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Abstract. In this paper, we introduce the multivariate Bernstein-Schurer-Stancu operators. Then,
we state the Volkov-type theorem and investigate the order of convergence by means of modulus
of continuity and by Lipschitz class functionals. Moreover, the inverse theorems are studied for
the multivariate Stancu variant of Bernstein operators.
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1. INTRODUCTION

The celebrated Bernstein polynomials [16]

no=31(%) (Z)x" (1-vf.  xe1]
k=0

have been the most attractive approximating operators which were studied by various
mathematicians and have many applications in mathematics, physics, engineering,

economy, etc (see [3], [4], [7], [8], [O), [1OL,[1 1], [12], (141, [15], [17], [18], [19],
[20], [21], [23]) .
In the year 1962, Schurer [22] defined the Schurer operators as:

facy k n+p\ k n+p—k
Bn,p(f;x)=§:f() PPkt e
k=0

n
We should notice that if p = 01in (1.1), we have By 0 (f;x) = Bn (f:x).
On the other hand, Barbosu [ 1] estimated the Schurer-Stancu operators as:

n+p
(S ) =31 (Ha)(nw)xk(l—x)”*”"‘, xelo1] (12
k=0

n+p k
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where « and B are real parameters such that 0 <« < 8 and p is a fixed non-negative
integer.
Letting « = 8 = 01in (1.2), we have

(S0 1) () = Bup (f3).

Afterwards, Barbosu introduced the bivariate operators of Schurer-Stancu type in [2]
as:

S (@1,02,81,8) NN (ke jtaz) (ndp)(m+q
szt ) en= X grmia ) U I

k=0 j=0

X)Ck (1 _x)l’l+p—k yk (1 _y)m+q—j ,
(1.3)

where m, n € N, p,q € Ny and «y, 81,2, B2 are real numbers which satisfy the
conditions 0 < a1 < 81 and 0 <@y < B3 and (x, y) € [0, 1] x [0, 1]. Then he obtained
the Volkov-theorem (bivariate Bohman-Korovkin theorem) and studied the order of
convergence of these operators by means of the first modulus of continuity for two
variables functions. It should be noted that, taking p = ¢ = 0 in (1.3), we get the
operators investigated in [5].

In 2008, Biiyiikyazic1 and Ibikli introduced the multivariate generalized Bernstein
polynomials [6] as:

n k km m ) n—k:
By (fiXt,oXm)i= Y f(ia)ﬂ[(,?])xfj (1-x)) k’}
J

k1o k=0 =1
(1.4)

where (b,) is a sequence of positive numbers such that lim b, = coand lim bn —
n—0o0 n—0o0

1. Then, they studied direct and inverse theorems for the multivariate generalized
Bernstein operators.
We organize the paper in the following way:

In section two, the multivariate Bernstein-Schurer-Stancu operators are introduced
and the moments of the operators are calculated. In section three, the Volkov-type
theorems are obtained. In section four, we give quantitative results for the error in
terms of the modulus of continuiy and the Lipschitz class functionals. In section five,
we study inverse theorems of the multivariate Bernstein-Schurer-Stancu operators.

2. CONSTRUCTION OF THE OPERATORS

We introduce the multivariate Bernstein-Schurer-Stancu operators by

Br(l(’)l;,...,ﬂtm) (f;xl,...,Xm) (21)
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n+p m
k14 km—l—am) n+p\ k; n+p—k;
= § : e | | X7 (1—x; !

ki,..., k=0

where @ = (a1, ...,0,) be m-tuples real parameters satisfying the conditions «; > 0
(i=1,...,m), f be a continuous function on D? := ®}":1[0,p + 1], for fixed
p € Ng and (b,) is a sequence of positive real numbers satisfying

(1°) Foreachn € N, n +max{ay,--- ,am} < by,
. by
(2°) lim — =1.
n—oo n

It is clear that B,(f},""’a’”) :Crm (D?P) — Cgm (DO). Note that, if we choose p =0
and o = (1,...,0,) = (0,...,0) in (2.1), we get the operators in (1.4).
In giving the approximation properties of the operators
B,S"‘;, """ om) (f;x1,...,Xm), we need the following lemma:

Lemma 1. Let B,S"‘;, """ om) (fix1,...,Xm) be given in (2.1). The first few moments
of the operators are

DB (L X1 oo Xm) = 1,

n—+ o
ll)B(al’ ’a’”)(tj;xl,...,xm)= P /

—X'—i-—! . (J=12,....m),
iii)B,(f,’;,"“’“”’) (|t|2 ;xl,...,xm)

(n+p? o n+p _, lel®> n+p
= b2 x|”— 2 b2 + b2 Z?:o(ZOtj#-l)xl

2
lv)B(Oll, 0m) ((t—X)Z;X1,.-.,Xm) — ((n;p _1) _nl;i_zp) |X|2
n

2
n-+ aj
+Z —l|: p(2a]+l) 2b ] Xj |b|2 .] :1’2’“_’m)’

where |x| = Zizlxi’ t| = Zzzltl’ la| = lelai'

Pmof i) Itis clear that B,S"‘;, """ om) (I;xq,....,xm) = 1.

n+p m
kj ; ,
= E (—j;_aj) | | |:(nl-:p)xlkt (l_xi)n+P—kii|
n i=1 i

K1seoskm=0

n+p m
ki ) . i
_ nZ-P Z J [(”;P)xl{c, (l_xi)n+p—k,i| +Zi.

" k1,...,km=0n+pi=1 ! n




1076 MEHMET ALI OZARSLAN AND TUBA VEDI

Then after some straightforward calculations, we obtain the result directly.
iii) Using the operator B,E"‘;, """ om) (fix1,...,Xm), we have

B,(,‘f‘ll, """ “’")(|t|2;x1,...,xm)

n+p k2 m
(n—i-l?) Z Z ( J ) U |:(”l‘:ip)xlki (l—xi)n+p_kii|

J=1ki,...k;n=0 (n+p)
+p m 2
z(n+p)Z ”Z ( kj )1—[|:(n+p) y S
- . X' (1=x;) B e
Pl Saragne Uiy Vs WY by
Since |x| = Y /L, x; and |&| = )/~ o; then we have
B,g‘j‘l‘, """ om) (|t|2;x1,...,xm)
(n+p)? n+p @ n+p <
= ,,—2|"|2 b2 T 2 > (205 +1)
n n nooi=1
Then, the proof is completed.
iv) Using (i), (ii) and (iii) we have
B,(,‘f‘ll,"“’“’") ((t—x)2 ;xl,...,xm) = B,E‘f‘ll,""’“’") <|t|2;x1,...,xm)
m
—2B,$‘f‘l‘, """ om) Zthj;xl,.. , Xm +B(“‘ """ om) (|x|2;x1,...,xm)
Hence, we get the desired result. g

3. VOLKOV-TYPE APPROXIMATION

In this section, the Volkov-type approximation theorem is proved for the operators

B,(fll,"“’a’") (fix1,....,xm). Let Cgm (DO) be a linear normed space endowed with
the following norm

¢!l cgm (Do) = X g (X1.X2,...,Xm)].
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We will use the following Volkov-type approximation theorem to give our main res-
ults of this section.

Theorem 1 ([13]). Let T,, : Crm (DO) — Cgm (DO) be a sequence of linear pos-
itive operators. If the following (m + 2) conditions are satisfied

nlggo ”Tn(l;x)_l”C[Rm(DO) =0, (3.1)
Jim [T (tj:%) =% [ ¢y (poy =0 (F =1.2.....m) 3.2)

lim ‘
n—>0o0

T (1) = x| =0, (33)

Crm (DO)

where t = (11,...,tm), X = (X1,...,Xm), then for any function f € Cgm (DO), we
have

1T (f5) = F Ol cgon (p0) = 0, 12 = 0.

Note that, similar theorem can be stated for the operator
Ty : Cgm (D?) — Cgm (D).

Theorem 2. Let the sequence of real numbers (by) satisfies (1°) and (2°). For all
f € Crm (DP), B(O”’ @) (f:x1,...,Xm) is uniformly convergent to f asn — oo.

Proof. Using Lemma 1 and taking into account (1°) and (2°), we have

B(Oll, 0m) 1; -1 ,
H o=t (DY)
: (0] 5eees am) _ -
nlgl;O”B 1 (tj:x)—x; C[Rm(DO)_O’ (j=12,....,m)

1 HB(al ..... ) t _

im (e R P
Thus, the conditions (3.1), (3.2) and (3.3) are satisfied and the proof follows from
Theorem 1. ]

Remark 1. If we choose m = 2 in (2.1), the multivariate Bernstein-Schurer-Stancu
operators for f(x1,x2) have the following form:

n+p n+p
ki+ar ko+a n+ n+
B;S(fll)’az)(f;xLxZ) Z Z f( 1 1 zb 2)( klP)( kzp) (3.4)
n

k1=0k>=0

x xll (1 _xl)n—i-p—kl x12€z (1 _x2)n+p—k2 ‘

Furthermore, we set the following,
f (x1 s )Cz) = COS()Cl X2),

bp=1/(log(n+ p+1)—Ilog(n+ p))
n =5,10,30,60,80,100,
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p = 1’2’374’5»6’

1 1 1 1 1 1
01 =0 = ——, =, ==y == = =<

in (3.4). According to the above parameters, the convergence of
B,(,(f;’”) (f;x1,x2) to f is shown in Figure 1.

convergence of multivariate Bernstein polynomials with two variables

0.95
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& 0754
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FIGURE 1. The convergence of multivariable Bernstein-Schurer-
Stacu operators with two variables

Remark 2. If we choose m = 3 in (2.1), the multivariate Bernstein-Schurer-Stancu
operators for f(x1,x2,x3) have the following form:

B{®3 2> (f:x1,x2,X3)

n+p n+p n+p (

2.2. 2./

k1=0k>=0k3=0
X x]fl (1 —xl)'“Lp_k1 x§2 (1 —xz)"ﬂ’_k2 x§3 (1 —x3)”+p_k3 ) (3.5)

Moreover, let us choose

£ ) N (-2 (k) )
X1,X2,x3) = x1—= Xy — — x3—=| —=,
1,X2,X3 173 273 373 5

bp =1/(og(n+ p+1)—log(n+ p)),

ki+a1 ko+ar ks +as n+p\[(n+p\[(n+p
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n =5,30,60,80,
p=1,
1 1 1 1
a1:a2:_7_7_’_
100°90° 80" 70

in (3.5). According to the above parameters, the convergence of

B,ﬁ‘f‘;,’“z’“” (f;x1,x2,,x3) to f is illustrated in Figure 2.

L

i,

i
%

/
i

FIGURE 2. The convergence of multivariable Bernstein-Schurer-

Stancu operators with three variables

4. RATE OF CONVERGENCE

1079

In this section, we study the order of convergence of multivariate Bernstein-
Schurer-Stancu operators by means of modulus of continuity and Lipschitz class

functionals.

Firstly, let us recall the definitions of modulus of continuity and partial modulus of

continuity, recpectively.
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The full modulus of continuity of the function f € Cgrm (D?) is defined by
w(f;6):= max [ f Xty Xm)— F U1y, Ym)|
VA (xj=v;)’<8
j=
(X1505Xm)s V150, ym)EDP

where f € Crm (D?) and 6 > 0. For each fixed i = 1,...,m, the partial modulus of
continuity of f with respect to x; is defined by

w®(f:8):= max max
0=x1,...,xm=<1 |x;—y;|<8
x;,yi €[0,1+ p]

|/ (ete e Xim X X1, Xm) — f (X1 Xi 1 Vi X1, Xm) |-
Furthermore, it is well known that
Sli_lj})w (f:8)=0
and for any A > 0,
w(fiA8) = A+ Do(f:0). 4.1

Note that the same properties are satisfied by partial modulus of continuities. Our
quantitative results in terms of full and partial modulus of continuies are presented in
the following theorem.

Theorem 3. Let f € Cgm (DP), then for all x = (X1,...,Xm) € D, the following
inequalities

i)

i) Bty (1 - £ 0] <2300 (V80 w0) @)
i=1

holds, where

_ n+p_1 2_n+p
B bn b2

2 2
; n+p n+p n+p o o
8,(,’>(x,-)=(( P —1) -0 )x?+[ - (2ai+1)—2i:|xi+b—’2.

n n n

8n (%)

“[n+p o; lor|?
) |X|2+Z |:b—2 (2()[] + 1)—2&])@ +b—2
j=1- n

n

Proof. i) From (2.1) we get
By (%)= f (%)
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n+p
() )

ki,..., k=0

)]

then
BEy ) (f:%)~ f ()|
n+p
k1+011 ko, +a
N~
ki,....k;=0
m
1—[ {(n'i‘p)xkj (l_xj)n'f'p—kj}
> kj J
j=1
n+p m 2\ m
ki +a; n+p\ k +p—k;
< > olf: Z(lb l—xi) 1_[|:( s )xj"(l—xj)n P ’:|.
k1seoskm=0 i=1 n j=1 J

Then by using (4.1), and then applying Cauchy-Schwarz inequality, we get

Br(gp}”am) (fvx)—f (X)’ < a)(fygn(x))

1 T kit )
A s o ® ¢ 2 ;( b _xi)

=w(f;0n(x))+ %(ZZ)(X)) (Brgtzt;),...,am) ((t—X)Z ;X))l/z‘

By choosing

Sn (X) 1= \/B,(,‘f‘;,""’“’”) ((t—x)2 ;x),

then we can write the following inequality

B (%0~ f )] =20 (316, 9).

ii) In a similar manner, we can obtain the inequality (4.2). ]
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Now, we want to give the quantitative result in terms of the Lipschitz class func-
tionals. It is known that f € D? belongs to Lipas (y) if

m y/2
f®-fWl=M (Z(xi_Yi)z)

i=1

and f € Lipp (Y1,....Ym), if

,m
i=1

where 0 <y <landO<y; <1(=1,2,....m),x=(X1,....Xm), Yy =V1s.-., Ym).

Theorem 4. Forall f € Lipp (y), we have
2
n+p n+p
B (fix)— £ (90| = M —1) R

bn b2

v/2

N [n+p @) s
+> = (2a,,-+1)—2E 5+

j=t- n

Theorem 5. Forall f € Lipy (Y1,...,Ym), we have

m 2
B (£ = (%)] < 3O M, (((’jp _1)

i=1
n
|

Remark 3. In Table 1, the error of approximation of the function f (x1,x3) =

cos(x1x) by the B,E‘Z‘I',’az)

i/2
TP (g +1)— 2% ot "
b2 ' bo | b2 '

(f;x1,x2) is given, where we choose
1 1 1 1 1

alphay = as
and b, =1/ (log(n + p+1)—log(n + p)).

TABLE 1. Error estimation table for full moduli of continuity

(for p=1) n =20 n =30 n=>50 n =100 n =150

x1 =x2=0.1 | 4.4180e-005 | 2.8893e-005 | 1.7007e-005 | 8.3609e-006 | 5.5395e-006
x1 =x =0.25 | 1.5877e-004 | 1.5877e-004 | 1.5877e-004 | 8.0214e-005 | 5.3661e-005
x1 =x2=0.5 | 3.8730e-005 | 2.9857e-005 | 2.0044e-005 | 1.0882e-005 | 7.4546e-006
x1 =x2=0.75 ] 0.091 0.0630 0.0039 0.0020 0.0013

x1 =x2=0.99 | 0.0356 0.0246 0.0152 0.0770 0.0520
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5. INVERSE THEOREMS

In this section, we obtain the inverse theorems of multivariate Bernstein-Schurer-
Stancu operators.

Theorem 6. If f € Crm (D?) such that

for some positive constant M, then f € Lipp ().

Proof. For fixedi = 1,2,...,m, taking partial derivative of (2.1) with respect to
Xx; we get

aB,«(la’} ..... dm)(f X1yeeur X ,---,xm)
Bx,-
BXz kl, ’km—() bl’l bn

Hm n+p\ k +p—k

. nt ks
X' 1[( kj )ij (=) ’ j:|
]=

K ”i’ f(k1+a1 kit km—l—am)

Ox;i P — b b b
n+rp\ & “l(n+p\ & Fp—k
ki (1 — x.yrtp—ki (] —x ) TP
(e }H[( -
J#
_nif’ ’g) ¥ ki+or  kitai  kmtom
B bp 7 by T by

ki=1ky,..., ki—1.kit1....km=0

(n+ p)! ki_1 n n+p\ k; n+p—k;
T T T AU A HK ki )xj (=)™ }
/#l

n+p—1 n+
P 4 ki+ o ki + o km + am
— E E f bn Lo, bn oo, bn
ki=0 ki,..ki—1,kit1...km=0
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(n+p)!

—k;— n+p\ k; ok
Tt p—f =i A" T[K )x/(l—xj)” ! }

kj
1#1

n+p—1 n+p

=) 2 f(’“*"” Lt e km+am)

b ’ b 9 9 b
k;=0 kl,...,kl’_l,ki+1...,km=0 n n n

(n+p)(n+p—D! g, it pi—ki-1 n+p, k ntpi—k;
AL Di— 1—x; j—Kj
T+ p—ki =D ( l—[ 7 (1—-x;)

Hél

n+p—1 n+p

Yy f()

b b, = b
k;=0 k],...,ki_l,ki+1...,km=0 n n n

(n+p)(n+p-—D! g, ot pi—ki=1 n+p kA n+p—k;
(11— Pi— (1 — x il
Tt p—kr 1 ¢ 1—[ (1-x;)

Hél

Now, we get

aBr(l‘il;w-ﬂm) (f’ X)
0x;
n+p—1 n+p

=(+p) ) >

ki=0 ki,..ki_1,kiy1...km=0

bn by 7 by
_f k1+0‘1 L kitai | kmtom
by by T by
(n+p—1)! i yrtp—ki=1 ”+P ki n+p—k;
kit p—ki -t 7 1_[ j (=)
J?él

Then, by triangle inequality,

axi

n+p—1 n+p

<(n+p) Z Z

ki=0 ki,..ki—1,kit1,...km=0
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k1+051 ki+1+a; km + am
bn bn
kl +011 ki +a; km +am
_f

(n+p—1)! ki n+p —ki—1 ”+P kj \n+p—k;
in!(n-i-p—ki 1 (1=xi) l_[ v (1) L

J #l
Using (4.2), we have

Bx,-

n+p—1 n+p
<(n+p) Z 2 ")(f 1) ntp— L)

| — 1)
_0 k17 7kl lakl—‘rl 7km_0 k (n+p k 1)

ki ki— n+p\ k; +p—k;
xx; 7 (1—x;)" P 1H|:< K )xj’(l—Xj)n P ’i|

Jj=1
J#
n+p—1
(n+p—D! n+p—k;—1
=(n+p Y. (’)( ) , ”’(1 X))
oo ki'n+p—ki—1)!
) n+p—1
<(n+p o (f:8) Y
ki=0

1 (n+p—1)! n+p—ki—1
(5 ) v sy gy a7

. 1 ; n—+p
— @) N1+ — = @) -5 .
O 1 gl =00 o s p+ 22
For any pair of points x, y in [0, 1], we can write
y aB(al,...,am) : ) y
[P s o i ]
x dox; §bn ) Jx

8B'(l(j(ll’,,(xm) (f, X)

0x;

r

dx; < w<">(f;8)|x—y|{ ””}.

8by,
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By choosing §, := s we obtain
nr—p
y aB(‘xla"'aam) : . 1
f n.p VX)) <o (F18)x—yd L4221 (5.1)

Then the sequences §, decreases to zero as n — 00. Also 6,—1 < 26, is satisfied for
n =2,3,---. Hence for a given 0 < § < 1 there exists n € N such that

811 = ) =< 811—1 =< 28n- (5-2)
Using (5.2) in (5.1), we have

[

On the other hand, since we have

lf ) —=f W= &)= f1,x2,...,xm)|
+1f x2, o xm) = f (V1 Y2000 Xm) |+
HIf Ot Ym=1s- s Xm) — f (V)]

ntp
b

n

dx; < {2+ } %w(f>(f;8)|x—y|. (5.3)

0x;

and

‘f(yl,xz,.. S Xm) — B(O“’ ’“’”)(f;yl,xz,...,xm)‘
/y1 9
_|_ -
X1 8x
LS V1, x2, s Xm) — f (D1, Y2, X3, Xm) |

< ‘f (V1.X2. .. Xm) — BEL=m) (f: 1, x5, ,xm)’

(al, ,Ulm)(f X, x2’,,.,xm) dx,

0

_B(Otl, ,Otm)(f V1aXseons Xm)

d
ax o

2
+/
X2

L f 1. Y20 Xm) = f (V1,920 Ym)]

‘f(yl V2o Ym) — B(O”’ ’am)(f:yhyz,---,ym)‘
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Ym
“
Xm

we get, for all fixedn € N
|f &)= f G1eee ym)]
=|r G- By (113

)f(yl,XZ, xm) B(al ,,,, am)(fa)’l,XZ,,xm)’

dx

—B,S‘j‘l‘, """ ) (f1Y1, Y200, %)

| 01z xm) = B (f1 31,320 m)|

£ 0172 xm) = BE D (i1 2 m)|

Y1| 9 @ o)
-I-/ aBn’I‘, """ M (fix, X2, Xxm)|dx (5.4)
x1
2|9
+/ —B("”’ ’“’")(f V1. X,oo Xm) | dx
x, |0X
3 @)
+...+/ aBn,p ..... " (f?yl,YZ,---,x) dx' (55)
Xm
Using (5.2) and (5.3) in (5.5), we obtain
1/2
- 2
- f(y)|<2mM8y+Z(2+—) o (0 S (-m)?]
i=1 n j=
1/2
n+p\m “
§2mM5”+(2+ b )Ew(f;(ﬁ) Jg(x,—
1/2

m

<K, 8y+@ > (% -y)° ,

where K| = max{ZmM,m (2+ n;—p)} .
n
1/2
Therefore, taking (Z}"Zl (xj—y j)z) < h with 0 < & < 1 and considering the

definition of w, we write

w(fih) < K, (3V+§w(f;5)), 0<h8<l. (5.6)
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Then, by (5.6) we have K>h?. Hence, we get
w(fih) <Kh¥ (0<y<]1). (5.7)
From (5.7), we obtain f € Lipy. We get the desired result. O

In a similar manner, we can state the following theorem:

Theorem 7. If the inequality

1 Vi
B}E‘lel),...,am) (f;X) —f (xl, vy Xj—1,Yj s Xj+1, ...,xm)) < Mj (I’l +p)

is satisfied for 0 < y; < 1 and for some constants M;, (j = 1,2,...,m), then

m
f € ﬂ LipMj V-
j=1
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