Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 16 (2015), No. 2, pp. 817-832 DOI: 10.18514/MMN.2015.1461

SOME LIMIT THEOREMS FOR GENERALIZED ALLOCATION
SCHEMES

ISTVAN FAZEKAS AND BETTINA PORVAZSNYIK
Received 11 December, 2014

Abstract. In this paper two modifications of Kolchin’s generalized allocation scheme are studied.
Results known for Kolchin’s scheme are extended to the new models. Representation theorems,
strong laws of large numbers and local limit theorems are obtained. In the proofs some general
inequalities are used.
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1. INTRODUCTION

The generalized allocation scheme was introduced by V. F. Kolchin. Its proper-
ties and applications are described in the monographies [12] and [14]. The usual
allocation scheme (see [1,2, 13]), the random forests and other random structures are
special cases of Kolchin’s scheme (see [12] and [14]). The scheme itself is defined
as follows (we call it Model 1).

Model 1

Let n1,72,...,nn be nonnegative integer-valued random variables. If there exist
independent identically distributed random variables &1, &5, ..., n such that the joint
distribution of 11, 72,...,nx admits the representation

P{n1 =k1,....08 =kpn} = (1.1)
N
=Plar=ki.bv=kn | Y, & =n,

where k1,k»,...,ky are arbitrary non-negative integers with ZIN=1 ki = n, we say
that the distribution of 11,72,...,ny is represented by the generalized allocation
scheme with parameters n and N, and independent random variables £1,&5,...,En.
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This scheme can be considered as the allocation of n balls into N boxes. The random
variable 7; can be interpreted as the number of balls in the i th box. The detailed de-
scription of the properties of scheme (1.1) are given in [12] and [14]. The importance
of scheme (1.1) is its connection with random graphs. Further properties of scheme
(1.1) can be found in the papers of V. F. Kolchin and A. V. Kolchin (see e.g. [10,11]).
In [5] a strong law of large numbers (SLLN) was proved for Model 1. Using that
SLLN one can obtain SLLN-s for usual random allocations and random forests. We
mention that the original proofs of SLLN-s for usual allocations and random forests
needed very long elementary calculations (see [2] and [3]).

In [7] the following analogue of Kolchin’s scheme was studied.

Model 2

Consider random variables 11,72, ..., 75 with joint distribution

P{m =ki,....nN =kn} = (1.2)

_ IP{sl =ki.....En =kn | Zjv:léi 5”}’

where k1,...,ky are arbitrary non-negative integers with ZlN:l k; <n. In this case,
we place at most n balls into N boxes. In [7] strong laws of large numbers, normal
and Poisson limit theorems for the number of boxes containing a fixed number of
balls were obtained. The distribution of the maximum number of balls contained in
the boxes was studied in [6].

In [8], another version of Kolchin’s scheme was studied (see Model 3 below). In
that modification, the condition in (1.1) was changed for va:l & > n. For Model 3
normal and Poisson local limit theorems were obtained in [8].

In this paper our aim is to study two modifications of Kolchin’s model. We extend
certain results of [7] and [6] for these models. In Section 2.1 we review Model 3 and
we present some new results for it. Actually, we obtain strong laws (Theorems 1 and
2) and a local limit theorem (Theorem 3). In Section 2.2 we introduce a new version
of Kolchin’s scheme (Model 4). Model 4 is a very general scheme. It contains Model
1, Model 2 and Model 3 as special cases. We find representation theorems and some
limit theorems for Model 4. Finally, in Section 3 we present our proofs and some
auxiliary results. In forthcoming research we intend to apply Model 4 to describe
certain properties of random graphs.

2. NOTATIONS AND MAIN RESULTS

We shall apply o(.) and O(.) in the usual sense, that is k, = o(l,,) if limp—cokn /Il =
0 and k,, = O(l,,) if the sequence k /I, is bounded.
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Let us denote by u,n the number of cases when {n; = r}, where r is a fixed
integer, r € {0,1,...,n}. Then

N
N =D Ty =r)

i=1
can be interpreted as the number of boxes containing r balls. Here I4 denotes the
indicator of the set A.
Let &y be a random variable, P{&y = r} = p, and E§y = a. Let &1,&,,...,En be
independent copies of &p. Introduce notation Sy = ZZN=1 £ and S5, = Zf\[:l(éi —
a).

Denote by fér) a random variable with distribution

P =k} = Pleo =k | £o # 1)

Let [Eg(()r) = a, and let SY),...,E](\;) be independent copies of é(()r). Let SI(\P =
N ()
=16 -

We see that the connection between the expectations a and a, is a, = %.

2.1. Model 3

In this section we consider Model 3 that is we assume that (2.1) is satisfied.

Let n1,7n2,...,nN be random variables with joint distribution

P{m =ki.....nN =kn} = 2.1
P k k N >
- {El_ la-'-’sN_ N| Zi=1$l_n}a

where k1,...,ky are arbitrary non-negative integers with ZZN=1 ki > n. Then we say

that 11,72,...,nn obey the assumption of Model 3. In this case we place at least n
balls into N boxes.

Model 3 was introduced in [8]. We shall see that appropriate versions of certain
results of [7] are true for Model 3.

First we present SLLN-s for Model 3.

The following theorem is a version of Theorem 1 of [7].

Theorem 1 (Model 3.). Let E&y = a < co. Suppose that there exists a sequence
By, N =1,2,..., such that By — 00, N > By >0 forall N =1,2,...,

B
lim —N*L_ g (2.2)
N—oo By
and
C
N & as N — oo, (2.3)

By
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in distribution, where £ is a random variable with distribution function F. Let C be
a point of continuity of F such that F(C) = P{¢’ < C} = gy < 1. Then we have

1
lim —UnN = DPr almost surely. 2.4)

n,N—>oo,0<%<CBTN+a N

Corollary 1. (Model 3.) Let E§y = a < oo. Let C < 0. Then we have

lim —UnN = Pr almost surely.
n,N—00,0< 4 <a+C N

Corollary 2. (Model 3.) Suppose that IES(% <00, Eég = a. Let C € R. Then we

have

) 1
lim —UnN = Pr almost surely.
n,N—)oo,0<%<%+a N

Recall that a random variable £ satisfies the Cramér’s condition, if there exists a
positive constant H such that Ee*¢ < oo for all [A| < H.
We have the following analogue of Theorem 2 of [7].

Theorem 2 (Model 3.). Let E§y = a < o0.
(1) Let « < a. Then

1
lim —UnN = Pr almost surely. (2.5)
n,N—00, §-—>a N

(2) Assume that &g satisfies the Cramér condition. Then

1
lim —UnN = Pr almost surely. (2.6)
n,N—oo, &-—a N

Consider the random variable &y with the following power series distribution. Let
bo, b1,bs, ... be a sequence of non-negative numbers and let R denote the radius of
convergence of the series

k
BO=Y " bib”

k=0 |
Assume that R > 0. We assume that &y = &y(0) }]fa's distribution
by 6%
pk=pk(9)=ﬂ°{$0(9)=k}=m, k=0,1,2,.... 2.7
We will assume that the distribution of the random variable £y (6) satisfies
bo >0, by > 0. (2.8)

(For more details, see e.g. [12].)
The following theorem is a version of Theorem 8 of [7].
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Theorem 3 (Model 3.). Suppose that the random variable £y = £y(0) has distri-
bution (2.7) and condition (2.8) is satisfied. Suppose thatr =1 and n > 1 is fixed.
Let N — o0 such that Np1(0) — A for some 0 < A < oo. Then for all k € Ny we

have
Ak —A

Plunny =k} = W(l +o(1)). (2.9)
Zl—n i

2.2. Model 4

In this section we will study the following very general modification of Kolchin’s
scheme.
Consider random variables 11,72, ..., 7y with joint distribution

P{n =ki.....ny =kn} = (2.10)
=P =ki,....n =kn [ §1+--+EN € Bn},
where k1,...,ky are arbitrary non-negative integers with ZIN=1 k; € B, and B, is a

nonempty subset of Ry. Then we say that 5y,...,nxy obey a generalized allocation
scheme of type Model 4.

Remark 1. Here we assume that P{} "_, & € B,} > 0.

We have the following analogue of Kolchin’s formula in Model 4 (see Lemma
1.2.1 of [12]).

Lemma 1 Model 4.). Forallk =0,1,2,..., N we have
S € Bu—kr}
P{SN € Bn}

N
P{unn =k} = (k)pf(l —pr)VE i (2.11)

Let us denote by 7(x) the maximal number of balls contained by any of the boxes,
thatis n(vy = max n;.
. I<i< . (SF) ey ge ey
Consider the random variable ;=" with distribution

PLES) =ky=Pleo =k | o <r).

Let S(<r) | = ., N, be independent copies of E( ") Let S(<r) ZIN=1 Sl.(sr)

(=r) _
and E&, a<r.
We have the following representation of the distribution of 7). This lemma is a
version of Theorem 1 of [6].

Lemma 2 (Model 4.). We have

PN P(S"" € By}

PiSy Bl (2.12)

P{ny <r}=(1—

forallr € N, where P, = P{§y > r}.
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In the following theorem we shall consider the case when the set B is of the fol-
lowing form: B, = f(n)B, where n € N, B C R4 and f(n) is a real-valued function
of n.

Remark 2. If f(n) = n, then we have the following examples for Model 4.

e If B = {1}, then B,, = {n}, so we obtain the original Kolchin’s model (Model
1).

e If B =]0,1], then B, = [0,n], so we get Model 2.

e If B =[1,00), then B, = [n,00), so we get Model 3.

Let B° be the set of inner points of B. We have the following local limit theorem
for . This theorem is an appropriate version of Theorem 4 of [7].

Theorem 4 (Model 4 with B, = f(n)B.). Let 0 < % < oo, for n,N € N.
Let % — aj asn,N — oo, where @] € Ry. Assume that &1a € B°. Let s? =

pr(1—pr). Then

1 2
Piny =k} = ————e /(1 +0(1)) (2.13)
Hn ; N2nN s,
asn,N — oo so that u = I;_]évl% belongs to an arbitrary bounded fixed interval.

Using Lemma 2, we can prove the following result. This theorem is an appropriate
version of Theorem 2 of [6].

Theorem 5 (Model 4 with B, = f(n)B.). Let 0 < % < oo forn,N € N. Let

% —ayasn,N — oo, where &1 € Ry. Assume that &1a € B° and @1a<, € B°.
Then for allr € N, as n, N — oo, we have

Pinay <7} = (1= PN (1 +0(1)), (2.14)

3. PROOFS AND AUXILIARY RESULTS

Let A be a fixed event, P(4) > 0. Let P4 denote the conditional probability with
respect to the event A and let E4 denote the expectation with respect to P4. Let
us denote by I{A} the indicator variable of the event A. Let us denote by A,y the

following event: A, Ny = {Z,N=1 & > nj.

. W]
Lemma 3 (Model 3.). Assume that (2.1) is satisfied. Let N <e< 7 be fixed.

Then for N large enough, we have

K 84N2 _Nei
P —E >Nl < 3257 3.1
{lunN —Eunn|>¢ }_[P(Anzv) ¢ (3.1)

where K is an absolute constant and sr2 = p,(1—py).
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Proof. Let; =1{§ =r},v = ZZN=1 tj,i = 1,...,n. The variance of 7; is s>

pr(1—p;), where p, = P(§p =r). Let 7/ be an independent copyoft;,i=1,...,N.
Let us denote by d; the variance of (t; — rl.’)z. Letd = % ZIN=1 d;.

In Theorem 2.1 (i) of [4] it was proved that for any fixed event A with P(A4) > 0
and &’ > 44/2s,

_ A 8/2
[P%% zs’§ < Pg)e 1657 (1 4+ B), (3.2)
where
d &2\’ 2¢"? 8s2
B=5BN.0)= (8 4J_) f2 <8s;1«/ﬁ)+0(72) G-
and

—afeS (42 A O
fz(x)—4(e (x +1)q>(x)+m) 1. (3.4)

Here @(x) denotes the cumulative distribution function of the standard normal dis-
tribution.
We shall apply Theorem 2.1 (i) of [4] with A = A, and & = v/Ne. By (3.2) and
(2.1), we obtain
K 4N2 _L‘%
e 31,
T P(Aun) st

where K is an absolute constant. O

P{lny —Epnn| = Nej = PAN {ju—E4 V0| = Nef <

Proof of Theorem 1. 1t follows from equation (2.3), that either £’ is a (nondegen-
erate) p-stable random variable or £’ is a constant. If & is a p-stable random vari-
able then its distribution function F is arbitrary many times differentiable (see [9]),
therefore it is uniformly continuous. If £ is a constant, then F(x) =0, x < C +§
for some 0 < § < oo. Therefore, in both cases there exists 0 < § < oo such that
F(x), x € (—oo,C + §] is a uniformly continuous function and F(C +§) < 1. Let

€ (O,a + CBTN]. Then, using (2.2), we have

gN__i (Nn—l_a_Nr—l) c+ andliv_zv(%_a)SCM o)

M If & is a constant,

f dN1 h. Consider th tient
or 1 an arge enoug onsider the quotien P{-N & >n}

then, using (3.5),
1 (N—-1)
[P{X:l_1 i>n—r} IP{BN_I 1—1 (El_a)>n rBN 1 a}

OSEEL [P{ﬁzl'ﬂ(éi—a)i%}
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- {BN 121—1 (El_a)<W} 1—o(1)

= I =1 D (3.6)
=Pl S (6 —a) < 25e) —o()
Now, consider the case when &’ is a p-stable random variable. By (2.3), we have
. —r—(N—-1)
[P{Z,_l i —r}y 1- {BN 121_1 (& —a) <™ rBN—l a}
[P{Zi=1§i Zn} I—P{mzi=1(gi_a)<%}
1—17(3;3’_l (%—a—%)) +o(l)
I—F (%(% —a)) +o(l)
Therefore we obtain
‘1 [P{Zl—l izn—r}
PO & >
‘F<BN (v —a—F a)) (lﬁvw(%_“))‘“(l) 3.7
< . .
- 1-F(C+68)+o(1) -7)
Using either (3.6) or (3.7) and the uniform continuity property of F, we obtain
[P v . > _
lim O Gznor) _ 1. (3.8)
n,N—)oo,O<%<a+CBT [P{Zizl g"i Z”}
Consequently
lim —[EpL N
n,N—o00, 0<”<a+CBNN "
P & =n—
= lim p {Zl 1 izn-ri = pr. (3.9

-
n,N—00,0< % <a+C 2N [P{Zizl & >n}
Let ¢ > 0. By (2.3) and the continuity property of F', the above calculation shows
that there exists Ko > 0, ng € N such that P{A,x} > Ko for n, N > ng, 0 < % <
a—+ C Y. Using this inequality and Lemma 3, we have for & > 0

> P{|tnn —Epnn| > Ne}
n,N>n0,0<%<a+CBTN

4 2 —ezN
< ) K &N7 552
P(AnnN) S;l

B
n,N>n0,0<%<a+CTN
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4A72 —&2N
< Z K£8 ]Z e 32s,2-
o S
n,N>n0,0<%<a+CBTN ’
K e*N2 =4
= > Ko a e
n,N>ng,0<n<aN+CBy 0 Sr
K 84N2 —e2N
< Z —(@+C)N e 37 < 00.
K() S4
N>n0 r
By the Borel-Cantelli Lemma,
1 1
N;L,,N — [EN,U,,,N -0 almost surely (3.10)

asn, N — oosuchthat 0 < % §a+CBTN. By (3.9) and(3.10)weseethat%un1v —

pr almost surely as n, N — oo such that 0 < - <a+C BTN. The proof is complete.
O

Let &g satisfy the Cramér condition. The variance of £g is 02 and @ denotes the
standard normal distribution function. Then, by Petrov’s large deviation theorem (see
Theorem 5.23 in [15]) we have

P{S?_Zg(f(j}:e"p{j_;l(\/y_ﬁ)} [Ho(y_jﬁl)} (3.11)

asy —ooand y =o(+/N). Here A(t) = Z,io:Oaktk is a power series with coeffi-
cients depending on the cumulants of £y —a and with radius of convergence R; > 0.

Lemma 4. Let &g satisfy the Cramér condition.
(1) Then we have

N-1
lim PO icg & =n—r} _

n,N—o0, %—m,\/ﬁ(%—a)—)oo [P{ZzN=l Sl’ Zl’l}

1. (3.12)

(2) As n, N — oo such that % — a and «/ﬁ(%—a) — 00, then we have
N
P{Zéi zn} (3.13)

i=1
_ o ol (%—a)z_(%—a)3 (%—a)
= —W(%—a)e p( N( 52 = A - (140(1)).
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Proof. Let x = 1 —a > 0. Then we have

PSS b 20—

IP{Zf\]:ﬁi zn}
N Plogi T =) 2 SR VN (4 57 4
_ P{#ﬁziﬂéi—a)zéxﬁ} =5

Using Petrov’s large deviation theorem, we obtain

A= (1—q> (m/%«/ﬁ(x-l- a;,r)))

N
= A1 4243 (3.14)
and
1 1Y (1 IxVN+1
B = (1—@ (;x«/ﬁ))exp%N (Ex) k(;x)} X (1 +O(T))
= B1 B, Bs. (3.15)

Using the approximation

1—<1>(y)=\/21_ﬂye‘y22 (1+0(%)) as y — 00, (3.16)

we obtain
A 1eJN
B, _JN -
1 VN (v + 55

2
xexp(%(éxm)z%(w%ﬁ(x+”’zv—r)))(1+o(1))

1 11 N a—r\2
- 1—ﬂeXp(5?N(x2_N—1(x+ N )))(1+°(1))

Nx
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— exp (%%N (26 + a;) (—a;]r)) (1—o(1))
=1-o0(1). 3.17)

The power series A(¢) is convergent, if n and N is large enough, therefore
k+3 k+3
Az > 1 [ N a—r 1
In[—=)=N — =
o(3) =0 oG5 59) ()
o0
1 N a—r
v S (5 5 -
e )

Therefore
A 1 N _N_
ln(B—z) <- N 1(a—r)+x Nl
o — N
2 n-1 1
0o k+2
1 N la—r|
R k +3).
xk§_0:|ak|(a\/N_l(|x|+ - )) (k+3)

The radius of convergence of the above series is positive, so we obtain

(%)
In{ —
B>

because |x| — 0 and \an;rl — 0.
Finally, it is easy to see that

A
=o(1), and B—2 =1+4o(l)asn,N — o0,
2

A3

— -

B3
2)Letx = (% —a). Using (3.15) and approximation (3.16), we obtain

o[-

i=1

_ ;e_%(éx N)2 expl N (lx)z’){ (lx) (1+0(1))
= VamixJN P\ o
o

T Van(—a)N

1.
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1 n ’ 1 n 3. (7 —a)
asn,N—>oo,%—>aand«/N(%—a)—>oo. O

Proof of Corollary 1. We apply Theorem 1 with By = N. We see that, by Kolmo-
gorov’s law of large numbers, (2.3) is true with & = 0. So Theorem 1 implies the
result. g

Proof of Corollary 2. We apply Theorem 1 with By = +/N. By the central limit
theorem, (2.3) is true if & is a Gaussian random variable with expectation 0 and
variance o2. So Theorem 1 implies the result. O

Proof of Theorem 2. (1) (2.5) follows from Corollary 1.
(2) Let n, N — o0 such that % —a, \/ﬁ(% —a) — oco. By Lemma 4 (1), we
have

1 L n—r
~Epunn = pr {Z’ i }—>p,. (3.18)

N PO & = )

Let0<e < 1. If n, N — oo such that % —a, \/N(% —a) — 00, then there exists
no € N, such that

o | —al<eforalln,N > no;
o VN(&—a)>1foralln,N >n0;
o =07 ——a)ﬁ(%-a

202 o3 o

)< 645 forall n, N > ny.

As before, A, denotes the following event: A,y = {Z,N:l & > n}. Under the
above relations, by Lemma 3 and Lemma 4 (2), for n, N > ng we have

1 1 1 e*N2 N
Z P{‘_MnN_[E_MnN >8} <K Z e 3257
- - 4
n,N>ng N N n,N>no [P(AnN) Sy
—x V2 (& —a)VN N2 =2
= Z (%—a)z (%_a)3 %—a S4 e r
n,N>no,|%—a|<sUeXp (_N ( 202 o3 /\( o ))) r
N 1 4N2 —&2N
< ki > e
n,N>ng,N(a—e)<n<(a+e)N e 6452 Sr

o0 2
5 W s Tl
< Kj ge 47 < 00,

N=ng

Above we used that the number of n’s in the sum in bounded by 2N C. Consequently,
by the Borel-Cantelli Lemma, %,un N — [E% Unn — 0 almost surely, as n, N — 0o
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such that % — a, \/ﬁ(% —a) — oo. Therefore, by (3.18),

1 1 1 1
—uUnN = —pnN—E—puyn +E—punn — pr almost surely, (3.19)

N N N N
as n, N — oo such that % —a, «/ﬁ(% —a) — oo. By (3.19), there exists £2; C §2
such that P{£2;} = 1 and for all w € £2; we have

L (@) N h that — VN ( k )

— w) = as n,N — oo suchthat — — a, ——a) — oo.

NMnN Dr N N

By Corollary 2, there exists £2, C 2 such that P{£2,} = 1 and for all w € §2, we

have

l,unN(a))—>pr as n,N — oo such that n —a, \/ﬁ(i—a) <m (3.20)
N N N
for an arbitrary fixed m € N.

Let w € £23 = §21 N §2,. Suppose that % —a,asn,N = o0o. Lete > 0.

Since w € £21, there exist m = m(w),n; = n1(w) € N and §; = §;(w) > 0 de-
pending on @ such that |ﬁunN(a))—pr‘ <eg,ifn,N > nq, «/ﬁ(% —a) > m and
| —al <é1.

Since w € £2,, there exist np = ny(w,m) € N and 8 = 8>(w,m) > 0 depending
on @ and m, such that ’%,unN(a))—pA <eg,ifn,N > nj, «/N(% —a) <m and

% —a| < 82.
Introduce notation § = min(81,82), no = max(ny,n2). Consequently, ifn, N > ng
and | —a| < 8, then |%//LnN(a)) — pr} < &. The proof is complete. g

Proof of Theorem 3. Consider the following represention of the distribution of p, x
in Model 3 (see Theorem 2.2 of [8]).
Forallk =0,1,2,..., N,

(1)

P{S >n—k

Sn_g =7 }. (3.21)
P{Sy >n}

P{unn =k} = (]Z)p'f(l —p)NF

Let k € No. By the Poisson limit theorem, one has

N Ake=2
(k)plf(l—pl)N_k = %(1—%0(1)). (3.22)

Np1(6) — A implies that § — 0, therefore B(8) = by +0o(1) and 6 = %bol(l).
Using Theorem 2 in [11], we have

X e
P{Sy >n}= (Z T )(1 +0o(1)). (3.23)

I=n




830 ISTVAN FAZEKAS AND BETTINA PORVAZSNYIK

Since [P{é(()l) = 1} = 0, we obtain that

1.2 (bo)L-{-o(l))2

Ps, <n—k} <ESP < NEED = N%(l +o(1)) = o(1).
bo Nb
Therefore
(S =n—k}=1+o(1). (3.24)
Using (3.22), (3.23) and (3.24) in (3.21), we obtain the desired result. ]

Proof of Lemma 1. The proof is a modification of the proof of Lemma 1.2.1 in
[12]. Let us denote by B —kr = {x —kr|x € B} forany B C Ry, k,r € R4 fixed.

Let A](Cr) denote the event that exactly k of the random variables £1,...,En being
equal to r. By (2.10), we have

P(A", Sy € By)
P(Sn € Bn)

Pipan =k} = P(A| Sy € By) =

Therefore, using that &1, ..., &y are independent random variables and the event A](Cr)

can occur (],\C] ) differents ways, we have
P(A”. SN € By) = P(Sw € Byl A”)P(4]”)
N

= k plrc(l_pr)N_k

XP(Sy € Bplér # 1. éNk ZTEN k1 =T.....EN =T)

N

= )P a=p N RS, € Bu—kr).

O

Proof of Theorem 4. The proof of our limit theorem is based on representation
(2.11). Using the Moivre-Laplace theorem, we have

NY & N—k 1 —u?/2
1—pr = 14o(1 3.25
(k)pr ( p ) msr e ( 0( )) ( )

k—Np, belongs to a bounded fixed interval, where 52 = p, (1 —

asN—>c>oandu=er1/2

pr)-
Leta < oo, @1a € B°. Apply Kolmogorov’s law of large numbers. Then we have
N Sy ) n,N—oo
——€B)|—1,
f(n) N

P{Sy € By} = [P( (3.26)
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and
P{s\” eB,—kri=P —N_k—Sf(\;)—keB kr ) nN—s (3.27)
—krl = — . .
N—ke =0 f(n) N—k f(n)
To obtain (3.27), we used that
N —k N usy n,N—oco __
Fa) - fm\' U >t =pr).
and
kr N usrr+ n,N—oo __
= r - S u1rp,.
fy ~ fm\yw Ve
O

Proof of Lemma 2. The proof of Lemma 2 is a modification of the proof of Lemma
1.2.21in [12].

N
Pinavy <r}=P{m <r,....nny <r}= [P{Sl <r....EN<r ‘ Zi:lsi € By}
[P{El fr,...,SN EV,SN EBn}

- P{Sy € B} ==

P{ST" € By}
P{Sy € By}

0

Proof of Theorem 5. Consider representation (2.12) and apply Kolmogorov’s law
of large numbers for Sy and S(="). Then we have

N Sy n,N—oo

P{Sy e By}=P| ——€B|—1, 3.28

and “n

<r

(<r) N SN_ n,N—o0

P{S €By}=P| —— €B 1. 3.29
{ N nf f(n) N - ( )
]
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