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Abstract. In this paper, we introduce the multivariate Bernstein-Schurer-Stancu operators. Then,
we state the Volkov-type theorem and investigate the order of convergence by means of modulus
of continuity and by Lipschitz class functionals. Moreover, the inverse theorems are studied for
the multivariate Stancu variant of Bernstein operators.
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1. INTRODUCTION

The celebrated Bernstein polynomials [16]
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have been the most attractive approximating operators which were studied by various
mathematicians and have many applications in mathematics, physics, engineering,
economy, etc (see [3], [4], [7], [8], [9], [10],[11], [12], [14], [15], [17], [18], [19],
[20], [21], [23]) .
In the year 1962, Schurer [22] defined the Schurer operators as:
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We should notice that if p D 0 in (1.1), we have Bn;0 .f Ix/D Bn .f Ix/.
On the other hand, Barbosu [1] estimated the Schurer-Stancu operators as:�
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where ˛ and ˇ are real parameters such that 0� ˛ � ˇ and p is a fixed non-negative
integer.
Letting ˛ D ˇ D 0 in (1.2), we have�

QS .0;0/n;p f
�
.x/D Bn;p .f Ix/ :

Afterwards, Barbosu introduced the bivariate operators of Schurer-Stancu type in [2]
as:�
QS .˛1;˛2;ˇ1;ˇ2/m;p;n;q f
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(1.3)

where m, n 2 N, p;q 2 N0 and ˛1;ˇ1;˛2;ˇ2 are real numbers which satisfy the
conditions 0� ˛1 � ˇ1 and 0� ˛2 � ˇ2 and .x;y/ 2 Œ0;1�� Œ0;1�. Then he obtained
the Volkov-theorem (bivariate Bohman-Korovkin theorem) and studied the order of
convergence of these operators by means of the first modulus of continuity for two
variables functions. It should be noted that, taking p D q D 0 in (1.3), we get the
operators investigated in [5].

In 2008, Büyükyazıcı and İbikli introduced the multivariate generalized Bernstein
polynomials [6] as:
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where .bn/ is a sequence of positive numbers such that lim
n!1

bnD1 and lim
n!1

bn
n
D

1: Then, they studied direct and inverse theorems for the multivariate generalized
Bernstein operators.

We organize the paper in the following way:
In section two, the multivariate Bernstein-Schurer-Stancu operators are introduced
and the moments of the operators are calculated. In section three, the Volkov-type
theorems are obtained. In section four, we give quantitative results for the error in
terms of the modulus of continuiy and the Lipschitz class functionals. In section five,
we study inverse theorems of the multivariate Bernstein-Schurer-Stancu operators.

2. CONSTRUCTION OF THE OPERATORS

We introduce the multivariate Bernstein-Schurer-Stancu operators by

B.˛1;:::;˛m/n;p .f Ix1; :::;xm/ (2.1)
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where ˛̨̨ D .˛1; : : : ;˛m/ be m-tuples real parameters satisfying the conditions ˛i � 0
.i D 1; : : : ;m/, f be a continuous function on Dp WD

Nm
jD1Œ0;pC 1�, for fixed

p 2N0 and .bn/ is a sequence of positive real numbers satisfying
.1ı/ For each n 2N, nCmaxf˛1; � � � ;˛mg � bn,

.2ı/ lim
n!1

bn

n
D 1.

It is clear thatB.˛1;:::;˛m/n;p WCRm .D
p/!CRm

�
D0
�
. Note that, if we choose pD 0

and ˛ D .˛1; : : : ;˛m/D .0; : : : ;0/ in (2.1), we get the operators in (1.4).
In giving the approximation properties of the operators
B
.˛1;:::;˛m/
n;p .f Ix1; : : : ;xm/, we need the following lemma:

Lemma 1. Let B.˛1;:::;˛m/n;p .f Ix1; :::;xm/ be given in (2.1). The first few moments
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where jxj D
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Proof. i/ It is clear that B.˛1;:::;˛m/n;p .1Ix1; : : : ;xm/D 1:

i i/ For the proof of (ii), we have
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Then after some straightforward calculations, we obtain the result directly.
i i i/ Using the operator B.˛1;:::;˛m/n;p .f Ix1; : : : ;xm/, we have
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Since jxj D
Pm
iD1xi and j̨˛̨j D

Pm
iD1˛i then we have
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Then, the proof is completed.
iv/ Using (i), (ii) and (iii) we have
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Hence, we get the desired result. �

3. VOLKOV-TYPE APPROXIMATION

In this section, the Volkov-type approximation theorem is proved for the operators
B
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n;p .f Ix1; :::;xm/. Let CRm
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the following norm
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We will use the following Volkov-type approximation theorem to give our main res-
ults of this section.

Theorem 1 ([13]). Let Tn W CRm
�
D0
�
! CRm

�
D0
�

be a sequence of linear pos-
itive operators. If the following .mC2/ conditions are satisfied

lim
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D 0, (3.1)
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D 0, (j D 1;2; : : : ;m) (3.2)
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CRm.D0/

D 0, (3.3)

where t D .t1; : : : ; tm/, x D .x1; : : : ;xm/, then for any function f 2 CRm
�
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�
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Note that, similar theorem can be stated for the operator
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p/! CRm
�
D0
�
.

Theorem 2. Let the sequence of real numbers .bn/ satisfies .1ı/ and .2ı/. For all
f 2 CRm .D

p/, B.˛1;:::;˛m/n;p .f Ix1; : : : ;xm/ is uniformly convergent to f as n!1.

Proof. Using Lemma 1 and taking into account .1ı/ and .2ı/, we have
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Thus, the conditions (3.1), (3.2) and (3.3) are satisfied and the proof follows from
Theorem 1. �

Remark 1. If we choosemD 2 in (2.1), the multivariate Bernstein-Schurer-Stancu
operators for f .x1;x2/ have the following form:
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Furthermore, we set the following,
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bn D 1=.log.nCpC1/� log.nCp//
nD 5;10;30;60;80;100;
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p D 1;2;3;4;5;6;

˛1 D ˛2 D
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60
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;

in (3.4). According to the above parameters, the convergence of
B
.˛1;˛2/
n;p .f Ix1;x2/ to f is shown in Figure 1.
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FIGURE 1. The convergence of multivariable Bernstein-Schurer-
Stacu operators with two variables

Remark 2. If we choosemD 3 in (2.1), the multivariate Bernstein-Schurer-Stancu
operators for f .x1;x2;x3/ have the following form:
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nD 5;30;60;80;

p D 1;
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in (3.5). According to the above parameters, the convergence of
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.˛1;˛2;˛3/
n;p .f Ix1;x2; ;x3/ to f is illustrated in Figure 2.
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FIGURE 2. The convergence of multivariable Bernstein-Schurer-
Stancu operators with three variables

4. RATE OF CONVERGENCE

In this section, we study the order of convergence of multivariate Bernstein-
Schurer-Stancu operators by means of modulus of continuity and Lipschitz class
functionals.
Firstly, let us recall the definitions of modulus of continuity and partial modulus of
continuity, recpectively.
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The full modulus of continuity of the function f 2 CRm .D
p/ is defined by
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Note that the same properties are satisfied by partial modulus of continuities. Our
quantitative results in terms of full and partial modulus of continuies are presented in
the following theorem.

Theorem 3. Let f 2CRm .D
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Proof. i/ From (2.1) we get
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Then by using (4.1), and then applying Cauchy-Schwarz inequality, we getˇ̌̌
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Now, we want to give the quantitative result in terms of the Lipschitz class func-
tionals. It is known that f 2Dp belongs to LipM .
/ if

jf .x/�f .y/j �M
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Theorem 5. For all f 2 LipM .
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Remark 3. In Table 1, the error of approximation of the function f .x1;x2/ D
cos.x1x2/ by the B.˛1;˛2/n;p .f Ix1;x2/ is given, where we choose

alpha1 D ˛2 D
1

100
;
1

90
;
1

80
;
1

70
;
1

60

and bn D 1=.log.nCpC1/� log.nCp//.

TABLE 1. Error estimation table for full moduli of continuity

(for p=1) nD 20 nD 30 nD 50 nD 100 nD 150

x1 D x2 D 0:1 4.4180e-005 2.8893e-005 1.7007e-005 8.3609e-006 5.5395e-006
x1 D x2 D 0:25 1.5877e-004 1.5877e-004 1.5877e-004 8.0214e-005 5.3661e-005
x1 D x2 D 0:5 3.8730e-005 2.9857e-005 2.0044e-005 1.0882e-005 7.4546e-006
x1 D x2 D 0:75 0.091 0.0630 0.0039 0.0020 0.0013
x1 D x2 D 0:99 0.0356 0.0246 0.0152 0.0770 0.0520
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5. INVERSE THEOREMS

In this section, we obtain the inverse theorems of multivariate Bernstein-Schurer-
Stancu operators.

Theorem 6. If f 2 CRm .D
p/ such thatˇ̌̌

B.˛1;:::;˛m/n;p .f Ix/�f .x/
ˇ̌̌
�M

�
1

nCp

�

; .0 < 
 � 1/

for some positive constant M; then f 2 LipM .
/.

Proof. For fixed i D 1;2; : : : ;m, taking partial derivative of (2.1) with respect to
xi we get

@B
.˛1;:::;˛m/
n;p .f Ix1; : : : ;xi ; : : : ;xm/

@xi

D
@

@xi

24 nCpX
k1;:::;kmD0

f

�
k1C˛1

bn
; � � �;

ki C˛i

bn
; � � �;

kmC˛m

bn

�

�

mY
jD1

" 
nCp

kj

!
x
kj
j

�
1�xj

�nCp�kj#35

D
@

@xi

24 nCpX
k1;:::;kmD0

f

�
k1C˛1

bn
; � � �;

ki C˛i

bn
; � � �;

kmC˛m

bn

�

�

" 
nCp

ki

!
x
ki
i .1�xi /

nCp�ki

#
mY
jD1
j¤i

" 
nCp

kj

!
x
kj
j

�
1�xj

�nCp�kj#
3775

D

nCpX
kiD1

nCpX
k1;:::;ki�1;kiC1:::;kmD0

f

�
k1C˛1

bn
; � � �;

ki C˛i

bn
; � � �;

kmC˛m

bn

�

�
.nCp/Š

.ki �1/Š.nCp�ki /Š
x
ki�1
i .1�xi /

nCp�ki

mY
jD1
j¤i

" 
nCp

kj

!
x
kj
j

�
1�xj

�nCp�kj#

�

nCp�1X
kiD0

nCpX
k1;:::;ki�1;kiC1:::;kmD0

f

�
k1C˛1

bn
; � � �;

ki C˛i

bn
; � � �;

kmC˛m

bn

�
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�
.nCp/Š

ki Š .nCp�ki �1/Š
x
ki
i .1�xi /

nCp�ki�1
mY
jD1
j¤i

" 
nCp

kj

!
x
kj
j

�
1�xj

�nCp�kj#

D

nCp�1X
kiD0

nCpX
k1;:::;ki�1;kiC1:::;kmD0

f

�
k1C˛1

bn
; � � �;

ki C1C˛i

bn
; � � �;

kmC˛m

bn

�

�
.nCp/.nCp�1/Š

ki Š .nCp�ki �1/Š
x
ki
i .1�xi /

nCpi�ki�1
mY
jD1
j¤i

" 
nCpj

kj

!
x
kj
j

�
1�xj

�nCpj�kj#

�

nCp�1X
kiD0

nCpX
k1;:::;ki�1;kiC1:::;kmD0

f

�
k1C˛1

bn
; � � �;

ki C˛i

bn
; � � �;

kmC˛m

bn

�

�
.nCp/.nCp�1/Š

ki Š .nCp�ki �1/Š
x
ki
i .1�xi /

nCpi�ki�1
mY
jD1
j¤i

" 
nCp

kj

!
x
kj
j

�
1�xj

�nCp�kj# :
Now, we get

@B
.˛1;:::;˛m/
n;p .f Ix/

@xi

D .nCp/

nCp�1X
kiD0

nCpX
k1;:::;ki�1;kiC1:::;kmD0�

f

�
k1C˛1

bn
; � � �;

ki C1C˛i

bn
; � � �;

kmC˛m

bn

�
�f

�
k1C˛1

bn
; � � �;

ki C˛i

bn
; � � �;

kmC˛m

bn

��

�
.nCp�1/Š

ki Š .nCp�ki �1/Š
x
ki
i .1�xi /

nCp�ki�1
mY
jD1
j¤i

" 
nCp

kj

!
x
kj
j

�
1�xj

�nCp�kj# :
Then, by triangle inequality,ˇ̌̌̌

ˇ@B
.˛1;:::;˛m/
n;p .f Ix/

@xi

ˇ̌̌̌
ˇ

� .nCp/

nCp�1X
kiD0

nCpX
k1;:::;ki�1;kiC1;:::;kmD0
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f

�
k1C˛1

bn
; � � �;

ki C1C˛i

bn
; � � �;

kmC˛m

bn

�
�f

�
k1C˛1

bn
; � � �;

ki C˛i

bn
; � � �;

kmC˛m

bn

�ˇ̌̌̌

�
.nCp�1/Š

ki Š .nCp�ki �1/Š
x
ki
i .1�xi /

nCp�ki�1
mY
jD1
j¤i

" 
nCp

kj

!
x
kj
j

�
1�xj

�nCp�kj# :
Using (4.2), we haveˇ̌̌̌

ˇ@B
.˛1;:::;˛m/
n;p .f Ix/

@xi

ˇ̌̌̌
ˇ

� .nCp/

nCp�1X
kiD0

nCpX
k1;:::;ki�1;kiC1:::;kmD0

!.i/
�
f I

1

bn

�
.nCp�1/Š

ki Š .nCp�ki �1/Š

�x
ki
i .1�xi /

nCp�ki�1
mY
jD1
j¤i

" 
nCp

kj

!
x
kj
j

�
1�xj

�nCp�kj#

D .nCp/

nCp�1X
kiD0

!.i/
�
f I

1

bn

�
.nCp�1/Š

ki Š .nCp�ki �1/Š
x
ki
i .1�xi /

nCp�ki�1

� .nCp/!.i/ .f Iı/

nCp�1X
kiD0��

1C
1

ıbn

�
.nCp�1/Š

ki Š .nCp�ki �1/Š
x
ki
i .1�xi /

nCp�ki�1

�
D .nCp/!.i/ .f Iı/

�
1C

1

ıbn

�
D !.i/ .f Iı/

�
nCpC

nCp

ıbn

�
:

For any pair of points x; y in Œ0;1�, we can writeZ y

x

ˇ̌̌̌
ˇ@B

.˛1;:::;˛m/
n;p .f Ix/

@xi

ˇ̌̌̌
ˇdxi � !.i/ .f Iı/

�
nCpC

nCp

ıbn

�Z y

x

dxi

Z y

x

ˇ̌̌̌
ˇ@B

.˛1;:::;˛m/
n;p .f Ix/

@xi

ˇ̌̌̌
ˇdxi � !.i/ .f Iı/ jx�yj

�
nCpC

nCp

ıbn

�
:
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By choosing ın WD
1

nCp
, we obtain

Z y

x

ˇ̌̌̌
ˇ@B

.˛1;:::;˛m/
n;p .f Ix/

@xi

ˇ̌̌̌
ˇdxi � !.i/ .f Iı/ jx�yj

�
1

ın
C
nCp

ıbn

�
: (5.1)

Then the sequences ın decreases to zero as n!1: Also ın�1 � 2ın is satisfied for
nD 2;3; � � �. Hence for a given 0 < ı � 1 there exists n 2N such that

ın � ı � ın�1 � 2ın: (5.2)

Using (5.2) in (5.1), we haveZ y

x

ˇ̌̌̌
ˇ@B

.˛1;:::;˛m/
n;p .f Ix/

@xi

ˇ̌̌̌
ˇdxi �

�
2C

nCp

bn

�
1

ı
!.i/ .f Iı/ jx�yj : (5.3)

On the other hand, since we have

jf .x/�f .y/j � jf .x/�f .y1;x2; : : : ;xm/j
C jf .y1;x2; : : : ;xm/�f .y1;y2; :::;xm/jC � � �

C jf .y1; : : : ;ym�1; : : : ;xm/�f .y/j

and

jf .x/�f .y1;x2; : : : ;xm/j �
ˇ̌̌
f .x/�B.˛1;:::;˛m/n;p .f Ix/

ˇ̌̌
C

ˇ̌̌
f .y1;x2; : : : ;xm/�B

.˛1;:::;˛m/
n;p .f Iy1;x2; : : : ;xm/

ˇ̌̌
C

Z y1

x1

ˇ̌̌̌
@

@x
B.˛1;:::;˛m/n;p .f Ix;x2; : : : ;xm/

ˇ̌̌̌
dx;

jf .y1;x2; :::;xm/�f .y1;y2;x3:::;xm/j

�

ˇ̌̌
f .y1;x2; : : : ;xm/�B

.˛1;:::;˛m/
n;p .f Iy1;x2; : : : ;xm/

ˇ̌̌
C

ˇ̌̌
f .y1;y2; : : : ;xm/�B

.˛1;:::;˛m/
n;p .f Iy1;y2; : : : ;xm/

ˇ̌̌
C

Z y2

x2

ˇ̌̌̌
@

@x
B.˛1;:::;˛m/n;p .f Iy1;x; : : : ;xm/

ˇ̌̌̌
dx

:::

jf .y1;y2; : : : ;xm/�f .y1;y2; : : : ;ym/j

�

ˇ̌̌
f .y1; :::;ym�1;xm/�B

.˛1;:::;˛m/
n;p .f Iy1; : : : ;ym�1;xm/

ˇ̌̌
C

ˇ̌̌
f .y1;y2; :::;ym/�B

.˛1;:::;˛m/
n;p .f Iy1;y2; : : : ;ym/

ˇ̌̌
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C

Z ym

xm

ˇ̌̌̌
@

@x
B.˛1;:::;˛m/n;p .f Iy1;y2; : : : ;x/

ˇ̌̌̌
dx

we get, for all fixed n 2N

jf .x/�f .y1; : : : ;ym/j

�

ˇ̌̌
f .x/�B.˛1;:::;˛m/n;p .f Ix/

ˇ̌̌
C

ˇ̌̌
f .y1;x2; : : : ;xm/�B

.˛1;:::;˛m/
n;p .f Iy1;x2; : : : ;xm/

ˇ̌̌
C

ˇ̌̌
f .y1;x2; : : : ;xm/�B

.˛1;:::;˛m/
n;p .f Iy1;x2; : : : ;xm/

ˇ̌̌
C

ˇ̌̌
f .y1;y2; : : : ;xm/�B

.˛1;:::;˛m/
n;p .f Iy1;y2; : : : ;xm/

ˇ̌̌
C� � �C

ˇ̌̌
f .y1; : : : ;ym�1;ym/�B

.˛1;:::;˛m/
n;p .f Iy1; : : : ;ym/

ˇ̌̌
C

Z y1

x1

ˇ̌̌̌
@

@x
B.˛1;:::;˛m/n;p .f Ix;x2 : : : ;xm/

ˇ̌̌̌
dx (5.4)

C

Z y2

x2

ˇ̌̌̌
@

@x
B.˛1;:::;˛m/n;p .f Iy1;x; : : : ;xm/

ˇ̌̌̌
dx

C� � �C

Z ym

xm

ˇ̌̌̌
@

@x
B.˛1;:::;˛m/n;p .f Iy1;y2; : : : ;x/

ˇ̌̌̌
dx: (5.5)

Using (5.2) and (5.3) in (5.5), we obtain

jf .x/�f .y/j � 2mMı
 C

mX
iD1

�
2C

nCp

bn

�
1

ı
!.i/ .f Iı/

0@ mX
jD1

�
xj �yj

�21A1=2 ;
� 2mMı
 C

�
2C

nCp

bn

�
m

ı
! .f Iı/

0@ mX
jD1

�
xj �yj

�21A1=2

�K1

0B@ı
 C ! .f Iı/
ı

0@ mX
jD1

�
xj �yj

�21A1=2
1CA ;

where K1 Dmax
�
2mM;m

�
2C

nCp

bn

��
.

Therefore, taking
�Pm

jD1

�
xj �yj

�2�1=2
� h with 0 < h � 1 and considering the

definition of !, we write

! .f Ih/�K1

�
ı
 C

h

ı
! .f Iı/

�
, 0 < h, ı � 1. (5.6)
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Then, by (5.6) we have K2h
 : Hence, we get

! .f Ih/�K2h

 .0 < 
 < 1/ . (5.7)

From (5.7), we obtain f 2 Lip
 . We get the desired result. �

In a similar manner, we can state the following theorem:

Theorem 7. If the inequalityˇ̌̌
B.˛1;:::;˛m/n;p .f Ix/�f

�
x1; :::;xj�1;yj ;xjC1; :::;xm

�ˇ̌̌
�Mj

�
1

nCp

�
j
is satisfied for 0 < 
j � 1 and for some constants Mj , (j D 1;2; : : : ;m), then

f 2

m\
jD1

LipMj 
j :
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