace in O(V), and g - 2™ = (Hf: xi(g)™i)a™.
It follows that O(V)¢ is spanned by G-invariant monomials, namely

M) ove= @ Fm

mEB(X1;--Xk)

Note that here we use the notation introduced in the above paragraph for the finite
abelian group G which is a isomorphic to G. A consequence of () is the equality

(2) p(G) = D(G)

which was used in [26], and later in [9] or in [4]. In view of the above connection
between the Noether number 8(G) and the Davenport constant D(G) it is natural
to ask for the meaning of Bsep (G) in terms of zero-sum sequences. This is the second
motivation of the present paper. In Theorem 2.1l we provide a characterization of
separating sets of monomials and zero-sum sequences over G, yielding a characteri-
zation of Bsep(G) purely in terms of zero-sum sequences over G (see Corollary [2.6)).
This is done in Section 2] and Corollary 2.6lis used in Section Bl to derive our main
result Theorem

We finish the introduction by mentioning some prior works related to separating
invariants of finite diagonal groups. Namely, a separating set of monomials in
O(V)% is constructed in Proposition 5 of [22]. An algorithm to produce invariant
monomials that generate the field of rational invariants is described in [18]. The
focus of present paper is on degree bounds for separating invariants, and therefore it
is sufficient to deal with invariant monomials. A different current research direction
is the study of the minimal cardinality of a separating system, see for example [g].

2. CHARACTERIZATION OF SEPARATING SETS OF MONOMIALS

Let G be a finite abelian group, and let V=V, & - --® Vj, be a k-dimensional G-
module as in Section[I] so O(V) = Flxy, ..., zx] with g-x; = xs(g)x; fori=1,... k.
For m € NE set supp(m) := {i € {1,...,k}: m; # 0} C {1,..., k}. Similarly, when
a™ is a monomial, we shall use the notation supp(z™) for supp(m). Given a subset
Jc{l,...,k} and a set M C NE we write My := {m € M: supp(m) C J}.

The Helly dimension k(G) of G was defined in [0] as the minimal positive integer
k such that any set of cosets in G with empty intersection contains a subset of at
most k cosets with empty intersection. It was shown in [7] that «(G) is one bigger
than the minimal number of generators of the finite abelian group G (the rank of

G).
Theorem 2.1. For a subset M C B(x1,...,xk) the following are equivalent:
(i) {x™:m € M} is a separating subset in O(V)C.
(ii) For all subsets {j1 < --- < js} = J C {1,...,k}, the abelian group
G(Xj1s---2Xj,) s generated by M.
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(i) For all subsets {j1 < -+ < jsy = J C {1,...,k} with |J| < &(G), the
abelian group G(Xj,,---,Xj,) is generated by M.

The proof will be split into a couple of statements. Consider the G-module
direct summand V; := @;.; V;j of V, where J C {1,...,k}. Its coordinate ring
O(Vy) is an algebra retract of O(V'): it is the subalgebra generated by the variables
{z;: j € J}. For v € V we write v; for the component of V' in the direct summand
V; of V. The statement and proof of Lemma 2.2l below remain valid when the finite
group G is not assumed to be abelian and the direct summands V; are not assumed
to be 1-dimensional.

Lemma 2.2. Assume that k > x(G) and for all J C {1,...,k} with |J| = &(G)
we are given a separating subset Sy in O(V;)¥. Then their union S :=J; S is a

separating subset in O(V)%.

Proof. Suppose that for v,w € V we have f(v) = f(w) for all f € S. Then in
particular, for a fixed J C {1,...,k} with [J| = k(G) we have f(vy) = f(wy)
for all f € S;. Since S; is a separating subset in O(V;)%, we conclude that
Gvy = Gwy. This holds for all J C {1,...,k} with |J| = k(G), hence by Lemma
4.1 in [7] we get that Gv = Gw. O

Proposition 2.3. Let M be a subset of B(x1,-..,Xxk) such that for all J = {j1 <
< jst CA{1,...,k} the abelian group G(xj,, - ,Xj,) is generated by M ;. Then
{z™: m € M} is a separating set in O(V)Y.

Proof. Take v,w € V such that ™ (v) = 2™ (w) for all m € M. The assumption
says in particular that My;, generates G(x;) for j = 1,...,d. Since G(x;) is the
subgroup of Z generated by ords(x;), it follows that some positive power of x;
belongs to {z": m € M}. Thus z;(v) = 0 if and only if x;(w) = 0, so supp(v) =
supp(w) =: J. Take an arbitrary G-invariant monomial z". If supp(n) ¢ J,
then 2" (v) = 0 = z™(w). Otherwise supp(n) C J = {j1 < -+ < js}. Since
My generates G(Xj,,---,Xj,), there exist u1,...,ug, t1,...,t € My such that n =
up + - +ug —t; — - —t; € Z°, implying oz .. .2t = g™ . . 2%, By our
assumption on v, w we have u;(v) = u;(w) for i = 1,...,k and ¢;(v) = t;(w) # 0
fori=1,...,1. It follows that

" (v)... .z (v) " (w)...z" (w)

() = ot (v)...xh(v) - atr(w) ...zt (w) =" (w).
Thus we proved that 2" (v) = 2™ (w) holds for an arbitrary G-invariant monomial
2", implying in turn that h(v) = h(w) for any h € O(V )<, O

Proposition 2.4. Let M be a subset of B(x1,--.,Xk) such that {x™: m € M} is
a separating set in O(V)E. Then the abelian group G(x1,...,Xx) is generated by
M.

Proof. Since e; € V can be separated from 0 by z" for some m € M, a posi-
tive power z;" belongs to {#™: m € M} for each i = 1,...,d. Obviously it is
sufficient to prove the statement when G acts faithfully on V, so G € GL(V)
and hence G = (x1,...,xx). On the other hand (x1,...,xx) = Z*/G(x1, .-, Xk),
as G(x1,...,Xxx) was defined as the kernel of the natural surjection Z* — G with
e; + Xi. Denote by H the abelian group Z¥ /ZM. This group is finite, as nje; € M,
hence it is isomorphic to its character group H. Therefore we may choose generators
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Y1, ..., 0, € H such that the natural surjection ZF — ﬁ, e, (i=1,...,d)
has kernel MZ. For h € H let p(h) € GL(V) be the linear transformation given
by p(h)& = v;(h™1)& where & spans the summand V; in V = @le V;. Then
p: H — GL(V) is an injective group homomorphism. Note that for any ¢ € N& we
have 29(p(h) (&1 + - -+ &) = [T, ¢i(h~1)%. By the choice of 44, for any m € M
and any h € H and we have Hle ¥;(h=1)mi = 1. Therefore we have

g™ (p(h)(§1 + -+ &) =1
for all m € M and h € H. On the other hand 2™ (& + -+ + &) = 1 as well.
Since {z™: m € M} is a separating set in O(V)%, we conclude that the H-orbit
of & + -+ - + & is contained in the G-orbit of & + - - + &;. Thus for each h € H
there exists a g € G such that p(h)(& + -+ + &) = g(§&1 + - -+ + &), implying in
turn that p(h)&; = g&; for each basis vector & € V, and hence p(h) = g. So we
have H = p(H) C G C GL(V). Therefore ¢; = x;op for i = 1,...,k, and it
follows that the natural surjection ZF — H , €; — 1; factors through the natural
surjection ZF — G, e; — i, s0o ZM O G(x1,---,xk)- Now as M was a subset
of B(x1,---,Xk) C G(x1,---,Xk), the reverse inclusion ZM C G(x1,...,xk) also

holds, forcing the equality ZM = G(x1,-- ., Xk)- O
Lemma 2.5. If {™: m € M} is a separating set in O(V)Y, then for all sub-
sets J C {1,...,k} the monomials {x™: m € My} constitute a separating set in
o)<,

Proof. We claim that if S is a separating set in O(V)¢, then its restriction { f|y,: f €
S} to Vj is a separating set in O(V;)“. Indeed, suppose h(v) # h(w) for some
v,w € Vy and h € O(Vy)¥. Since the algebra O(V;)¢ is contained in O(V)%,
it follows that there exists an f € S with f(v) # f(w), so f|v, separates v and
w. This proves the claim. Now observe that if m does not belong to M, then
the monomial ™ vanishes identically on V;. Consequently the restriction to V; of
{z™: m € M} is contained in {z™: m € M;}U{0}, and our statement follows. [

Proof of Theorem [27. (i)=-(ii): Suppose that {z™: m € M} is a separating set
in O(V)%, and take a subset J = {j1 < --- < js} C {1,...,k}. By Lemma 27
{x™: m € My} is a separating set in O(V;)¢. Applying Proposition 24 for V; and
M we conclude that the abelian group G(xj,,---,Xj.) is generated by M.

(ii)= (iii): Trivial.

(iii)=-(i): Suppose that (iii) holds. Then for any subset J = {j; < -+ <
Jst € {1,...,k} with s = |J| < k(G), the set M, generates the abelian group
G(Xj1s---»Xjs), hence by Proposition {z™:m € M;} is a separating set in
O(V;)¢. If d < k(G), then we may take J = {1,...,k} and we are done. Otherwise

the union of the {#™: m € M;} as J ranges over the subsets of {1,...,k} of size
k(G) is a separating set in O(V)¢ by Lemma 2.2 O

Corollary 2.6. The number Bsep(G) is the minimal positive integer d such that for
any positive integer s < k(G) and any finite sequence ay, . . . ,as of distinct elements
of G the abelian group G(as,...,as) is generated by {m € B(a1,...,as): |m| < d}.

Proof. For a finite abelian group H denote by §(H) (respectively do(H)) the mini-
mal positive integer d such that for any s < x(H) and any sequence aq, . .., as of not
necessarily distinct (respectively distinct) elements of H the group G(aq,...,as) is
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generated by the m € B(ay,...,as) with |m| < d. Obviously do(H) < D(H) < |H|.
We claim that §(H) = do(H). Indeed, the inequality do(H) < 6(H) holds by
definition of & and Jy. To see the reverse inequality take an arbitrary sequence
ai,...,as € H, s < k(H). By induction on s we show that G(a1,...,as) is gener-
ated by {m € B(ai,...,as): |m| < do(H)}. If ay,...,as are distinct, then we are
done by definition of §y. Otherwise suppose a1 = ag. Clearly do(H) > ordg(a1) =
q, and n := (1,¢ — 1,0,...,0) € B(a,...,as) satisfies |n| < §o(H). Moreover,
given any m € G(ay,...,as), replace m by m := m — min. Then m belongs to
G(ag,...,as) (viewed as the subset of G(ay, ..., as) consisting of the elements whose
first coordinate is zero). By the induction hypothesis 7 belongs to the group gener-
ated by {m € B(ag,...,as): |m| < do(H)}, implying in turn that m belongs to the
group generated by {m € B(a,...,as): |m| < do(H)}. This shows §(H) = do(H).

Now take a G-module V' with the notation of the beginning of Section[2l For any
subset {i1 < --- < iy} C{1,...,k} with s < (@) the abelian group G(xi,, . -, Xi.)
is generated by the elements m € B(xi,, ..., X:.) with |m| < 6(G). It follows by
Theorem 1] that {z™: m € B(x1,...,xx), |m| < 6(G)} is a separating set in
O(V)E. Thus Bsep(G, V) < §(G). Since V was an arbitrary G-module, we deduce
the inequality Bsep(G) < 8 (G). Note finally that the isomorphism G = G implies
§(G) = §(G). Combining with the first paragraph we obtain Bsep(G) < 00(G).

To show the reverse inequality Ssep(G) > do(G), take a sequence xi, ..., Xk of
characters of G such that k < x(G) and the abelian group G(x1, .. ., x&) is not gen-
crated by {m € B(x1,...,xx): |m| < 8(G)}. Such a sequence y1, ..., xx exists by
definition of do(G). It follows by TheoremZIlthat {z™: m € B(x1,-..,xx), |m|<
50(G)} is not a separating set in F[zy, ..., 2;]¢ = O(V)%, where the G-module V is
determined by g-x; = x;(g)z; for i = 1,..., k. Taking into account (Il) we conclude
Bsep(G, V) > 60(G), implying in turn Beep(G) > 00(G). O

3. DEGREE BOUNDS

We fix the following notation for the whole Section. Decompose our (additively
written) abelian group G as a direct product of cyclic groups

G:Cnl@...@CnT

where n, | n.—1 | --- | ny and n, > 1, so in particular n; is the exponent of G and
r is the rank (the minimal number of generators) of G, hence the Helly dimension
of Gis k(G) =r + 1. Set

d*(G) =D (ni —1).
=1
It is well known that

3) d*(G) +1 < D(G)

where D(G) is the Davenport constant of G (cf. Section [IJ). Classical results in

arithmetic combinatorics assert that we have equality in @) if G is a p-group or G

has rank two. On the other hand there are some infinite sequences of finite abelian

groups for which the inequality in (B]) is known to be strict. Beyond that it is not

well understood when equality holds in (3). We refer to the surveys [14] and [I3] for

the above results and for references on zero-sum sequences in finite abelian groups.
We shall need the following technical and elementary lemma.
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Lemma 3.1. Let (ny,...,n.),(m1,...,m;) € N be r-tuples of positive integers
such that the following divisibility conditions hold for them:

m; |n;  for i=1,...,m nit1 | m;  for i=1,...,r—1.

Then the following inequality holds:

kA kA T
n;
(4) Z(ni—l)zz(mi—l)—i—HE—L
=1 =1 =1
Moreover, equality holds in [@l) if and only if there exists a j € {1,2,...,r} such
that m1 = na,,...,m; = n;, Mjp1 = Njy2, Mjr2 = Njy3, ... (where we mean that
Npr41 = 1)

Proof. When r =1, () becomes ny —1 > (mq — 1) + 7= — 1, which is equivalent
to the obvious (mq —1)(;: —1) > 0. Assume from now on that r > 1. If ny = my,
then we may omit them and deal with the sequences (na,...,n,) and (ma,...,m;),
since the inequality () for these shorter sequences is obviously equivalent to the
corresponding inequality for the original sequences. So from now on we assume
that ny > mq, that is, my is a proper divisor of n;.

The conditions imply that [[;_, == divides ni, and [];_, 7= = n; if and only if

my =1, n. = my_1, ..., no = my. Assume first that these equalities hold. Then
we have
r T r T r—1
n; Uz
i—1)= — -1 i—1)= — -1 i—1
| I P L ITR D

and taking into account that m, = 1, we see that (@) holds with equality in this
case. Suppose finally that []/_, < is a proper divisor of n;. Let p be a minimal

prime divisor of ny. Then [];_, & < %1 and my < %. Consequently we have

=1 m; —
ny ni ni - n; . n;
nn—1l=—p-1>—+—-1> —4+m;—1> — =14+ (m1 —1).
p P P gmi Emi ( )
Since for ¢ = 2,...r we have n; — 1 > m; — 1, we conclude (). O

Lemma 4.1 in [I7] (see also Exercise 1.6 in [16]) asserts that d*(G) > d*(H) +
d*(G/H) for any subgroup H of G. In Lemma we provide a detailed proof of
the special case when G/H is cyclic, yielding also a characterization of the case
when equality holds.

Lemma 3.2. Let H be a proper subgroup of G such that the factor group G/H
is cyclic. Then d*(G) > d*(H) + [G : H] — 1, with equality only if rank(H) =
rank(G) — 1, and H = @, c(y, 1y (y3 Cni for some j € {1,...,r}.

Proof. Take a finite abelian p-group A. It is isomorphic to Cpr; @ -+ @ Cpr, where
A1 > - > A > 0. We call the partition A = (A\1,...,\¢) the type of A. Any
subgroup B of A has type u = (u1,..., i), p1 = -+ > pg > 0, where p; < \; for
i =1,..., k. Moreover, A has a subgroup B of type u such that the factor group
A/B is cyclic (necessarily of order p?, where d := Y (\; — ;)) if and only if the
Littlewood-Richardson coeflicient cf; o is non-zero (see for example 11.4.3 in [21]),
and by Pieri’s rules (see for example 1.5.16 in [2I] ) this happens if and only if the
additional inequalities g1 > A2, p2 > As,, ..., tyr—1 > A hold as well.
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Note that both G and H are the direct products of their unique Sylow subgroups.
Therefore it follows from the above paragraph that the subgroup H is isomorphic
to HX Cpyy @+ -BChy, where 1 <my. | mp_q1 |-+ | my,and m; | n; fori=1,...,r.
Moreover, since G/H is cyclic, for any prime p the factor of the Sylow p-subgroup
of G modulo the Sylow p-subgroup of H is cyclic, so again by the above paragraph

the conditions n;41 | m; for ¢ = 1,...,r — 1 hold as well. This means that the
assumptions of Lemma B hold for the r-tuples (nq,...,n.), (m,...,m,). Thus
by Lemma Bl the inequality (@) holds, which is the same as the desired inequality
in our statement. (]

Given the finite abelian groups G, H, K, there exists a subgroup G; of G such
that G1 &2 H and G/G; = K if and only if there exists a subgroup G2 of G with
G2 2 K and G/G92 = H. Therefore Lemma has its dual form as well:

Lemma 3.3. Let K be a nontrivial cyclic subgroup of G. Then d*(G) > d*(G/K)+
|K|—1, with equality only if rank(G/K) = rank(G) —1, and for some j € {1,...,r}
we have G/K = @,cq1 oy 53 Oni-

Corollary 3.4. Let aq,...,a; be a sequence of elements generating G, and for
i =1,...,k denote by d; the order of a; modulo the subgroup (ai,...,a;—1) (so
dy...dp = |G|). Then d*(G) > Zle(di — 1), with equality only if the multi-
set {ni,...,n.} coincides with the multiset {d;,,...,d; } obtained by omitting all
occurrances of 1 in the sequence dy, . .., dg.

Proof. Apply induction for k. The case k = 1 is obvious, since then G is cyclic
of order di, sor =1, ny = dy, and d*(G) = d; — 1 = ny — 1. Assume next that
k> 1, and set H := (ay,...,a,-1). If H =G, then d, = 1, d*(G) = d*(H), and
the statement follows by the induction hypothesis applied to H. If H is a proper
subgroup of G, then d; > 1. By Lemma we have d*(G) > d*(H) + d — 1,
with equality only if H = ®i6{1,...,r}\{j} Cp, for some j € {1,...,r}, implying also
n; = di. Now we may conclude by applying the induction hypothesis for H and
the sequence aq,...,a5_1. O

We shall use the following terminology. Given an ordered sequence aq,...,ax €
G of elements generating G, any b € G can be uniquely written as

k
(5) b=> lLai, 0<li<di—lfori=1,.. .k
=1

where d; denotes the smallest positive integer d such that da; belongs to the sub-
group {(ay,...,a;—1). Indeed, consider the chain

{0} C {a1) C (a1,a2) C--- C{a1,...,ar) =G
of subgroups. It has cyclic factors of order dy, ..., dg. The factor G/{a1,...,ar—1)
is generated by the coset of ay, hence b+ {(aq,...,ax—1) = l(ar + {a1,...,ax_1)) for
a unique 0 <[ < di — 1. Now continue in the same way with the element b — laj, in
the group (a1, ...,ar—1). We shall refer to (B as the normal form of b with respect
to ay, ..., ax, and we call 2 | (d; — 1 —I;) the deficit of b.

Lemma 3.5. Let ay,...,ax be an arbitrary sequence of elements in G, and denote
by dy. the order of ap modulo the subgroup {(ai,...,ar—1). Then there exists an
m = (mq,...,mg) € Blay,...,ax) such that myp = di, and |m| =mq1 + -+ my <

d*(G) + 1.
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Proof. The group (a1, ...,ar—1) contains dyax. Set m := (l1,...,lx—1,d) where
—dray = Zi:ll l;a; is the normal form of —dyay with respect to a1, ...,ax—1. Then
m belongs to B(ay,...,ax), and |m| < Zf:_ll (di — 1) 4+ di < d*(G) + 1, where the
last inequality holds by Corollary 3.4l O

Lemma 3.6. Suppose that aq,...,ax are distinct non-zero elements in G, and
denote by d; the order of a; modulo {a1,...,a;—1) for i =1,... k. If there is no
m € B(ai,...,ar) such that |m| < d*(G) and my = di, then either k = 1 and
G = (a1), or G = {a1,...,ax—1), the multiset {d1,...,dx—1} coincides with the
multiset {ni,...,n.} (so in particular k — 1 = r is the rank of G), and the deficit
of —ax with respect to ay,...,ar—1 1S zero.

Proof. Suppose that & > 1 and for the m constructed in the proof of Lemma
we have |m| = d*(G) + 1, so

k—1
(6) —dpap =Y _(di — 1)a;
i=1
and d*(G) = Z?Zl(dj —1). Assume first that for some i € {1,...,k — 1} we have
d; = 1. Then a; € (ay,...,a;—1), SO we may write
(7) a; =l + -+ li_1a;1
in its normal form with respect to aq,...,a;—1. Equations (@) and () imply
i—1 k—1
—dgar =Y (dj—1=1l)+ai+ > (dg—1)a,
j=1 q=i+1
Setting m' = (dl —1—11, ey di—l —1—li_1, 1, di+1 —1, ey dk—l —1, dk) we get that
m’ € B(ay,....ax). Moreover, as aq, . .., a; are distinct, we have that Iy +- - -+1;_1 >
2, hence [m/| = Y0 (di — 1) +2 = (i + -+ + Lim1) < Y51 (dj — 1) = d*(G). So
we found an m' € B(aq, ..., ar) with mj, = di and |m/| < d*(G).
It remains to deal with the case when dy, ..., dx_1 are all greater than 1. Suppose

first that H := {(a1,...,a5—1) € G. If d = 1, then (a1,...,ax) = H C G, and by
Lemma [3.5 there exists an m € B(a1,...,ax) with my = dy and |m| < d*(H) +
1 <d*G). If d; > 1 for all i = 1,...,k, by Corollary B4l the equality d*(G) =
Z?:l (d; —1) implies that the multiset {d1,...,dx} coincides with {ni,...,n.}. In
particular, k = r is the rank of G. However, since d; is the order of a;, equation (@)
implies that a; is contained in (as,...,ax). Thus G can be generated by k — 1 =
r — 1 elements. This is a contradiction, so this case does not occur. Finally, if
(ay,...,ax—1) = G, then di = 1, and (6l) becomes —ay = Zf:_ll(di — 1)ay, so the
deficit of —ay, is zero. Moreover, the equality d*(G) = Zk (d;—1) = Zkfl(dj -1)

j=1 Jj=1

implies by Corollary[B4lthat the multisets {ds,...,dy—1} and {n1,...,n,} coincide,
finishing the proof. O
Lemma 3.7. Let ay,....,ar be a sequence of elements of a non-cyclic group G,
and denote by g; the order of a; modulo the subgroup {ai,...,a;—1,@it1,...,0k).
Assume that the following hold:

(a) There does not exist an m = (mq,...,mg) € Blai,...,ax) with |m| <

d*(QG) such that m; = g; for some i € {1,...,k}.
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(b) There does not exist a pair m',m"” € B(a,...,a;) with |m'| < d*(G),
|m”| < d*(G), such that m}, =2 and mf =3 for some i € {1,...,k}.
Then 2 =ngy1 =---=n, wherer =2s orr =2s— 1.

Proof. No element in {ai,...,a;} is zero, since a; = 0 implies g; = 1, and e; €
B(ai,...,ar) where e; is the ith standard basis vector in Z*, hence (a) implies
d*(G) < 1, a contradiction. The elements aq, ..., a; are distinct. Indeed, assume
to the contrary that say a; = ag. Then denoting by d the order of a;, we have that
g1=landm=(1,d—1,0,...,0) € B(ay,...,ax), hence by (a) we have d*(G) < d,
a contradiction (recall that G is not cyclic).

Thus aq,...,ax are distinct non-zero elements of G, and Lemma applies for
them with an arbitrary ordering of the elements in the sequence. In particular, by
condition (a) and Lemma [3.6] the rank of G is k — 1, and any k — 1 of the elements
ai,...,a, generate G. Furthermore, after an arbitrary renumbering of the elements
in the set {aq,...,ax}, the deficit of —ay, with respect to ay,...,ar—1 is 0, and the
multiset {dy,...,dg_1} coincides with {ny,...,n,}, where d; stands for the order
of a; modulo {a1,...,a;—1).

We claim that for any ¢ € {1,...,k} with 2a; # 0 there exists a j # i such that
2a; = 2a;. Indeed, suppose for example that 2a; # 0. Recall that the deficit of

—ayg with respect to ai,...,ax—_1 is zero, so

k—1
(8) —ay = Z(dl — 1)a;.

i=1
Since —ay, # —2ay, the deficit of —2ay, is different from the deficit of —ay, so the
deficit of —2ay is non-zero. Also ay is different from each of aq, ..., ax_1, implying
that the deficit of —2ay is not 1. Consequently, the deficit of —2ay, is at least 2,
hence m' := (I3,...,lx—1,2) where —2ay, = lya; + - - -+ lp—1a;—1 is the normal form

of —2ay, satisfies mj, = 2 and |m/| = 2+ 11 + -+ + lg—1 < d*(G). It follows by
assumption (b) that the deficit of —3ay is at most 2. It can not be 0, the deficit
of —ag, since 2ap # 0, and it can not be 1, otherwise 2aj coincides with one of
ai,...,ax—1, say 2a; = ag, and therefore G = (ag,as,...,ar) = (as,...,ax) is
generated by £k — 2 = r — 1 elements, a contradiction. Thus the deficit of —3ay is
2. There are two possible cases: —3ar = (d1 — 2)a; + (d2 — 2)az + 25;31 (di — 1)a;
or —3a3 = (dy — 3)a; + (d2 — 1)az + Zf:_gl (d; — 1)a; (with a suitable ordering of
ai,...,ag—1). Comparing this with (8] in the first case we deduce 2ax = a1 + aq,
hence —a; = —2ax + as. The latter equality shows that the deficit of —a; with
respect to ag, az,as, ..., ar—1 can not be zero, a contradiction. Thus this case does
not occur. The only remaining possibility is that —3ay, = (d1 —3)as —1—25;21 (di—1)a;
(with a suitable ordering of aq,...,ax—1). Comparing this with () we conclude
2a, = 2a1. So the claim is proved.

It follows from the above claim that the set {2a1,...,2a;} contains at most £
non-zero elements, hence the rank of the group (2a1,...,2a;) = {2a: a € G} is at
most “H1. On the other hand the rank of {2a: a € G} equals [{i € {1,...,r}: n; >
2}|. Consequently we have |{j € {1,...,r}: n; =2} > =51, O

Proposition 3.8. Suppose that G = Cp, ®---®C,,, BCa2@®---DCy wherer = 2s—1
orr =28, 802 = Ngp1 = -+ =Ny, and 2 | ng | ng—1 | --+ | n1. Denote by
€1,y..-y€s, f1,..., fr—s the generators of the direct factors of G, thus the order of e;
isn; fori=1,...,s, and the order of f; is2 for j =1,...,r —s. Set a; = ey,
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azi =€+ fi and agiy1 = fi +eip1 fori=1,...,s =1, and azs = es if r =25 — 1
whereas ass = es+ fs, azs+1 = fs if r = 2s. Then the abelian group G(a,...,ar4+1)
is not generated by {m € B(a1,...,ar41): |m| < d*(G)}.

Proof. The element a is contained in the group (as, ..., a,4+1), whence there exists
an element u € B(ay,...,a,41) with u3 = 1. On the other hand we shall show
that for any m € B(as,...,a,+1) with |m| < d*(G) we have that m; is even,
and consequently w is not contained in the subgroup of G(ay,...,a,+1) generated
by {m € B(ai,...,ar11): |m| < d*(G)}. Indeed, take m = (m,...,my41) €
B(ay,...,ar+1) with m; odd and |m| minimal possible. Consider the case when
r=2s—1, and so d*(G) = ny + --- + ns — 1. The order of as;—1 and ay; is n;,
hence 0 < mg;, mo;_1 <n; — 1 hold for i =1,...,s. We have

2s s s—1

0= Zmiai = Z(m%—l + ma;)e; + Z(mm + mai1) fi-

i=1 i=1 i=1
From the coefficient of e; above we deduce that mi 4+ ms = ni, hence my is
odd. From the coefficient of f; above we infer that ms is odd as well. From the
coefficient of ey above we deduce that ms + my4 = no, and consequently my is
odd. Continuing in the same way and looking at step-by-step the coefficient of

fa,es3, f3,€4,..., fs—1,€s we arrive at the conclusion that ms;_1 + ms; = n; for all
i=1,...,s, whence |m| =37 (moi—1+me) =0 1 ni > (X i n)—1=d*(G).
The case when r = 2s is similar. (I
Proposition 3.9. Let ay,...,ar be a sequence of elements of G.

(i) The abelian group G(a1,...,ar) is generated by {m € B(a1,...,ax): |m| <
d*(G) + 1}.

(ii) If r > 1 and nsp1 # 2 where r = 2s or r = 2s — 1, then G(ay,...,ax) is
generated by {m € B(as,...,ar): |m| <d*(G)}.

Proof. (i) Take an arbitrary u € G(aq,...,ax). Since uxar = — Zi:ll u;a; belongs
(ay,...,ak—1), there exists an integer Iy such that uy = l;dy, where dj, is the order
ax, modulo (ay,...,ar—1). By Lemma 3.5 there exists an m e B(ai,...,ax) with
ml(:) = dy and |mM| < d*(G) + 1. Set v/ := u — lym). Then u} = 0, so v’
belongs to G(ay,...,a;—1) identified with the subset {m € G(ay,...,ar): my =
0} in G(ay,...,ar). Repeat the same step for u/ to obtain I € Z and m® ¢
B(ai,...,ax_1) such that |[m®| < d*(G) + 1 and v’ — lam® € G(ay, ..., a5 2).
Continue in the same way, eventually we get that
k

u= Zlim(i) where m® € B(ay,...,a;), |mP|<d*(G)+1forie{l,... k}.
i=1
(ii) We slightly adjust the poof of (i). By our assumption on G, it follows

from Lemma [B.7] that after a possible reordering of the elements ai,...,a; and
denoting by g the order of a; modulo (aq,...,ar_1) at least one of the following
two possibilities holds:

(a) there is an m € B(aq, . ..,ax) with |m| < d*(G) and my = gx;

(b) there are m/,m"” € B(ai,...,a) with [m/|,|m"| < d*(G) and m) = 2,

mj = 3.

Now take an arbitrary v € G(ai,...,ar). We have uy = lgi for some | € Z.

Set u' := u — Im if (a) holds and v’ := uw — I(m” — m/) if (b) holds (note that



12 M. DOMOKOS

in this case necessaily g = 1). Then u’ belongs to G(a1,...,ax—1). Continue
in the same way with the sequence ai,...,a;x-1 and v’ € G(a1,...,ax—1). In k
steps we get a presentation of u as an integral linear combination of elements from
{m € B(a1,...,ax): Im| < d*(G)}. O

Theorem 3.10. For any finite abelian group G we have the inequality

with equality holding if and only if G is cyclic or 2 = ngy1 = -+ = n, where
r=2s—1 orr=2s.

Proof. Proposition3.9l (i) and Corollary 2.6 imply the inequality Ssep(G) < d*(G)+
1. Furthermore, if G is not cyclic and nsy1 # 2 where r = 2s or r = 2s — 1,
then by Proposition (ii) and Corollary we even get the stronger inequality
Buap(G) < ¢ (G).

For a cyclic group G any faithful 1-dimensional G-module V' gives Bsep(G, V) =
|G| = d*(G) + 1. Suppose finally that 2 = ns4qy = --- = n, where r = 25 — 1
or r = 2s. By Proposition B8 and Corollary we conclude SBsep(G) > d*(G).
Summarizing, for these groups G we have the equality Ssep(G) = d*(G) + 1. O

Corollary 3.11. We have the strict inequality
Peep(G) < B(G)
for any non-cyclic finite abelian group G with ne11 # 2, wherer = 2s—1 orr = 2s.

Proof. Theorem [3.10 for a non-cyclic G satisfying ngy1 # 2 together with ([B]) and
@) yields the inequalities

Beep(G) < d*(G) < d*(G) +1 < D(G) = B(G).
O

Remark 3.12. Since for a finite abelian group G with ngy; = -+ = n, = 2 we have
Bsep(G) = d*(G)+1 by Theorem [B.10] therefore for such a group we have B, (G) <
B(G) if and only if we have the strict inequality d*(G) +1 < D(G). A complete
description of the groups G with ng41 = -+ =n, = 2 and D(G) > d*(G) +1 is not
known. On the other hand there are infinitely many known examples of groups G
where ns11 = -+ = n, = 2 both with equality d*(G) + 1 = D(G) and with strict
inequality d*(G) + 1 < D(G), see for example Corollary 2 in [I2] or Corollary 4.2.3
in [13].
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