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REGIONS OF VARIABILITY FOR JANOWSKI FUNCTIONS
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Abstract. Let A € C, B € [—1,0). Then P [A, B] denotes the class of analytic functions p in the
open unit disk with p (0) = 1 such that
1+ Aw(z)

=",

) 1+ Aw (2)

where w (0) = 0 and |w (z)| < 1. In this article we find the regions of variability V (zo,A) for
OZO p (p) dp when p ranges over the class Py [A, B] defined as

Py [A,B]={pe P[A.B]:p'(0) = (A—B)A}

for any fixed zg € E and A € E. As a consequence, the regions of variability are also illustrated
graphically for different sets of parameters.
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1. INTRODUCTION

Let A denote the class of analytic functions of the form

o0
f@) =2+ anz", (1.1)
n=2

in the open unit disk £ = {z:|z| < 1}. Also Consider A as a topological vector
space endowed with the topology of uniform convergence over a compact subsets of
E. Also let B denote the class of analytic functions w in E such that |w(z)| < 1 and
w(0) = 0. A function f is said to be subordinate to a function g written as f < g, if
there exists a Schwarz function w with w (0) = 0 and |w (z)| < 1 such that f (z) =
g (w(2)). In particular if g is univalent in £, then f (0) = g (0) and f (E) C g (E).
Let P [A, B] denote the class of analytic functions p such that p (0) = 1 and

@) 1+ Aw(z)

=————— weB,zeE, 1.2
14+ Bw(z) (12)
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where A € C, B € [—1,0) with A # B. Note that P[1,—1] = P.
Let p € P[A, B]. Then using the Herglotz representation, there exists a unique
positive unit measure y in (—, 7] such that

T 14+ Aellz
= ——du(t),z € E. 1.3
p(2) /_,,1+Be”z p(r).z (1.3)
It can easily be seen from (1.2) that
p)—1
wy(z)=——F——,z€F, 1.4
p (2) A—Bp(2) (1.4)
and conversely, we have
p'(0) = (A—B)w, (0) (1.5)

Let p € P [A, B]. Then by using classical Schwarz lemma, that is ‘w;, (O)‘ <1 (see
[1],) we obtain

p'(0)=(A-B)A
for some A € E. By using (1.4) one can compute

w, (0)  p”(0)

= B2
2 2(A—B)+
Now, if we let
pr(Z)_A )L |
s@=1 omz M=t
0 Al =1.
This implies that
1 wp(z))/ _ 1w
g'(0) = 1—|A|2< e ) k== Al<1.
0 Al =1.

By Schwarz lemma for [A] < 1, we see that |g (z)| < |z| and |g" (0)| < 1. Equality is
attained in both cases if g (z) = e'“z for some o € R. Now the condition [g’ (0)| <1
shows that there exists an @ € E such that g’ (0) = a. Thus, we have

2" (0) = 2(A—B)[(1—|A|2)a—BA2].
Consequently for A € E and zo € E, we have V (zg, 1) for fozop(p) dp when p
ranges over the class Py [A4, B] defined as
Py[A.B]={p e P[A,B]:p'(0)=(A—B)A}
and
2o
coas) = [Tpee perian).

For related study we refer to [2—9] and the references therein. The aim of this paper is
to investigate explicitly the region of variability V) (zo, A, B) for the class P[4, B].
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2. BASIC PROPERTIES OF V) (9,4, B)

Proposition 1. (i) V) (zo, A, B) is a compact subset of C.
(ii) V3 (2o, A, B) is convex subset of C.

(iii) If|]A| = 10rzo =0, then Vj (20, A, B) = {z.o — A28 (29 + 25 log(1 + B)LZO))}

and if |A| <1 and zo # 0, then {z_o — % (zo + ﬁlog(l + BAZO))} is the in-
terior point of the set V) (2o, A4, B).
Proof. (i) Since P, [A, B] is a compact subset of C, therefore V) (z9, A, B) is also
compact.
(ii) Let p1, p2 € Py[A, B]. Then
p)=0-1)p1(2)+1p2(z).1 €[0,1]

is also in P, [A, B], therefore V) (z¢, A, B) is convex.
(iii) Since if |A| = |w} (0)| = 1, then from Schwarz lemma, we obtain wy (z) = Az,

which yields p(z) = 1242 This implies that

@=1+(2E) :
pe)= B 1+ BAz|
Therefore

Z0 A—B 1
Vi (20, A, B) = / p@)dp=1z0- 22 (204 oz toa(1 4+ Bazo) )|
0

This also trivially holds true when zo = 0. For A € E and « € E, set
Z+A
1+ Az
2 214 Apd(ap, )
H d=/ ————dp, 7z € E. 2.1
/0 a(p)dp o 1+ Bosap. )P 2.1
Then foz H, ; (p)dp is in Py[A, B] and wr(z) = z6(az,A). For fixed A € E and

zo € E\{0} the function
20 20 14 (Aa + AX)p + Aap?
Eaa»—>/ Ha,A(p)dp:/ +(_a+ Yo+ Aap d
0 0o 14+ (Aa+ BA)p+ Bap?

is a non-constant analytic function of a € E, and therefore is an open mapping.

3(z,4) =

Hence [,° Hy  (p)dp = {ZO — AEB (zo+ ﬁlog(l + Bkz,o))} is an interior point
of {[§ Hy s (p)dp:a € E} C Vilzo. A, Bl. .

Keeping in view the above proposition, it is sufficient to find V) [z¢, A, B] for
0 <A< 1andzge E\{0}.
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3. MAIN RESULTS

In this section, we state and prove some results which are needed in the proof of
our main theorems.

Proposition 2. For p € P,[A, B], we have
|p(2)—q(z,A)| <r(z,A), z€ E,L€E, (3.1
where
(1+AAz) (1 +Biz) —|z|2(x + BZ) (X+ Az)
1= B21z[* + 2B(1— zP002) + [APR(B2— D)’
|[A—=B|(1=|A]P)|z?
1—B2|z|* +2B(1 - [z]))N(Az) + [A]2[z[2(B2 - 1)

The inequality is sharp for zo € E\{0} if and only if f(z) = H,ie (2) for some
0 eR.

q(z,A) = (3.2)

r(z,A) =

Proof. Let p € P;[A, B]. Then there exists w, € 8 such that
wy(2)
pT —A

—— | <z|. (3.3)
wy(z)
1-722E

From (1.4) this can be written equivalently as

p(2)—b(z.4)
< A, 34
’p(z)+c(z,)t) = [z [(z.2) G4
where
1+ 214z A+ Az A+ Bz
b(z,A) = —— A)=— — A)=—. 3.5
(z,A) 14282’ c(z,A) Bl 7(z,A) T+ 1B= (3.5)
Simple computations show that the inequality (3.4) can be written as
b(z,A) + |z)% Tz, M) [*c(z, A zllT(z, M) |z, A) +c(z, A
py— LEDHEPIEAP )| _ElirClbEN teeh]
1—[z[? [z (z, M) 1—[z]?[z(z. )]

Now we have
1—B2|z|* +2B(1 — |z|*)N(A2) + |A][z|2(B2 - 1)
|1+ AzBJ?

1=z ez, M =

’

(B—A)(1-[A])z

o -
P = B (B 4 1)

bz, M)+ |z |tz V)| e(z )
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(14+14z) (1 + BIZ) |22 (A + BZ) (X+ Az)
- n1+AzBP? 11+ AzBP?

By simple calculations, we obtain

bz + Iz Tz M) P ez A)

o 1I=zPlrEP

|zl (@, M) |b(z,A) +c(z.A)]
L=z le@ 0P

All these relations together with (3.6) give (3.1). Equality occurs in (3.1) when

p = H;y ;(z), for some z € E. Conversely if equality occurs in (3.1) for some z €

E\{0} , then equality must hold in (3.3). Thus by Schwarz lemma there exists € R
such that wy(z) = z8(e'?z, ) for all z € E. This implies P = Hig . O

q(z,A)

9’

r(z,A) =

Geometrically the above lemma means that the functional p lies in the closed disk
centred at ¢(z,A) with radius r(z, ).
For A = 0, we have the following result

Corollary 1. For p € Py[A, B], we have

1-ABlz|*| _ (A-B)|z
p(z)— 204 | = 2|14 °
1— B2|z| 1— B2|z|

Equality is attained if and only if p = H;g ¢.

z e E\{0}.

Corollary 2. Let y : z(t),0 <t < 1, be a C'—curve in E with z(0) = 0 and
z(1) = zo. Then

VA(ZO’A?B) C {U) eC: |w_Q(A’V)| = R(A,]/)},

where

1 1

0(.y) = /0 420,22 (dt, ROLy) = /0 F (.02 (0.

Proof. Since p is in Py [A, B], therefore by using Proposition 2, we get

1 1
/ p ()2 (Odi / 4(z(0). )2 ()di
0 0

1
‘/0 e (t))z/(t)dt—Q(/\,V)‘ -

1
_ ' /0 (p (2 (1) —q(2(0). 1)) 2 (t)d1

1
< [ rco21E @l = RG.)
0
This implies the required result. O

For our next result we need the following lemma:
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Lemma 1. For 6 € R and |A| < 1, the function

ei9§2

G(Z)=/OZ( 5dt, z€E,

L+ (Reif + BA), + Beif(?)

has zeros of order 3 at the origin and no zero elsewhere in E. Moreover, there exists
a starlike normalized univalent function s in E such that G(z) = 37 e!?53(2).

The above lemma is due to Ponnusamy et al. [4].

Proposition 3. Let § € (—x, 7], zo € E\{0}. Then, [;° H,io 5 (p)dp € V) (20, A. B).
Moreover, [y° p(p)dp = [;° Hgio ; (p) dp implies p = H,io ; for some p € Py [A, B]
and 0 € (—m,x].

Proof. Tt follows from (2.1) that
1+ Azb(az, L)
1+ Bzd(az, %)
1+ Aa+ AX)z + Aaz?
1+ (ka + BA)z + Baz?

Ha,/l (z) =

Thus from (3.5), it follows that
(A—B)(1—|A[*)az?
(1 +(a+ BA)z+ Baz,2) (1+ABz)
(B—=A)(1-]A*)z
(1+(a+ BA)z+ Baz2) (Bz +7).

Hg 3 (2)=b(z.A) =

Hyp(2) +c(z,A) =

Therefore

Hg 5 (2)—q(z,A)
b(z, M) +z2|t(z. A)|? e(z, 1)
1=z |e(z. M

| Hap @) =b(z 2 =12 [£@ M (Ha (2) + (2. 2) |

= Hy 3 (2)—
1
T 1-l2P AP
(A—B)(1—|A]%) [az(l +BAZ)+ |z|2(Bz+A)]

1— B2|z|* +2B(1—|z]>)N(Az2)
+A2|z[2(B*=1)

) (1 + (Aa + BA)z + Bazz) |

Putting a = e'? we obtain

Hgio 3 (2) —q(z,4)
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r(z,A)e'fz2 (1 + (Ae'? + BA)z + Beiez_z) (1 4 (Rei® + BA)z + BeiGZZ)

|z|2

_ 2
(1 +(ei® + BA)z + Bei9z2)

. , 2
r(z,M)eif 72 |1 + (Le'? + BA)z + Be’ez_z‘
2P 7 if i0.2)>
14+ (e'? + BA)z + Be'fz
Now using G(z) defined in Lemma 1, it follows that
G'(z)
IG"(2)|
Using the argument of Lemma 1 that G = 371! 953, where s is starlike in E with
5(0) =s"(0)—1=0, for any zo € E\{0} the linear segment joining 0 and s(z¢) lies
entirely in s(E). Let yo be the curve defined by
yo:z(t) =s~" (t5(z0)),1 €[0,1].

Since G(z(t)) =27 1e'? (s(z(¢)))? = 37 'e!? (ts(z0))> = 13G(zy). Differentiation
w.I.t £ gives us

Heio 5 (2) —q(z,A) =r(z,4) (3.7)

G'(z(1))Z'(t) = 3t2G(z0), t €[0,1]. (3.8)
This relation together with (3.7), leads to
1

fOOHeie,;L(p)dp—Q()t,Vo)=/o (Heio 5 (2 (1) —q(2(t), 1)) 2 (1)dt

G'(z())z' (1)

o NI N d
Gz o)< D1

1
=/’md01>
0

_ G(Zo) ! /

= Geollo r(z(1), M)z (¢)|dt

_ G(zo)

= Go) N )

This implies that fon H,io ; (p)dp € dE (Q(A,70), R(A.¥0)). where Q(A,y0) and
R(A,yp) are defined as in Corollary 2. Hence from Corollary 2, we have
Jo? Hyie 5 (p)dp € 3V (20. A, B). For uniqueness, we suppose that

Z0 20
/0 p(p)dp=/0 Hgio 5 (p)dp

for some 0 € (—m, ] and p € P,[A, B]. Let

G(zo)

"0 =160

(P (2(1) —q(z(1).) 2/ (1),
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where yg : z2(¢), 0 <t < 1. Then the function / is continuous and

o
|G (zo)

Now using Proposition 2, we get |h(t)| < r(z(¢),A)|z/(¢)|. Further from (3.9), we
have

|h(t)] = (P (2(0)) = q(z(0), )]z ()]

! _ ! G(zo) ’
Aimmnwr—Aim{m&wﬁp@a»—«anﬁ»zaﬁWz

_ | Gzo) [0
‘m[W@w|o

{Heio 3 (p) dp— Q(Z(Z)J&)}}

1
=Asmmaaxmnuﬁnm.

Thus h(t) = r(z(t),A)|z'(t)], for all ¢ € [0,1]. From (3.7) and (3.8) we have
o p(p)dp = [° Hyie 5 (p)dp on yo. The identity theorem for analytic functions
yieldsus p = H,io 5,z € E. O

Main Theorem

Theorem 1. Let A € E and 7o € E\{0}. Then boundary 0V, (2o, A, B) is the
Jordan curve given by

20 1+ Ap§(e'fp, X)

14+ Bps(eifp, 1) P
If [0 p(p)dp = [5° H,ie 5 (p)dp for some p € Pi[A,B] and 6 € (—x, ], then
p(z) = H,io 3(2).

Proof. First we have to show that the curve

20
(—m,m]>6 r—>/0 H,io 5 (p)dp = /0

zZo
(—m,7]260 / H,io 5 (p)dp
0
is simple. Let us assume that
20 20
/0 H,io, ; (p)dp = /0 H,io, ; (p)dp

for some 61,0, € (—m, ] with 61 # 6,. Then the use of Proposition 3 yields us that
H,io; 3(20) = H,i0, 3(20), which further gives the following relation

. (wHeiGh)L (Z),/\) _. (wHeiez,)L(Z)’A) .
< <
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This implies that
B(ze' + 1) + A(1 + Aei?17) B B(ze' + 1) + 1(1 4 Xeif2z)
1+ Xeif1z +AB(zei® + 1) 14 Aei®27 4 AB(zei%2 + 1)

After some simplification, we obtain zelfl = zel 92, which leads us to a contradic-
tion. Hence the curve is simple. Since V) (2o, A, B) is compact convex subset of C
and has non-empty interior, therefore the boundary dV} (z¢, 4, B) is a simple closed
curve. From Proposition 3 the curve dV) (2o, A, B) contains the curve (—m, 7] >
0 — fozo H,is ; (p)dp. Since a simple closed curve cannot contain any simple closed
curve other than itself.  Thus dV)(zo,A4,B) is given by (—m,7] > 6 —

S Hoia ;. (p) dp. O

Geometric View of Theorem 1
By using Mathematica, we have the following views for different parameters.
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Values of parameters zg = 0.335192 - 0.787333i zp = —0.261209 + 0.9269357
A= 00737292+ 0.466706i A= 0.0737292+ 0.466706i
A=1, B=-1 B=-1991244, y=0.383292
A4=2(1-B)cosye -1, B=-1
0.6
0.8
Geometric View of 12
Theorem 1
-1.4
-1.6
-1.8
0.2 [ 0.6 0.8 x 1.2 14 0.5 1
Values of parameters zg = -0.41227 - 0.521734i 2 = 0.771264 + 0.15120401

A= -0.0875648 + 0.0714166i A= -0.391149 -0.2947471
4= 09868233 + 0.008354537 A= =0-2340400 01805007
B=-0.50 Sis=0.a0
-0.45
0.5
Geometric View of =
Theorem 1
-0.6
-0.65
0.55 -0—0.45 DA 0.35 0.3
0.7 0.76 0.78

FIGURE 1. For A =2(1—pf)(cosy)e ¥ —1, B = —1, where f <
1,]y| < m/2, we have the known result proved by Ponnusamy and
Vasudevarao [3] as special cases of our results.
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