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Abstract. In this paper, some algebraic properties of the joint k—numerical radius, joint k—
radius and the joint k—norm of matrices are investigated. Moreover, using the joint higher nu-
merical ranges of diagonal matrices which are convex polyhedrons, a description for the shape
of the higher numerical ranges of matrix polynomials is given.
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1. INTRODUCTION AND PRELIMINARIES

Let M;,xm be the vector space of all n x m complex matrices. For the case n =
m, Myxn is denoted by M, ; namely, the algebra of all n xn complex matrices.
Throughout the paper, k,m and n are considered as positive integers, and k < n.
Moreover, I} denotes the k x k identity matrix. The set of all #n x k isometry matrices
is denoted by X, xk; i.€., Xyxk = {X € Myxk : X*X = I}. Also, the group of
n X n unitary matrices is denoted by U, ; namely,

The notion of k—numerical range of A € M,,, which was first introduced by P. R.
Halmos in [8], is defined and denoted by

1
Wic(A) = {1r(XTAX) X € Xk}

where #r(.) denotes the trace. The sets Wy (A), where k € {1,2,...,n}, are gener-
ally called the higher numerical ranges of A. When k = 1, we have the classical
numerical range Wi (A) = W(A) = {x*Ax : x € C", x*x = 1}, which has been
studied extensively; see for example [7] and [9, Chapter 1]. Motivation of our study
comes from finite-dimensional quantum systems. In quantum physics, e.g., see [6],
the quantum states are represented by density matrices, i.e., positive semidefinite
matrices with trace one. If a quantum state D € M, has rank one, i.e., D = xx*
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for some x € C" with x*x = 1, then D is called a pure quantum state; otherwise,
D is said to be a mixed quantum state which can be written as a convex combina-
tion of pure quantum states. So, for 4 € My, we have W(A) = {tr(AD) : D €
M, is a pure quantum state}. It is known that A is Hermitian if and only if
W(A) C R, and also A is a positive semidefinite matrix if and only if W(A) C [0, c0].
Moreover, by the fact that the convex hull of the set

1
{%P : P € M,, is Hermitian, P? = P, and tr(P) =k}

equals to the set & of density matrices D € M,, satistying %I n — D is positive semi-
definite, we have

Wi (A) = {%tr(AP) : PeM,, P2=P=P* tr(P)=k}
={tr(AD) : D e 8}.

Let A € M,, have eigenvalues A1,A»,...,A,, counting multiplicities. The set of
all k—averages of eigenvalues of A is denoted by o ®)(4); namely,

1
o®4) = (e Gy iy oo Ay T 1Sy <ia <o <ig =}

Notice that if kK = 1, then 0V (A4) = o(A4), i.e., the spectrum of A. Next, we list
some properties of the k—numerical range of matrices which will be useful in our
discussion. For more details, see [8, 1 3] and their references.

Proposition 1. Let A € M,,. Then the following assertions are true:

(1) Wi (A) is a compact and convex set in C;

(i) conv(c® (A)) C Wi (A), where conv(S) denotes the convex hull of a set
S C C. The equality holds if A is normal;

(i) {17 (A)} = Wa(A) € Wy—1(A) S --- C Wa(A) S Wi(A) = W(A);

(iv) If V € Xpxs, where k <s < n, then Wi, (V*AV) C Wi (A). The equality
holds if s = n, i.e., W, (U*AU) = Wi (A), where U € Uy;

(v) For any o, € C, Wi(@A + Bln) = aWi(A) + B, and for the case k < n,
Wi (A) = {a} ifand only if A = al,,.

Let A € M,,. The k-numerical radius, k-spectral radius and the k-spectral norm
of A are defined and denoted, respectively, by

re(A) :=max{|z| : z € Wi (A)}, (1.1
pr(A) == max{|z| : z € a®(A)}, (1.2)

and .
Al k) := max{|%tr(X*AY)| XY € Xxk ) (1.3)

It is clear that r1(A4) = r(A), p1(A) = p(A), and | A|1) = [|A]|, which are the nu-
merical radius, the spectral radius, and the spectral matrix norm (i.e., the matrix norm
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subordinate to the Euclidean vector norm) of A, respectively. Also, r(.) for the case
k<n, and ||.|| k) are vector norms on M,,. Now, in the following proposition, we state
some other properties of px (.), 7x(.) and |.||(x), and their relations. For more details,
see [10,12].

Proposition 2. Let A € My,. Then the following assertions are true:
(1) re(V*AV) < ri(A) and |[V*AV k) < | Allx) for all V € Xyxs, where
k <s <n. The equality holds if s = n;
(i) Al = %Z;;l s5i (A), where s1(A) > s2(A) > --- > 5, (A) are the singular
values of A;
(i) pr(A) =i (A4) = |4l k)
(iv) rx(A) = || Allk) if and only if there exists a number 6 € R such that aj =
ajeieforallj =1,2,....k, whereay > ap > --- > a, are the singular values
and 1,02, ...,0,, where |a1| > |oa| = -+ > |ay |, are the eigenvalues of A;
V) Ifk <n, then 5=y 1Al < e (4) < [|A];
o) Al = 1 All—1) = -+ = [All @) = |4

In Section 2, we study some algebraic properties of the joint k—numerical radius,
joint k—spectral radius and the joint k—norm of matrices. In Section 3, using the joint
higher numerical ranges of diagonal matrices which are convex polyhedrons, we give
a description for the shape of the higher numerical ranges of matrix polynomials.

2. MAIN RESULTS

We begin this section by introducing the notion of the joint k —numerical radius of
matrices.

Definition 1. Let (A1, A2.....,Am) € M. The joint k-numerical radius of
(Ay1,A,,...,Ay) is defined and denoted by

re (A1, Az, ..., Am) == supi{l(ay,az,...,am)
. (a17a27-"7am) € Wk(ALAZ’---’Am)}’

where
m )
b(ay.az.....am) = (Dai?) . and
i=1

1 1
Wi(A1, Az, .. Am) = % (;tr(X*AIX),...,gtr(X*AmX)) X € xnxk}

is the joint k—numerical range of (A1, A2, ..., Am).

Next, we are going to state a new description of r; (A1, A2,..., Ay) which is one
of the our main results in this section. For this, we need the following lemma.
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Lemma 1. Let (ay,az,...,an) € C™. Then

lz(al,az,...,am): Sup |Zklaj|’
(A1,A2,..,Am)€S!

where S' = {(z1.22.....2m) €C™ = Y7L |z =1}

Proof. To avoid of trivial case, we assume that (a1,az,...,an) # (0,0,...,0). Let
(A1.A2,...,Am) € S! be arbitrary. By the Cauchy-Schwartz inequality, we have
1

m m % m 2
|inai|s(2|ki|2) (Z|a,-|2) =l(a1.a2.....am).

i=1 i=1 i=1

So,
m
sup |Z)Ljaj| <b(ai,as,...,am).
(/11 Aoy, /’Lm)GSI j=1
By setting A; = ﬁ, where i = 1,2,...,m, we have (A1,A2,...,An) € SL.
Moreover,
m Z"n |a,|2
=114;j
| Aiai| = J =bh(ay,az,...,am).
jzl T lz(al,az,...,am) m
Therefore, the result holds. O

Theorem 1. If (A1,A42,...,An) € M, then

Fe(Ar Az, Am) = sup Fe(AM A1+ 2240+ 4+ AmAm).
(AI:A’Zﬂ"yAm)eSl

Proof. Forevery (A1,A2,...,Am) € ST, we have

1 m
Wk()LlAl+12A2+...+AmAm):{%tr(X*(Z/\jAj)X) C X € Xpxk)
=1

m
={> Ajaj : (a1.a2.....am) € We(A1. A2..... Am)}.
j=1

Thus,

re(AM A1 +A2A0 + -+ A Am)

m
=sup{| Y _Aja;| : (a1.az.....am) inWi (A1, Az,..., Am)}.
j=1
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Now, using Definition 1 and Lemma 1, we have:

re(A1, Az, ..., Am) = sup Ih(ai,az,...,anm)
(al,512;---aam)€Wk(Al5A2;--~aAm)
m
= sup sup 1Y Aja;l

(@1,a2,...am)E€Wi (A1, A2, Am)  (A1,A2,Am)EST T4

m
= sup sup 1Y Aja;l
(A1,A2,..0Am)ESY  (a1,a2,....am)EWi(A1,42,....,4Am) j=1

= sup re(A AL +A2A40 + -+ A Am).

So, the proof is complete. U

In the following proposition which follows from Theorem 1 and Propositions 1
and 2, we state some basic properties of the joint k-numerical radius of matrices.

Proposition 3. Let (A1,A2,...,An) € M. Then the following assertions are
true:
W) If k <n, then ri(A1,A42,...,Am) =0 if and only if Ay = Ay = -

= Ay, =0;

() re(AA1, A A, ..., AAy) = |A|rk (AL, Aa, ..., Am) forall A € C;

(i) (A1 + A),....Am + A)y) < ri(Av..... Am) + ri(A).... A},), where
A A, A, € My

(iv) rp(S*A1S,8%A2S,...,S*AmS) < r(A1,Az,..., Am) for all S € Xyxs,
where k <t <n. The equality holds if t = n. Consequently, for every
UeUy,,

rk(U*AlU,U*AQU,...,U*AmU) = l"k(Al,Az,...,Am).

In view of Proposition 3, ri(.,...,.), where k < n, is a vector norm on M}’
Moreover, Theorem 1 leads us to introduce the notion of the joint k—norm of matrices.

Definition 2. Let (Ay,...,A,) € M. The joint k—norm of (Aq,...,Ap) is
defined and denoted by
||(A1,A2,...,Am)||(k) = sup ||11A1+/\2A2+---+/\mAm||(k).
(l] ,Az,...,lm)ESI
Using Definition 2 and Proposition 2, we can show that the joint k—norm of
matrices satisfies in the following basic properties.

Proposition 4. Let (A1,A2,...,An) € M. Then the following assertions are
true:
() If k < n, then ||(A1,A2,....Am)|x) = O if and only if Ay = Ay = ---
= Am = 0”
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(i) [[(AA1,AA2,....AAm) () = IAII(A1, A2, ... Am) |l (k) for all A € C;

(i) [|(A1 + A}, Am + A ) = (A1 Am) ) + I1CAT - AR )
where (A}, A},..., A},) € M;

(iV) ||(S*A1.S,S*A25,...,S*AmS)”(k) < ||(A1,A2,...,Am)||(k) for all
S € Xyxz, where k <t <n. The equality is holds if t = n. Consequently,
forevery U € Uy,

(U AU, U* AU, ... .U AnU) k) = (A1, A2, .., Am) | (1)

In view of Proposition 4, for the case k < n, the joint k—norm is a vector norm on
M. In the final result of this section, we are going to study the relations between
the joint k—numerical radius and the joint K —norm of matrices. For this, we need the
following lemma.

Lemma 2. Let A € My,. Then
1
— |4 <r.(4)<| 4 .
2@k 1) [All ) = ric(A) = [ All )
Proof. The first inequality follows from Proposition 2((v) and (vi)). Also, by
(1.1) and (1.3), it is clear that ;. (4) < || A|| k). and so, the proof is complete. O
Theorem 2. Let (A1, Az,...,An) € M. Then

1
—|(41,...,4 <rg(41,....4

<min{||(A1,.... Am)ll gy L2(rk (A1), . ... 7k (Am))

Moreover, the right inequality is sharp.

Proof. Applying Lemma 2 to the matrix A := A1 A1 +A2A2 +---+ Ay Ay, where
(AM,A2,...,Am) € ST, and using Definition 2 and Theorem 1, we have

1
—||(44,..., 4 <rp(A1,....,An) <||(41,..., A .
Moreover, it is clear that Wy (A1, Az,..., Am) € Wi (A1) X Wi (A2) X --- X Wi (Ap).
Then,

re(At,..., Am) =supib(a,...,am) : (a1,...,am) € Wi (A1,...,Am)}
<bL(rg(A1), ..., (Am))-

Therefore, the right inequality also holds.

To prove that the right inequality is sharp, we consider the matrix A € M,, with sin-
gular values a; > ap > -+ > a, and eigenvalues a1, a2, ...,q,, where |a1| > |az| >
-++> |ty |. Moreover, we assume that there exist a 6 € R such that o; = a; e'? for all
J =1,2,....n. Then by Proposition 2(v), we have r;(A4) = || A| (). Now, suppose
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that A; =1; A, where t; € C forall j =1,2,...,m. Then by Theorem 1, Proposition
4 and Definition 2, we have:

re(A1, Az, ..., Ap) = sup re(AM A1+ A4+ 4+ A Am)

m
= sup 1> A 1r(A)
(Al,kz,...,/lm)eSl j=1
m
= sup 1> A1 Al
(A1,A2,..0, /lm)eSI j=1
= sup [A1A1+ 2242+ 4+ A Amll k)

(A1,A2500Am)€EST

Now, if we choose #; > 0, then by Lemma 1 and the above inequalities, we have:

(A1, A1, Am) k) = (e (A1), 76 (A2), . ... Tk (Am)).
Hence, the right inequality changes to equality. This completes the proof. U

3. ADDITIONAL RESULTS

In this section, by using the joint higher numerical ranges of diagonal matrices,
we find an approximation for the higher numerical ranges of matrix polynomials.
For this, suppose that

PA) = Ap A + A Ao A1 A + Ay (3.1)

is a matrix polynomial, where A; € M,, (i =0,1,...,m), A, # 0 and A is a complex
variable. The numbers m and n are referred as the degree and the order of P(1),
respectively. The matrix polynomial P(A) is said to be a diagonal matrix polynomial
if all the coefficients A; are diagonal matrices. A scalar A¢ € C is called an eigenvalue
of P(X) if the system P(A¢)x = 0 has a nonzero solution x¢ € C". This solution xg is
known as an eigenvector of P(A) corresponding to Ag, and the set of all eigenvalues
of P(A) is said to be the spectrum of P(1); namely,

o[P(V)]={neC : det(P(n)) = 0}.
The (classical) numerical range of P (1) is defined and denoted by
W[P(A)]:={ueC : x*P(u)x =0 for some nonzero x € C"},

which is closed and contains o[P(A)]. The numerical range of matrix polynomials
plays an important role in the study of overdamped vibration systems with finite num-
ber of degrees of freedom, and it is also related to the stability theory; e.g., see [5,11]
and its references. Notice that the notion of W [P (A)] is generalization of the clas-
sical numerical range of a matrix A € M,;; namely, W[AI — A] = W(A). In the last
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few years, the generalization of the numerical range of matrices and matrix polyno-
mials has attracted much attention and many interesting results have been obtained;
e.g., see [1-4, 15]. One of these generalizations is the notion of higher numerical
ranges. The k-numerical range of P(A) is defined and denoted, e.g., see [2], by

Wi[P(A)]={pneC : tr(X*P(u)X) =0 for some X € Xpxi ). (3.2)
Also, the k— spectrum of P(A) is defined as
WP ={peC : 0ea®@ P} (3.3)

It is clear that e [P(1)] € Wi [P(M)] = { € C : 0 € Wi(P(w))}, cV[P)] =
o[P(A)], and Wi [P(A)] = W[P(A)]. Moreover, if P(1) = Al — A, where A € M,
then Wi [P(A)] = Wi (A) and 0 ®[P(L)] = 0®)(4). The sets Wi[P(1)], where
k € {1,2...,n}, are generally called the higher numerical ranges of P(1). The joint
k—numerical range of P (1) is defined as the joint k—numerical range of its coeffi-
cients; namely, J Wi [P(1)] := Wi (Ao, A1,..., Am). It is known, e.g., see [2, The-
orem 2.2(iii)], that:
WelP(D]={pn €C : cmu™ +---+co =0, (co.....cm) € J Wi [P(MV)]}
={ueC :cuu™+-+co=0, (co,....cm) € conv(J Wi [P(L)])}.
3.4
So, if Q(A) is a matrix polynomial of degree m and arbitrary order such that
JWr[P(A)] S IWE[Q Q)] or if conv (J Wi [P(X)]) C conv (J Wi [Q(A)]), then we
have Wi [P(A)] € Wi[Q(A)]. In the following proposition, we characterize the joint
k—numerical range of a diagonal matrix polynomial.

Proposition 5. Let P(A), as in (3.1), be a diagonal matrix polynomial. Then
JWi[P(A)] is a convex polyhedron. Conversely, every convex polyhedron H C
C™ 7t is the joint k—numerical range of a diagonal matrix polynomial of degree
m.

Proof. Suppose that A; = diag(agl),ag),...,af,i)) for i = 0,1,...,m and
S1,82,... Sc(n k) are all the subsets of {1,2,...,n} with k elements. By considering
qgj) = ZZES’ ’ for j =0,1,...,m, we have

TWilPO)] = conv({(q).q.....q8") i =1.2.....c(n.k)}).

Conversely, suppose that H € C™*! is a convex polyhedron with n vertices
V1,V2,...,Vs. Now, we can find the points (¢ 0.¢i,1.-.-.Ci,m) € cmtl, =
1,2,...,q with ¢ > n such that their k—averages are v1,v3,...,v,. Then H =
JWi[D(Q)], where

D) =diag(cim,....cqm)A™ +---+diag(ci,1.....cq1)A+diag(c,0.....¢q,0)-
So, the proof is complete. O
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The following theorem is a generalization of [ 14, Theorem 2.4].

Theorem 3. Let P(A) be a matrix polynomial as in (3.1). Then
U WilD1 (V)] = Wi [P(V)] = [\ Wic[D2(V)],

where the union [intersection] is taken over all diagonal matrix polynomials D1(})
[D2(A)] of degree m for which J Wi [D1(A)] € J Wi [P(A)] € J Wi [D2(R)].

Proof. By [1, Theorem 3.1(ii)], the left equality holds.
For the right equality, note that for every diagonal matrix polynomial D5 (A) of degree
m for which J Wi [D2 ()] 2 J Wi [P(1)], we have Wy [D2(A)] 2 Wi [P(A)]. Thus

Wi[P()] < N Wi [D2(A)].
TW D212 Wi [P (V)]

Conversely, let
Ao € N Wie[D2 ().
JWi[D2(M)]2J Wi [P(A)]
By considering T} (Ag) = {(co,C1,....c;m) € C™TL cmAg + -+ c1do+co =04,
we have Ty (Ag) N J Wi [D2(A)] # @ for every diagonal matrix polynomial D, (1)
satisfying J Wy [D2(A)] 2 J Wi [P(A)]. Thus, by [14, lemma 4.1] and Proposition 5,
we have
T1(Ao) Nconv(J Wi [P(A)]) # 9,.
So, by (3.4), Ag € Wi [P(A)]. Therefore,

Wi[P(V)] 2 N Wi D2 (M),
JWi[D2(A)]12J Wi [P(A)]

and hence, the proof is complete. O

Remark 1. In view of Proposition 5 and Theorem 3, one can estimate the shape of
the k—numerical range of matrix polynomials by convex polyhedrons.
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