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Abstract. In this paper, we introduce and investigate a new subclass Jf’g’p (4; ®) of analytic and
bi-univalent functions in the open unit disk U. For functions belonging to this class, we obtain
estimates on the first two Taylor-Maclaurin coefficients |az| and |a3].
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1. INTRODUCTION

Let 4 denote the class of all functions of the form
o0
f@=z+) anZ" (1.1)
n=2

which are analytic in the open unit disk
U={z:zeC and |z|<1}.

We also denote by & the class of all functions in the normalized analytic function
class # which are univalent in U.

Since univalent functions are one-to-one, they are invertible and the inverse func-
tions need not be defined on the entire unit disk U. In fact, the Koebe one-quarter
theorem [7] ensures that the image of U under every univalent function f € § con-
tains a disk of radius 1/4. Thus every function f € s has an inverse f !, which is
defined by

T f@)=z (zeU)

and

FU ) =w ('“"“"‘f” ”’(f)zi)'
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In fact, the inverse function f —1ig given by
S W) = w—ayw? + (2a3 —a3) w — (543 — Sazaz + ag) w* + -

Denote by f * @ the Hadamard product (or convolution) of the functions f and
O, that is, if f is given by (1.1) and ® is given by

O@) =2+ buz"  (bn>0), (12)
n=2

then
oo
(f%0)(2) =2+ ) anbp". (1.3)
n=2
For two functions f and @, analytic in U, we say that the function f is subordin-
ate to ® in U, and write

f@)=0@) (zel),
if there exists a Schwarz function w, which is analytic in U with
w(0)=0 and lw(z)| <1 (ze€U)
such that
f@)=0((@) ((el).
Indeed, it is known that
f@)=<0(@z) (zel)= f(0)=060(0) and [f(U)cOD).

Furthermore, if the function @ is univalent in U, then we have the following equival-
ence

f@)<0(@z) (zel)& f(0)=0(0) and f(U)cO).

A function f € s is said to be bi-univalent in U if both f and f~! are univalent
in U. Let X' denote the class of bi-univalent functions in U given by (1.1). For a brief
history and interesting examples of functions in the class X, see [13] (see also [2]). In
fact, the aforecited work of Srivastava et al. [13] essentially revived the investigation
of various subclasses of the bi-univalent function class X in recent years; it was
followed by such works as those by El-Ashwah [8], Frasin and Aouf [9], Aouf ef al.
[1], and others (see, for example, [3-06, 10—-12, 14]).

Definition 1. Let the functions /, p : U — C be so constrained that
min{R (7 (2)),R(p()}>0 (zeU) and h(0)=p(0)=1.

Also let the function f, defined by (1.1), be in the analytic function class 4 and let
® € X¥'. We say that

feHEP(:0) (A=1)
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if the following conditions are satisfied:

(f *0)(2)
z

feX and (1-1) FA(f*0) () eh(U) (zeU) (1.4

and

-1
(AL

ta(r=0) wep) wev). @13
where the function (f % ®)~! is defined by
(f*O) 1 (w) = w—arbrw? + (2a3b3 —aszbz) w?
— (5a3b3 — 5azbrazbs + asbs) w* + - . (1.6)
Remark 1. If we let

o)
Z
@(z)z:=z+21",
n=2

then the class Jfg’p (A; ®) reduces to the class denoted by S(S’g’p (A) which is the
subclass of the functions f € X satisfying

f (@)

<

(I1=2) +Af"(z) € h(V)

and
-0 gy e p ),

where the function g is defined by

g (W) = w—arw?+ (2a3 —az) w> — (5a3 — Sazaz +as) w* +--. (1.7)
This class is introduced and studied by Xu et al. [15]. Also we get the function class

el (1; 1ZTZ) — el
introduced and studied by Xu et al. [14].
Remark 2. 1f we let
h(z) = (i)a and p(z)= (5)“ O<ac<l,
-z l1+z

then the class Jfg’p (A; ®) reduces to the class denoted by Bx (&, «, L) which is the
subclass of the functions f € X satisfying

arg{(l—x)w“(ﬂ@)’(z)} < “7”
and .
arg§(I—A)W—i—k((]’*@)_l),(w)} <=
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where the function ( f * @)~ is defined by (1.6). This class is introduced and studied
by El-Ashwabh [8]. In this class,
(i) if we set

O(z)= — =
(2) 1 z+nX;z,

then the class By (®,«, A) reduces to the class denoted by B x (¢, A) introduced and
studied by Frasin and Aouf [9]. Also we have the class

By (@.1) = HS

introduced and studied by Srivastava et al. [13].
(ii) if we set

O(z)=z +Zmaz )

then the class By (0,,1) reduces to the class denoted by 7 [a1 b1, a,A] intro-
duced and studied Aouf et al. [1].

Remark 3. If we let

ho= 0w =02 pan,

then the class %g’p (A; ®) reduces to the class denoted by B x (®, 8, 1) which is the
subclass of the functions f € X satisfying

(f *0)(2)
e

Eﬁ{(l—/\) —i—k(f*@)’(z)} > f

and

~1
(f *0) (w)Jr
w

9{{(1—1) A((f*@)_1>/(w)} > B,

where the function ( / % @)~ ! is defined by (1.6). This class is introduced and studied
by El-Ashwah [8]. In this class,
(i) if we set

()(z)— —z+Zz,

then the class B x5 (®, B, A) reduces to the class denoted by 85 (8, 1) introduced and
studied by Frasin and Aouf [9]. Also we have the class

By (B.1) = Hx(B)

introduced and studied by Srivastava et al. [13].
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(ii) if we set

ot

(
O)=z+ —z",
22 (1) (by)y 1!
then the class By (6, 8, 4) reduces to the class denoted by ’];IES [a1;b1, B,A] intro-
duced and studied by Aouf et al. [1].
2. A SET OF GENERAL COEFFICIENT ESTIMATES

In this section, we state and prove our general results involving the bi-univalent
function class Jf;’p (A; ®) given by Definition 1.

Theorem 1. Let the function f (z) given by the Taylor-Maclaurin series expansion
(1.1) be in the function class

HEPQ0) (A=)

with
o0
OeX and O@)=z+)y bpZ"  (ba>0).
n=2
Then
[N [’ (0)]> + | p’ (0)? |h” (0)|+ | p" (0)]
as| < —min 2.1
a2 = 3 \/ 2(1+ )2 4(1+22) 21
and
1 / 2 / 2 " " "
) < L mind WOPHP OF W OL+1p" O O]
b3 2(14+2) 4(1+221) 2(1+22)

Proof. First of all, we write the argument inequalities in (1.4) and (1.5) in their
equivalent forms as follows:

(I—A)w+k(f*(~))’(z)=h(z) (ze )

and

* @)1 ’
102 (reoy ) )= pw) wew).

respectively, where % (z) and p (w) satisfy the conditions of Definition 1. Further-
more, the functions % (z) and p (w) have the following Taylor-Maclaurin series ex-
pansions:

h(z) = 1+hiz+hyz?+--
and
p(W) =1+ prw+ pow? +---,
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respectively. Now, upon equating the coefficients of

1-10E2E 4 0y @

with those of % (z) and the coefficients of

(f*0) " (w) “1y
(-2 (o)) )
w
with those of p (w), we get
(14+A)b2az = hy,
1+ ZA) bzaz = h»,
—(1+A)braz = p1
and
—(1+2X)bzaz +2(1 +2X)b3a3 = p,.
From (2.3) and (2.5), it follows that
hy=-p1
and
2(14 A)2b2a2 = h? + p2.
Also from (2.4) and (2.6), we find that
2(142X)b3a3 = hy + ps.
Therefore, we find from the equations (2.8) and (2.9) that
agf < WOF +17 OF
T 2(14+0)%h2

and

aa|? < |h" (0)| +|p" (0)]
= 414243

’

(2.3)
2.4)
(2.5)
(2.6)
2.7)

(2.8)

(2.9)

respectively. So we get the desired estimate on the coefficient |as| as asserted in

@2.1).

Next, in order to find the bound on the coefficient |a3|, by subtracting (2.6) from

(2.4), we obtain
2(1+2X)bsaz —2(1 +21)b3a3 = hy — py.

Upon substituting the value of a% from (2.8) into (2.10), it follows that

43 = h3 + p3 ha — p> .
2(1+1)2%b;  2(1+20)bs

(2.10)
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We thus find that
as < WOEL I OF | 1O+ 1p" O
T 2(141)%bs 4(1+21)b3

On the other hand, upon substituting the value of a% from (2.9) into (2.10), it follows
that

B A 20)bsy
Consequently, we have
"
asl = A OL_
2(1+24)b3
This evidently completes the proof of Theorem 1. g

Remark 4. If we take
Z
@ = — = n
() —= z+n§2z

in Theorem 1, then we have the estimates obtained by Srivastava et al. [12, Corollary
1] which is an improvement of the estimates given by Xu et al. [15, Theorem 3]. In
addition the above condition on @, if we set A = 1, then we get [ 14, Theorem 3].

If we let
1+z\“ 1-z\*
h(z) = (i) and p(z) = (—Z) O<a<l
l—z l1+z
in Theorem 1, then we have Corollary 1 below.

Corollary 1. Let the function f (z) given by the Taylor-Maclaurin series expan-
sion (1.1) be in the function class

Bz (O,a,1) A>1,0<a<1)

with
o0
©eX and  O@) =z+) buz"  (ba>0).
n=2
Then
2a
{ T4 ) A>1+42
|a2|§b—
2 Zoa , 1=A<1+42
and
202
las| <

= (0 +20)b3
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Remark 5. Tt is easy to see, for the coefficient |a|, that
200 200

<
A Ja+ v (1421 -22)

(0<a§1,,\21+ﬁ)

and
J—2 o< 2 (0<a<1.1<a<1+v2).
P2 Jae ) va(1+21-12)

On the other hand, for the coefficient |a3|, we have

202 - 2
14210 ~ 1424
4o 2
< ®  0<a<1,A>1).

+
(1+1)% 1422

Thus, clearly, Corollary 1 is an improvement of the estimates obtained by El-Ashwah
[8, Theorem 1].

Remark 6. (i) If we take
Z
(2) - z +nE:22

in Corollary 1, then we have an improvement of the estimates obtained by Frasin and
Aouf [9, Theorem 2.2]. In addition the above condition on @, if we set A = 1, then
we get an improvement of the estimates obtained by Srivastava ef al. [13, Theorem
1].

(ii) If we take

oo

_ (@)n-(aq), 1 _,
OO =24 2 Gy o), 1

in Corollary 1, then we have an improvement of the estimates obtained by Aouf et al.
[1, Theorem 4].

If we let

% and p(z)=% 0<p<1

in Theorem 1, then we have Corollary 2 below.

h(z) =

Corollary 2. Let the function f (z) given by the Taylor-Maclaurin series expan-
sion (1.1) be in the function class

Bx(©,8,1) A>1,0<B<1)
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with
o0
OeX and O@) =z+» baz"  (ba>0).
n=2
Then
wf < Lmnl20=8) 208
2= 5, 1+2 "\ 1421
and
3] < 2(0-p)
_(l+2)\)b

Remark 7. Corollary 2 is an improvement of the estimates obtained by El-Ashwah
[8, Theorem 2].

Remark 8. (i) If we take
O(z) = 1— =z-+ nX;z

in Corollary 2, then we have an improvement of the estimates obtained by Frasin and
Aouf [9, Theorem 3.2]. In addition the above condition on @, if we set A = 1, then
we get an improvement of the estimates obtained by Srivastava et al. [13, Theorem
2].

(ii) If we take

(al)n : ) 1 n
ek = Z(bnn AT

in Corollary 2, then we have an improvement of the estimates obtained by Aouf et al.
[1, Theorem 8].
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