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1. INTRODUCTION AND PRELIMINARIES

As the development of singular integral operators, their commutators and multi-
linear operators have been well studied (see [ 14,6, 13—15]). Let T be the Calderén-
Zygmund singular integral operator and b € BM O(R"), a classical result of Coif-
man, Rochberg and Weiss (see [5]) stated that the commutator [0, T](f) =T (bf)—
bT(f)isbounded on L?(R™) for 1 < p < co. In[7], authors obtain the boundedness
properties of the commutators for the extreme values of p are obtained ( thatis p =1
and p = o0). And note that [b, T] is not bounded for the end point boundedness.
The purpose of this paper is to introduce some multilinear operator associated to the
multiplier operator and prove the weighted boundedness properties of the multilinear
operator for the extreme cases.

First, let us introduce some preliminaries (see [0, 15]). Throughout this paper, O
will denote a cube of R" with sides parallel to the axes. For a locally integrable func-
tions b and a weight function w (that is a non-negative locally integrable function),
let w(Q) = fQ w(x)dx, wo = Q™! fQ w(x)dx, the weighted sharp function of b
is defined by

1
# _
P =S 0

We say that b belongs to BM O(w) if b* belongs to L>°(w) and define
16llBMOW) = ||b#||Loo(w). If w =1, we denote BMO(w) = BMO(R"™). It has

/Q 1b(y) —bolw(y)dy.
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been known that (see [15])
|16 —bak gllBMO < Ckl|bllBMO-

We also define the central BM O space by CM O(R"™), which is the space of those
functions f € Lj,(R™) such that

1 fllcmo = supIQ(O,r)I_lf | f(x) = foldx < oo.
r>1 o
It is well-known that (see [15])
1 lleao ~ sup inf [0 [ |7x)~clax.
r>1¢c€C 0

Definition 1. Let 1 < p < oo and w be a non-negative weight functions on R”.
We shall call B, (w) the space of those functions f on R" such that

1 £11B, @) = sur;[w(Q(o,r))]—”l’||fo(o,r)||Lp(w) < 0.
r>

The A, weight is defined by (see [6]), for 1 < p < o0,

Ap=30<wel], (R"):

1 1 ~1/(p—1) )p_l
sgp(|Q|/Qw(x)dx)(|Q|[Qw(x) dx < 00

1
A ={0<we L}OC(R”) : sup —/ w(y)dy < Cw(x),a.e.}.
Q3x|Q| (0]

and

2. THEOREMS

In this paper, we will study the multilinear operator as following (see [8]).
A bounded measurable function k defined on R” \ {0} is called a multiplier. The
multiplier operator T associated with k is defined by

T(f)(x) = k(x)f(x), for f € S(R™),

where f denotes the Fourier transform of f* and S(R") is the Schwartz test function
class. Now, we recall the definition of the class M(s,/). Denote by |x| ~ ¢ the fact
that the value of x lies in the annulus {x € R" : at < |x| < bt}, where 0 <a <1 <
b < oo are values specified in each instance.

Definition 2. Let / > 0 be a real number and 1 <s < 2. we say that the multiplier
k satisfies the condition M (s,/), if

([ Ipokerag)” <crois
|§|~R
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for all R > 0 and multi-indices o with || <[/, when [ is a positive integer, and, in
addition, if

( / |D“k(s>—D“k(é—z)|Sds)s < ey g
|E|~R R

for all |z| < R/2 and all multi-indices o with || = [/], the integer part of /,i.e., [[] is
the greatest integer less than or equal to /, and / = [/] + y when [ is not an integer.

Definition 3.~F0r a real number [ > 9 and 1 <§ < oo, we say that K verifies the
condition M (5,1), and write K € M (§,1), if

(/ |D5‘K(x)|5dx) S <CcRMFEl RS
|x|~R

for all multi-indices |oz | < [ and, in addition, if

5 |z

(/ |D5‘K(x)—D5‘K(x—z)|§dx) §C(7)”R%_”_", if 0<v<l,
|x|~R

1
N - - 5 R n
([| R|D°‘K(x)—D°‘K(x—z)|sdx) §C(—|1Ze|)(log—|zl)R§_”_“, if v=1,

for all |z] < %,R > 0, and all multi-indices & with|&| = u, where u denotes the
largest integer strictly less than / with [ = u + v.

Denote D(R") = {¢ € S(R") : supp(¢) is compact} and ﬁo(R”) ={pe S(R"):
¢ € D(R™) and ¢ vanishes in a neightbourhood of the origin}. The following bounded-
ness property of T on L?(R") is proved by Stromberg and Torkinsky (see [8, 12]).

Lemma 1 ([8]). Let k € M(s,]),1 <s <2, and | > % Then the associated
mapping T, defined a priori for f € Do(R"), T(f)(x) = (f * K)(x), Vextends to
a bounded mapping from LP (R") into itself for 1 < p < oo and K(x) = k(x).

Lemma 2 ([8]). Suppose k € M(s,l), 1 < s < 2. Gi\ien 1<5<oo letr >1 be
such that % = max{%, 1— %} Then K € M (5,1), where | =1 — L3

Lemma 3 ([8]). Let 1 < s < oo, suppose that [ is a positive real number with

I>n/r, 1/r =max{1/s,1—1/5}, and k € M(s,l). Then there is a positive constant
a, such that

. \F -
([ |K(x—2z)—K(xg —z)lsdz) < c27kekp) /s
Ok

Now we can define the multilinear operator associated to the multiplier operator
as following.
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Let m; be the positive integers(j = 1,---,[), mi +---+m; = m and b; be the
functions on R"(j = 1,---,1). Set, for 1 < j </,

1
Ry +1(bjsx,y) = bj(x) = D —D%;(y)(x = )",
lel<m;

Let T be the multiplier operator. By Lemma 1, T(f)(x) = (K * f)(x) for K(x) =
k(x). The multilinear operator associated to T is defined by

m bj;x,
Ty(f)(x) = / Mot By 1o g,

|x —y[™
Note that when m = 0, T}, is just multilinear commutators of 7" and b (see [13, 14]).
It is well-known that multilinear operator, as a non-trivial extension of commutator,
is of great interest in harmonic analysis and has been widely studied by many authors
(see [1—4]). In this paper, we will study the weighted boundedness properties of the
multilinear operator 7} for the extreme cases(see [9—11, 16—19]).
We shall prove the following theorems in Section 3.

Theorem 1. Let T be the multiplier operator, w € Ay and D*b; € BMO(R") for
all e with || =mj and j = 1,---,1. Then Ty, is bounded from L°°(w) to BM O(w).

Theorem 2. Let T be the multiplier operator 1 <p<oo we Ay and D*b; €
BMO(R") for all a with || =mj and j = 1,---,1. Then Ty, is bounded from B (w)
to CMO(w).

3. PROOFS OF THEOREMS

We begin with some preliminaries lemmas.

Lemma 4 ([3]). Let b be a function on R"™ and D*b € L4(R") for |o| = m and
some q > n. Then

[Rm(bix. )] < Clr—y" 3 (

loe|=m

1 1/q
o [tz
10 (x. ) /O (x.»)

where Q(x, y) is the cube centered at x and having side length 5./n|x — y|.

Lemma 5 ([8]). Let T be the multiplier operator. Then T is bounded on LP (R, w)
forw € Ap with 1 < p < oo.

Proof of Theorem 1. It is only to prove that there exists a constant Cp such that

5 / ITy(f) () — Colw()dx < C|f ||z2(w)

holds for any cube Q. Without loss of generality, we may assume [ = 2. Fix a

cube Q = QO(xg.d). Let O =5/nQ and 5j(x) =bj(x)— Y %(D“bj)éx“,

la|=m
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then Ry, (bj:x,y) = Rm(bj:x,y) and D; = D%b; —(D%b)) g for || =m;. We
write, for fi = fx5 and f2 = fxpm g

2

‘—1Rm; l;'; )
B = [ R

K(x—y)f(y)dy

|x —y[™
1721 Rm; (bj:x.y)
= T KE=n Ay
L[ Rmy(b2ix,3)(x = y)*' D*' by (y)
DT M K(= ) i)y
jarl=m;
L[ Ry (b1;x,)(x —y)*2D*2by(y)
- Y o e T P k) i)y
lal=my *7 K Y
1 _ otl—l—otzDotlg Dazg
Py (x—y) 1(») z(y)K(x_y)fl(y)dy
Wt arlog! Jrn |x —y|™
Iaél=m;
[17=1 Rm;+1(bj:x.y)
+ T Ty Keen Ly
sz'lemj(Bﬁx")
= T( x— |7 A
1 Ry, (b2:x,)(x — )% D% b
— T i
( Z oq! |x —-|™ h
loey|=m
1 le(gl;x,-)(x—-)“2D“252
— T _
( 2 ! X —-|m /i
loez |=m2
1 (x—ute2peip pep,
T
+ ( Z alas! |x —-|™ fl)
leey |[=my, |az|=m2>
H]z'lem‘,-+1(5j;x")
+ T( T 21,
then

T (sz‘=1 ij(l;j;x")fl)

e

T3 (f)() = T (f2)(xo)| <
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1 Ry, (ba;x,)(x —)*1 Db
© rlmamee)
1 Ry, (b1:x,)(x —)*2 D)
c e
1 (x—-)@te2peij pezj
" T(EZ alay! M—V"I Zﬁ)
+ | T5 (f2)(x) = T;(f2) (x0) |
= I (x) + I2(x) + I3(x) + 14(x) + I5(x)
and
o [ 1@ =Ty | wwd
(Q) 0 b X plJ2 X0 X)ax
< w(Q)/Il(x)w(x)dx+ 0(0) Jo Iz(x)w(x)dx—l—; I3 (x)w(x)dx

w(Q) Jo
+WQ)/Q I4(x)w(x)dx+@/le(x)w(x)dx
= h+1+ 13+ 14+ Is.

Now, let us estimate Iy, I, I3, 14 and I5, respectively. First, forx € Q and y € Q,
by Lemma 4, we get

Rp(bjix.y) <Clx—y™ Y ||D%bjlzmo.

|a_,~|=m

thus, by the the L?(w)-boundedness of T for 1 < p < oo Lemma 5 and Holder’s
inequality, we obtain

2
I = Cl_[ (%ijD“fbjBMo) (Q)/ IT(f1)(x)|w(x)dx
. o 1 » 1/17
= le:[l = [|1D% bj||Bmo (FQ)/;?" IT(f1)(x)] w(x)dx)
<

2 . 1 1/p
T X 10%bliao | (g5 [ 1AGIPwE0d)

J=1 \lej|=m;
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w(@)\"”
CH > D% bjllamo (@) I1f 120 (w)

=1 \|a;|=m;

A

2
< CITl D. 1pYbillamo |1 flILoow)-

J=1 \la,;|=m;

For I, since w € A1, w satisfies the reverse of Holder’ inequality:

1/po C
(llafgw(x)podx) S@ Qw(x)dx

for all cube Q and some 1 < pg < oo ( see [0]), thus, by the LP-boundedness of T
for p > 1, we get

I < C X D=hilawo Y i [ IT(D by fu)(6) () dx
laz|=my oy |[=mq
< a2, 1 arp P d e
< C|a2|2=:m2HD 2||BM0|a1|X=:ml(w(Q) [RHIT(D LD Pw(x) x)
< a2 ! arp P d e
< CaEmZHD 2||BMOWI§n1 (@fmw 1(X) f1 () [Pw(x) x)
1/1)1)6
= C > IID%bsllzwo ) (|Q|/|D°“b1(x) (D% by) 5 |Ppodx)
laz|=mo ey [=my
1 1/ppo
x w(Q)‘””lQl”"(@ /Qw(x)mdx) 1/ 2o
2 1 1/17
< ¢TIl X 1% ;liamo w(Q)‘”"IQI””(—~[Nw(X)dX) 11 25%)
j=1 \laj|=m, 101 Jo

2
= CH( > IID“fb,-HBMo) 11/ 11200 o).

J=1 \laj|=m;

For I3, similar to the proof of I,, we get

2
L=CI[l Y. 1IDpYbillsmo |l flLoew)-
J=1\la;|=m;
Similarly, for I4, choose 1 < ry,r, < oo such that 1/r; 4+ 1/r2+1/po = 1, we
obtain, by Holder’inequality and reverse of Holder’s inequality,

I < CY g L Irem DR @

loey |=my,laz|=m>
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o P 1/p
¢ Z ( (Q)[ IT(D*1b, D 2bzfl)(X)I”w(x)a’x)

loy|=my,|az|=my

~ ~ 1/p
c X w@ ([ b ficruwix)

loey |[=my,laz|=m2

1/pri 1/pra
o] Prld o Per
2 (|Q|/|D o) (|Q|/|D b2l x)

layl=my
lag|=myp

(Q)‘””IQI””( = [ weoma )l/mnfn
w — | w(x)Pdx oo (w
1010 LW

2
CH( > |D“fb,-||BMo)||f||Loo<w).

J=1 \la;|=m;

For Is, we write, for x € Q,

_|_

T3 (f2)(x) = T (f2) (x0)

2
| (K= =Koy 1y|m [T Rony 5536 %) o)y
j=1

=
1 1 2 :
/ ( __ m)K(xo—y)anj(bj;X,Y)fz(y)dy
rRe \|x—y"™ |xo—y| izl
_ _ s (B
b (B Ry o) B0 ) iy
~ ~ le b ’
s [ (Rmz(bz;x,w—Rm(bz;xo,y)) EniPu20.0) a3 oty

R, (b2;x, y)(x — y)™
K —
|ot1| mi /R" [x —y[™ M
Rns (b2 X0 DO =) 0 pen () 1)y
|xo —)’|m 3
R, (13 x,y)(x — y)*2 _
|0£2|Zm os! /Rn |x —y|™ K=

Ry (b1;%0,¥) (x0 — y)*2

— K(xo—»)1D*ba(y) f2(y)dy
|xo — |
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1 (x_y)ou—l-az
K(x—
+ Z Oll!Olz!/n[ |x —y|™ =)
loey |=my, |az|=m2>

(XO—J’)O”HQ o1 o
- WK(XO—)’)]D b1(y)D*?bx(y) f2(y)dy
= 1Y+ 1P0+1P0)+ 100+ 100+ 10 0x) + 17 (x).
By Lemma 4 and the following inequality (see [15])

lbo, —bg,| = Clog(|Q2|/121DI|bl|BMmo for Q1 C Oo,
we know that, for x € Q and y € 2kt1 0\ 2k,
Ry (bjix. )l < Cle—=y|™ 3 (1Dbjllzao + (D)) 5,y — (D*b) )
la|=m;

< Cklx—y[™ > [ID%bjllzmo.

lae|=m;

Note that |x — y| ~ |xo— y| for x € Q and y € R"\ O, we obtain, by the conditions
on K and Lemma 3,

1189 ()]
o0 2 .
< K(x—y)—K(xo— xXo—y|™™ Ry, . (b;;x, )|d
;Lk+lé\2ké| )= K= Pllsa =17 [T, Gyl 0l
2 [ele]
< C D*b;||amo / k2| K(x —y)— K(xo—)|| f()|dy
’1:[1 ;_H i gszlQMQ [K(x =)= K(xo= 01 /)]
J loe|=my, k=0
2 oo 1/s
< I X 1D lismo ZkZ([ ~|f(y)lsdy)
j=1 \la|=m; k=0 26t10
, 1/s
x (/ ) ~|1<(x—y>—1<(xo—y>|sdy)
2k+1Q\2kQ
2 o0
< CTTL X p*bilismo | D k22754 fllLoow)
J=1 \la|=m; k=1
=<

2
c]l
j=

1

( > ||Dabj||BM0) 1/ 1lzoe w)-

let|=m
For I 5(2) (x), by Lemma 2, we obtain

112 ()|
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2
Cﬂ( S D%, ||BM0)Z[k+1Q\2kQ P Kt 0)ldy

<
Jj=1 \la|=m;
2 1/s
- 1D, 5310 kzz—k(/ |K(xo—y>|S’dy)
‘.z S ([
1/s
x(/ ~|f<y>|%zy)
2k+19
<

2 )
cI] ( > ||D“bj||BMo) D k227K flleo )

j=1 \Ja|=m; k=0
< 1‘[( > ||D°‘bj||BMo) 11/ 1o ) -
||=m;
For 15(3)(x), by the formula (see [3]):
Ry (bjix.y) = R, (bjix0.y) = Z {Rinip)(DP bjx.x0)(x = )P

|ﬂ|<m

and Lemma 4, we have
|Rm_,~(l;j;)€,y)—Rm_i(l;j;xo,y)|
<C Y 3 ol Py )P0 so.

|Bl<m; |a|=m;

thus, by Lemma 2, we obtain

112 (x)]
2 o0 |X |
< 110 o [ K2 o= IOy
o0 1/s
< 1D |l3ar0 kz-k |K(X0—y)|sdy)
l:[ aIXr:n/ j 1; 2“19\2"9
1/s
x([ le(y)lsa’y)
2k+1Q
2 )
< CTTl D pbilismo | D k227%@Fd)y=/*2Fd)"’*| f1|Loo ()
J=1 \|a|=m; k=0
<

2
C H ( Z ||Dabj||BMO) | f1lLoo w)-

J=1 \la|=m;



WEIGHTED BOUNDEDNESS OF MULTILINEAR OPERATOR 493

Similarly,

2
Pol=c [T 22 1p“bslismo |1/ llw.

J=1 \la,|=m;

For 15(5) (x), similar to the proofs of 15(1)(x), 15(2) (x), 15(3) (x) and 14, we get, for
1 <sy,sp<oowithl/sy+1/s2+1/s=1,

(x— )| . "
IRIGE cy /Q)C e Ry (b2.9) = Ry baixa )
|y |=m1
x |K(x = y) D% by (0)||.f(7)|dy
n cy / (x=»)*  (xo—y)*
wiiom, V(O [x—=y|™  |xo—y|™
x | R, (b X0, ) K (x — ) D* by (V)| f ()] dy
n c | Riny (b2 x0, ¥) || (X0 — y)*!|
loey [=m (0 A

x |K(x —y)— K(xo— )| D* b1 (»)]] £ (»)|dy
> ¥ Yt

< € Y ID%sllawo k2 (/ ) ~|1<(x—y)|“dy)

ler|=m: oty | =y k=0 2KHI\2FQ

. 1/s2 1/s

x (/ N|D“1b1<y>|S2dy) (/ le(y)lsdy)

2k+19 2k+19
+ C Y ID*ballpmo
l|=m>

o] 1/s1

x Zk(/ |K<x—y>—1<<xo—y)|“dy)

JT—— 2k+19\2k O

loey |=m
. 1/s2 1/s
x (/ N|D“1b1<y>|S2dy) (/ le(y)lsdy)
2k+19 ok+1

2
H( > 1ID%b ||BM0) D k@ 27| £l Lo (w)
j = la|=m k=1

1

IA

J

IA

2
H( > IID“b_/||BMo)||f||LOO(w).

‘Otl =m;
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Similarly,

2
L@l [T X2 1pYbillsmo | 11 fllLooqw).

J=1 \la,|=m;

For 15(7) (x), similar to the proofs of 15(5) (x) and 14, we get, for 1 < 51,852,853 < 00
with 1/s1+1/s2+1/s3+1/s =1,

—y)xitaz —y)x1toz
|15(7)(x)| < C Z [~ (-x y) _ (X() y)
Q)¢

e |x —y|m |xo —»[™
x |K(x —y)D*1 b1 (») Db ()| £ (»)|dy
4 c ) / |(xo — y)¥1tez|
oty 1= oyl (D) |xo —y|™
x |K (x —y) — K(xo— )| D*1 by () D*2 b (»)|| f () |dy
< Y Yo (/ ] ~|K(x—y)|51dy)l/sl (/ ~|f(y)|5dy)l/s
vy [=m 1 latl=m k=0 2krtonako 2krto
- 1/s2 5 1/s3
x (/WQ DUBI Iy ) (/WQ DBl dy )

o0

+ ¢ > > (/2 ~|K(x—Y)—K(XO—y)ls‘a’y)mI

k+10 k
loey I=rmy . latl=mz k=0 o\2te

- 1/s52 - 1/s3 1/s
o] 52 o 53 Ky
(/2k+1Q|D b1(y)| dy) ([2k+]Q|D br(y) dy) ([2k+lé|f(y)| dy)

X

2 o)
= cIl ( 2 IID"‘bjIIBMo) 2 KT 275 fllLee )

J=1 \la|=m; k=1

2

= c H ( Z ”Dabj”BMO) ||fHL°°(w)-

J=1\lal=m;

Thus
2
Is<CTT| X2 11P%bjlizmo | IIf L)
Jj=1 |aj|=mj

This completes the proof of Theorem 1. g

Proof of Theorem 2. It is only to prove that there exists a constant Cp such that

1
@/Q ITy(f) () — Colw()dx < CI1f |13, ()

holds for any cube O = Q(0,d) with d > 1. Without loss of generality, we may
assume [ = 2. Fix a cube Q = Q(0,d) withd > 1. Let Q = 5./nQ and b;(x) =
bi(x)— > %(D“bj)éx“, then Ry; (bj;x,y) = Rm; (bj;x,y) and D*bj = D*b; —

loe|=m;
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(D“b,-)Q~ for |a| = m;. Similar to the proof of Theorem 1, we write, for f1 = f)(Q~
and f2 = fXRn\Qe

fg)/Q ‘Tb(f)(x) — Tl;(fz)(())} w(x)dx

_1 HJ2'=1ij(5j§x")
: w(Q)/Q T( |x —-|m Ji || w(x)dx
L 1 Ry (Boix. ) (x =) D1y
* W(Q)L d |0£1|X=:m1 C(l! |x_|m fl) w(X)dX
1 1 Ry, (l;l§x, J(x —')“2D“252
on! d
* w(Q)/Q T(a;mzoez! X —-|m f1 ]| w(x)dx
" ;/ d > : (x_.)a1+a2Da151Da252f\ w(x)dx
w(Q) Jo 1l Jasl=ms aplon! X —-|m 1

I
@/Q |T5(f2)(x) = T3 (f2) (0| w(x)dx

= Li+L,+Lz+ L4+ Ls.

+

Similar to the proof of Theorem 1, we get

2 1 1/p
L= T X 10nlao | (g [ ITtmmPuear)

IA

J=1

2
01'[( Y D% billsmo | w2l fxpllLew)

loj |=m;

IA

2
01'[( > D“fb,-nBMo)anp(w).

J=1 \|aj|=m;

For L,, taking r,s,t > 1 such that r < p, t = ppo/(p—r) and 1/s+1/(p/r)+
1/t = 1, then, by the reverse of Holder’s inequality,

1 B 1/r
Ly < ¢ Y p=hlmo Y (i [, IO A )
oo |[=m2 leey |[=my w(Q)fRn
B 1/r
< C Y IDehlipuow@) Y ([R nID"“bl(X)ﬁ(X)I’w(X)dx)

loea |=m2 leey [=my
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1/rs
C Y 1D%bllsyow@ " ¥ (/ |D°‘b1<x)|”dx)

loa |=m> lay|=my

1/ 1/rt
(/~ |f(x)|pw(x)dx) ’ (/~ w(x)(l—’/l’)tdx)
0 0

2 po/rt
CTI| X 1o=bsllamo |w@) 101 Il xgllur (5 [, wewa)

j=1 |(xj|=m/

2
cl] ( > ||D°‘fb,-||BMo) w(@) VPN fxgllLrw)

j=1 |a/|=ml

2
c]‘[( > ||D“fbj||BMo)||f||Bp(w),
j:

|0t,\ =m;

2
c]‘[( > ||D°‘fb,-||BMo)||f||B,,(w>.

J=1 \laj|=m;

For L4, taking r,s1,82,¢ > 1 such that r < p, t = ppo/(p—r) and 1/s1 + 1/s5 +
1/(p/r)+ 1/t =1, then, by the reverse of Holder’s inequality,

Ly <

IA

IA

IA

IA

IA

1 ~ ~ 1/r
- aq a2 r
¢ Y (utg [ @B =R @I W)

layl=my.lozl=m2

~ ~ 1/r
co@ ¥ ([ 109B@D=hm A @I weds)

layl=my,laz|=m2

- 1/rs; B 1/rs»
Cw@™" ) (/ |D°‘b1(x)|”ldx) (f ID"‘bz(x)I"Szdx)
layl=my.|azl=m2 Qo o
1/p 1/rt
(/~ |f(X)|pw(x)dx) (/~ w(x)(l—r/p)tdx)
Q o

2
Cl_[( Z ||Dvéjbj||BMO)w(Q)—l/r|Q|1/rsl+1/rsz+1/rt
J=1\lejl=m;
1 po/rt
I fxollere )<~/~w(x)dx)
e \1o1 /e

2
C 1‘[( > ||D“fb,»||BMo)w(Q”>—‘/P||fo~||Lp(w)

J=1\la,|=m,;

2
cJ] ( > IIDO‘fbjIIBMo)||f||Bp(w)-

J=1\la,|=m;

For L5, similar to the proof of the proof of /5 in Theorem 1, we have

K(x—y) K(=y)
lx—y™ [y

2
(20 - Ty = [ ( ) T Ry 5.9 fo0)dy
j=1
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. . Ry (b2:x.y)
+ [, (R i) = Rony (:0.3) =222 220 Ky o)y
~ ~ R 5 1 X0,
v [ (Rona B.3) = Rona B2i0.9) X502 K () a2y
1 [ Ry (B2, y) (x — )1 Ry (230, ) (—y)®1 ]
_ i K(x—y)— K(—
mlgmlalr/m R o NG )
x D*b1(y) f2(y)dy
U [ Ry (Brix,y)(x—y) Rony (130, ) (—y)*2 |
— _— K(x—v)— K(—
mgmz o R (=) B =]
X Dby (y) f2(y)dy
1 (x—yynrte (yyertee
K(x—y)——" K(-
’ |a1\=m§a2|=m2 aple! /;en |: lx =yl =y Ly ( y)_
x D¥by(y)D*2by(y) f2(y)dy

= L+ LP 0+ LP 0+ LP 0+ LY 0+ L ().

For Lgl)(x), taking 1 < g,r <oosuchthat 1/p+1/g+1/r =1,by w e A; C
Ap/ri1, We get

oo

(1) / 1 1 ’
L7 (x) < -
s l= Z Jucviguarg =y I
2
x (K =) [ 1Rm; Bj:x. )LL) w ) Pw(y)~ P dy
j=1
o0
+ K(x—y)—K(- —m
E()/zmg\zkg'( =Ky
2 ~
x [11Rm, Gj:x. 0L f 0w Pw(y) ="/ Pdy
j=1
(= $ i .
< ¢ 10 llmaeo | o227t ([ ke pay )
j=1 \lel=m;, k=0 2krionto
1/p y 1/r
(V)P —r/p
x (Longlrormmar) ([, jwerray)

+ c[]

2
1

J

>, 1/q
X k / Kx—y)—K(— qd)
) (L1 grae K0~ = Kol

( > ||D“bj||BMo)

let|=m
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1p 1/r
- (/;k+1g|f(y)|pw(y)dy) (/k+l w(y)~ r/pdy)
2
) Cﬂ( > llD“fb_;nBMo)
J=1 \|ej|=m;
S 5 1/p
X Zk22—kw(2kQ)—l/p (/2ké|f(y)|17w(y)dy)
k=1
1 1/p 1 (r—1)/p
k0| d —— ~1/(p=1)y )
X (|2kQ|/2ka(Y) Y) (|2kQ| 2ka(y) y
2
’ CH( > ”Dajbj”BMO)
J=1 \lej|=m;
. 2~—k k Av—1/p » 1/p
k22 kay, 0k §y= ( fO) ()d)
X kgl w Q /;kQ| y | w(y)ay
) (;” w(Y)dY)l/p( 1~ w(y)—r/de)l/r
201 )2+ 0 BT
<

2
1‘[( > ||D“fbj||BMo)||f||Bp<w).

\Ot,\ =m;

Similarly, we get, for 1 < gq,r1,r2,r3,s <ocowith1/p+1/g+1/ri+1/s =1 and
1/p+1/qg+1/r2+1/r3+1/s =1,

IA

IA

1LY )+ LY () + LY () + L (1) + LY (0]

C( 2 D“bzIIBMo) 2 Z/ng\zkgzkd"“ MDD B OIIF)ldy
lal=m2 la|=m1 k=0

C( > D“blnwo) > Z/ K ) ID% B () f ()ldy

%
lal=m, oy k02K 1 O\2K 0 20d

C( ||D“bz||BMo) > Z / |K(x =)= K(=WIID* by ()| f()]dy
la|=m>

k+1 k
lal=m1 k=0 1O\ Q

C( ||Dabl||BMO) > Z / K (x =)= K(=)ID*2 b, ()| f () |dy
lal=m

k+1 k
la|=mop k=0 T1o\2k 0

¢ _x /ZHIQ\sz'K(x M=KD b 0)ID2 (01 f ()ldy

layl=my.loz|=m3 k=0

~ 1/r
c| S upslismo| 3 Zk—k([ 1Q|D“1b1<y>|’ldy)

la|=m> lal=m1 k=0

it g s [KEdy v s s S DNPw )y v . l~w(y)_””dy v
2k+10\2k O 2k+10 2k+10
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~ 1/
+ c| ¥ ubilsmo| X3 ket (/. 1Q|Da2b2(y)|’1dY)

lo|=my la|l=m> k=0

1/q 1/p y 1/s
q p —s/p
‘ (Lisrpg K0y ) (L, 0P w0rar) ([ wor/7ay)
> | v
* c 106213010 > k(11 KGN = KONy
loe|l=m Iozl mlk 0 2k+10\2k 0

1/q
Kx KO 2d )
/k 167 | (x,y)—K(0,y)|?dy

lo|l=m Iozl mzk 0

x (/2k+1 |Dalb1(”|rldy)l/rl( k+1 |f(y)|”w(y)dy)l/p(/2/+]Qw(y) Y/pdy)l/s

+ C( > ID¥billBmo

1/p

X (/2k+1Q~ |D“252(y)|’1dy)1/r1 ([HIQ |f(y)|1’w(y)dy) (/Hle(y)—v/pdy)l/v

c Y 3 (/2 1K, y) - KO, y)|qdy)w (L, w0 S/de)m

k+1 k
leey I=m) ozl =mz k=0 O\2kg

o1 r tr o r Vs D tp
(L 0 monray) ([, 10 bordy) ([ 10wy

2 00 5 1/p
cl] ( ) ||D“fb,-||BMo) Do kAR a2k Rkg)ml /P (/ | fD)IPw(y)dy
k=1

+

IA

Jj=1 |0tj|=mj
2
< cJ] ( > IID“fbjIIBMo)||f||B,,(w)~
j=1 |Otj|=mj'
Thus
Ls<C 1_[ > IDY% bjlIsmo | 11118, w)-
J=1 \ejl=m;
This finishes the proof of Theorem 2. O
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