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NON-NORMAL AFFINE MONOIDS, MODULES AND POINCARE SERIES OF
PLUMBED 3-MANIFOLDS

TAMAS LASZLOY2 AND ZSOLT SZILAGYI?

ABSTRACT. We construct a non-normal affine monoid together with its modules associated with
a negative definite plumbed 3-manifold M. In terms of their structure, we describe the Hy (M, Z)-
equivariant parts of the topological Poincaré series. In particular, we give combinatorial formulas

for the Seiberg—Witten invariants of M and for polynomial generalizations defined in [LSzI5).

1. INTRODUCTION

1.1. Let M be a closed oriented plumbed 3-manifold associated with a connected negative definite
plumbing graph I'. Assume that M is a rational homology sphere, ie. I' is a tree and all the plumbed
surfaces have genus zero. Let V be the set of vertices of I', §, is the valency of the vertex v € V,
and A is the set of nodes consisting of vertices with §, > 3. We consider the plumbed 4-manifold X
associated with T'. Tts second homology L is freely generated by the classes of 2-spheres {E, },ev,
its second cohomology L’ by the (anti)dual classes {E}},ecy. The intersection form embeds L into
L' and H := L'/L ~ H,(M,Z). Denote the class of I’ € L’ in H by [I'].

We consider the (equivariant) topological Poincaré series Zp (t) = >,/ prt! as the multivari-
able Taylor expansion at the origin of the equivariant zeta function

fu(t) = [T = [E5)67) 2
vEV

where t! := [Toeytly for any I = > ., l,E, € L'. It has a natural decomposition Zg(t) =
> nemr Zn(t) - h, where the h-equivariant parts are given by Z,(t) = >, put! (cf. Section BI).

1.2. The topological Poincaré series appeared in several articles studying invariants of normal
surface singularities, cf. [CDGZ08| [CDGZ04, [NOS, [N12| [ST5]. It is a topological tool giving ‘some’
information on analytic invariants associated with the singularity. For special classes of singularities
(see [NOS|, [NT2]), this series coincides with its ‘analytic counterpart’ (cf. Section[3.2)). This
strong parallelism makes interesting connections between the geometry and topology of singularities.
Moreover, motivates the following completely topological question as well: how one can recover
invariants of M from the associated topological Poincaré series?

In the spirit of the aforementioned parallelism, proved that the Seiberg—Witten invariants
of M can be given as multivariable periodic constants of the series (see Section for details).
This result was reinterpreted in [LN14] by showing that the Seiberg-Witten invariants appear as
coefficients of a multivariable Ehrhart polynomial of certain polytope associated with the manifold
M. One of the outcomes of this interpretation is a reduction for the number of variables of the series

and defines reduced series Zp,(ty) for any h € H, reflecting on the complexity of the manifold M
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(see Sections B3] and [.14]). Very recently, a decomposition of the topological Poincaré series into
polynomial and ‘negative degree’ parts was given in [LSz15], providing an effective calculation of the

Seiberg—Witten invariants from the reduced series.

1.3.  The main motivation of our work can be explained by the following comparison. In [LSz15],
the polynomial part of Zp(ty) for a fixed h € H, in particular the corresponding Seiberg—Witten
invariant of M, is computed from the equivariant zeta function fx(t) by summing up equivariant
polynomials associated with vertices and edges of the graph I' and then considering the equivariant
parts of the result. In fact, the reduction helps in minimizing the number of polynomials which have
to be summed up.

In this article we use another approach, extending the idea of [LN14]. First, we decompose the
equivariant Poincarés series into its equivariant parts and reduce the number of variables to get
Zn(tar). Then the reduced series can be presented as a (non-equivariant) rational fraction. Finally,
we compute the desired polynomial part by summing up certain polynomial datas associated with
the rational fraction and the graph I'. The fundamental difference between the two approaches is
when the equivariant decomposition happens.

This approach leads to the construction of the sets M, indexed by some ‘lifts’ a associated with
h € H. There is a distinguished set M corresponding to the class 0 € H which has the structure
of a non-normal affine monoid. In general, M, is an My-module of rank equals with the number
of nodes. We study their structure by describing the set of holes M, \ M,, where M, is the
normalization of M,, see Section [l

First of all, we describe the equivariant decomposition of the topological Poincaré series and
express the h-equivariant parts Zp,(ta) as binomial sums of (fine) Hilbert series associated with
certain filtered pieces of the modules M,, which in fact motivates their construction. Then we give
a rational representation of Zj,(tar) using generating functions associated with the holes of M,.

We derive from this representation a combinatorial formula for the polynomial part of Z(ty),
in particular for the Seiberg—Witten invariant, in terms of the polynomial data given by the holes
of M,. This is a generalization of the formula found in [LN14] Section 7.4] for special cases.

On the other hand, we would like to emphasize that presumably the structure of the non-normal
affine monoid and its modules will be an important tool studying the connections between the
topology and geometry of normal surface singularities. In order to support this, we show that
our construction applied to the minimal embedded resolution graph of an irreducible plane curve
singularity gives back the (analytic) semigroup associated with the singularity. This makes possible
to think about a parallelism between modules with Seiberg—Witten invariants associated with links
of normal surface singularities and semigroups with delta invariants associated with plane curve
singularities. Moreover, we also discuss the role of the numerical semigroup of Seifert homology
spheres given by our construction, mentioning results from [CK14] and |[LNIx].

1.4. The structure of the article is the following: in Section 2] we explore the necessary technical
ingredients related to the combinatorics of the graph I', such as generalized Seifert invariants and
explicit description of the generators, relations and lifts of the group H. Section [ contains some
details and preliminary results about topological Poincaré series, and we discuss the equivariant
decomposition with explicit calculation of the reduced series. Section [ gives the construction and
study the structure of the non-normal affine monoid and its modules associated with M. Section [l
deduces the rational representation of the series which induces the formulas for polynomial parts and

Seiberg-Witten invariants presented in Section [6l Notice that we illustrate the theory of the article
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on examples presented in Sections 3] 5.1 [6.4] and Finally, Section [7illustrates the role of our
construction by discussing two examples: semigroups of plane curve singularities and semigroups of

Seifert homology spheres.
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2. LINKS AND GRAPHS OF NORMAL SURFACE SINGULARITIES

Let (X, 0) be a complex normal surface singularity and we consider the minimal good resolution
7: X — X with dual graph I'. That is, in the exceptional divisor every (—1)-curve must intersect at
least three other irreducible components. We assume that the link M is a rational homology sphere.
Hence, T is a tree and all the irreducible exceptional divisors have genus 0.

2.1. Arithmetics of the graph I'. Let V be the set of vertices of I' and denote §, the valency
of the vertex v, ie. the number of edges adjacent to it. We consider two subsets of V: the set of
nodes N := {n € V|4, > 3} and the set of ends £ := {u € V|4, = 1}. The chains are connected
components of the graph obtained by deleting the nodes and their adjacent edges. Legs are chains
containing an end-vertex. For any n € ' we denote by N, the set of nodes which are connected to
n by a chain. Similarly, let &, be the set of ends connected to n by their legs. Their cardinalities
will be 0, a = |N,| and b, ¢ = |E|. Hence, 6, = dpn + dn.e. We also distinguish the subset of
(higher complexity) nodes N := {n € N'| 6, > 2}.

Since I is a tree, for any two vertices v, w € V there is a unique minimal connected subgraph [v, w]
with vertices {vi}fzo such that v = vy and w = vg. Similarly, we also introduce notations [v, w),
(v, w] and (v, w) for the complete subgraphs with vertices {v; ?:—01, {v;}E_| and {v; f;ll respectively.
2.1.1. We consider the lattice L := Hg()z ,Z), which is freely generated by the classes of the
irreducible exceptional divisors { F, },ecyp. This lattice comes with a nondegenerate negative definite
intersection form I := [(Ey, Euy)]v,w. The vertex v of ' is decorated with b, := I, € Z<o. Moreover,
in the case §, < 2 we have b, < —2, since I' is the minimal good resolution graph. Set L’ :=
HQ()Z',Z). Then the intersection form provides an embedding L < L’ with finite factor H :=
L)L ~ H*(0X,Z) ~ Hy(M,Z), and it extends to L' (since L' C L ® Q). Hence, L’ is the dual
lattice, freely generated by the (anti-)duals {E}},cy, where we prefer the convention (E, E,,) = —1
for v = w, and 0 otherwise. The class of an element !’ € L’ will be denoted by [I'] € H.

2.1.2. The determinant of a subgraph I C I is defined as the determinant of the negative of the
submatrix of I with rows and columns indexed with vertices of I/, and it will be denoted by detr.
In particular, detp := det(—I) = |H|. The inverse of I has entries (I71),, = (E}, E}), all of them
are negative. Moreover, they can be computed as (cf. [EN85, page 83 and §20])

detp\[v w]
2.1.1 — (B} E) = —————.
(2.1.1) (B, ) = =l
We set the following ‘edge’ cases: dety, ) = det(, ] = 1, det(, ) = 0 and det, /) = 1 whenever v

and v’ are consecutive vertices. Then we have the following determinantal relation.
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Lemma 2.1.2. Let v,w,w’,v’ be (not necessarily distinct) vertices on a chain in the given order.
Then one has det(y ,vydet(y 1) = detyy, ety wy + dety wydetwr o)

The proof is based on standard calculations, therefore we omit from here. Special cases are proved
in [NO5, 10.2].

2.1.3. Generalized Seifert invariants. Some determinants associated with subgraphs will play a
special role in the sequel and they are defined as follows. Recall that for a subgraph

k1 =k —ke—1 —ks

U1 V2 Vs—1 Us

with vertices {v;};_, and k; > 2 for all ¢ the arithmetical properties of the graph can be encoded
by the normalized Seifert invariant («,w), where 0 < w < « and ged(o,w) = 1, using Hirze-

bruch/negative continued fraction expansion
afw=lki,....ks]=ki —1/(ka —1/(-+- = 1/ks)--).

In particular, the plumbed 3-manifold associated with the above graph itself is the lens space L(a, w).
We also consider @ satisfying ww = 1 (mod «a), 0 < @ < «a. Clearly, these invariants are graph
determinants, namely o = det,, ,,], w = det, ), @ = det(,, ,,_,)- Moreover, ww = ar + 1 for
T = det[y, v,_,] by Lemma 212

Similarly to the case of star-shaped plumbing graphs, ie. M is a Seifert 3-manifold (cf. [JN83]
N05]), we encode the information of T' by the normalized Seifert invariants of the chains and legs
and the orbifold Euler numbers attached to the nodes n € N. In fact, for any n € N it is convenient

to consider the maximal star-shaped subgraphs I';, of I' which contains only one node n € N:

. o

n

: .' > '. :

n

U1

n

where n; € N, (1 < i < s,) and u; € &, (1 < j < d,). We denote the normalized Seifert
invariants of the legs (n,u;] by (au;,wy,). Moreover, the chain (n,n;) connecting the nodes n and
n; considered as leg of I'), has normalized Seifert invariant (o, n,,wn n; ), while considered as leg of
T',,, has invariant (o, n, Wn,,n) with relation wy n,wWn; n = Qn.n; Tn,n; + 1. Notice that ap pn, = Qnyn

and Ty n;, = Tn,n-

2.1.4. Orbifold intersection matrix. We define the orbifold Euler number of the star-shaped

subgraph I';, by
Wy Wn, n/
en = by + — + =,
w=bot DT D,
vEE, n’'eNn
Notice that e, < 0 for any n € N, since T',, itself is negative definite being a subgraph of a negative
definite graph I'. One can collect these informations by defining the orbifold intersection matrix

I°7% = (I9"%,),, wen associated with T' as

en ifn=n’,

b : /
I3 = if n' € Ny,

Qn,n'

0 otherwise.
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Then I°7 is again negative definite and detr = det(—I°) - detp\nr by [BNO7, Lemma 4.1.4].
Furthermore, one has

(213) (E;;aE;:’) (IOTb)nn

2.2. The group H: generators and relations. We introduce a partial order on N such that for
any two nodes n,n’ € A connected by a chain we pick n < n’ or n’ < n. Using this partial order
for any n < n’ we denote by n, the vertex on the chain (n,n’) such that (E,,E, ,) = 1. When
(n,n') = 0 then n, = n’. In the sequel, we will need the following identities expressing relations
regarding E’s using determinants of respective subgraphs of I'. They were considered in [LNT14],

Lemma 7.1.2] too, hence we omit their proof.

Lemma 2.2.1. Assume we have a connected negative definite plumbing tree I' as in[21l.

(a) Let n € N and w € &,. Then for any v € [n,u) we have

E —det(qu* Z det(vw)E

we (v,u]

In particular, we have Ef = a, EX —>" det(p,u) Ew and B = wu B =37 ¢ (4,0 deb(w,u) Buw

we (n,u]
for the first vertex v on (n,u).

(b) Consider two nodes n < n' connected by a non-empty chain. Then for all v € [n',ny,) we have

det(v n /] det(v n,) Z det(v w)

we(v,n,,/]

In particular, for the vertex m on the chain (n,n') such that (En, E,) = 1 we get EY, =

w"',nE;;n/ — T by — EwG(m,nn/] det (im,uw) Fuw-
2.2.1. We introduce short notation g, := [E}] for classes of dual basis elements in H. With these
notation the class of every I' = I} E} can be written as
[l/] = Z (angn + Z Oy Gu + Z ann/gnn/)
neN u€€n n’'>n
with
ap = lfn — Z l;det(v,nn/)v Ay 1= l; + Z l;det(mu], an,, = l’/’ln’ + Z l;det(v,nn/]
n'>n vE(n,u) n'>n
ve(n',n,,) ve(n’',n,,)

by Lemma 220l We call a =3 anky + 3, ceaunky + 32, an,, Ey | the reduced transform
of I’ and a reduced lift of [I'] € H. Thus, using the idea of Neumann [Neu83|] and [LNI4| 7.1}, the
group H = L'/L can be presented with generators

gn = [Eg], n €N, gu = [E], u€E, Gn,, :[E;n,], n<n'
and relations

Ry = gn — uGy = 0, (ueé&,)
Rnn/ = —Cnn'Gn,, + Wn n'dn + gn = 0’ (n < TL’)

R, == —bngn — Z WyuGu — Z In, — Z (w"v”/g"/n - Tnv"/g”/) =0, (TL € N)

ueéy, n<n’ n’'<n
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In particular, a = ) a,E} and ¢ = ) x,E; are reduced lifts of the same group element h € H if
and only if there are £,,, £y, ¢y, , € Z such that

(R;) Ty — Ay = —Ly oy — wylp, (ueé&)

(R’/ﬂ,) Tp — Qp = Z gu - bngn + Z Enn/ + Z wn7n’£nn/ + Z Tn,n’ﬂn’, (n S N)
uEEy, n>n' n<n/’ n<n’/

(R{nn/> Tn,, —Qn,, = —ln — wn’,ngn/ - O‘n,n’gnn/y (n < TL’).

Remark 2.2.2. For any class h € H we will consider the unique representative r;, € L’ characterized
by rn € >,[0,1)E, and [ry] = h (cf. [NOS, 5.4]). In general, r;, is not a reduced lift of h.

Remark 2.2.3. The group H can be generated by elements g,, v € £. Indeed, we choose a special
partial order on nodes of the graph I' in the following way. We fix a ‘root’ node and we orient all
of its outgoing paths away from the root. Then the partial order is defined such that the tail of an
oriented chain is greater then its head. We proceed with induction on the number of the nodes of
the graph. In every step we choose a minimal node n. If £, # 0 then we express g, from a relation
Ry, u € &,, otherwise there must be n < n in the original graph I', hence we express g, from the
relation Ry, . Moreover, either we have a unique node n’ > n and in this case g, , is expressed from
R, ,, or n is the root node which finishes the induction. At the end of each step we remove the

chain [n,n’) together with all legs attached to n in order to get a new graph with one node less.

2.2.2. Projections. In Section 3.3 we will consider the reduction of the Poincaré series to only node
variables, which involves the use of the projection mar : R{(E,)pey — R{E,)nen along the subspace
spanned by E, for v ¢ N. Therefore, we introduce the projection ¢, := mar(a) of a reduced lift a.
One can express ¢, with the basis {7a/(E};)nen as cq = >, o n Anmar(E)) so that

(2.2.4) A, =a,+ Z Z_u 4 Z Wn n! n, + Z 1 .

« ’ [67%%
u€eEy w n'>n 0" n'<n o7

Furthermore, in terms of basis { £y, }nen We can write ¢, = ) s ¢ Fon with

(2'2'5) (Cn)ne./\/ = (_Iorb)_l ’ (An)nE/\/

Note that Lemma 2.2.T] implies that the difference of an element I’ € L’ and its reduced transform
a lies on the sublattice Z(E,),¢x. Thus, the projections of I” and a by ma- coincide, hence ¢, =
7w (') and we use notation ¢, (I') = ¢, for the corresponding coefficients in the basis {E, }nepn. In
particular, for the unique representative 7, of h we have ¢, (rp) € [0,1) for all n € N, and these

values are uniquely determined by h.

3. TOPOLOGICAL POINCARE SERIES

3.1. Definitions. For any I’ = ZUEV

submodule of formal power series Z[H][[

I,E, € L' we set t'' = [Toey thy and let Z[H][[L']] be the
gEVHE Ly, e V]] consisting of series » ;. prt!’, with
coefficients in the group ring Z[H]. We consider the equivariant zeta function

(3.1.1) fut) = ] - gut™)2,

vey

where g, = [E?] € H. Its multivariable Taylor expansion at the origin Zy(t) is called the topological
Poincaré series associated with the graph T and it has of form Zp (t) = 3, pr[I'lt" € Z[H][[L]]. Tt
decomposes uniquely into equivariant parts Zu (t) = >_j ey Zn(t) - h, where Zx(t) =32y, prt! €
Z[[L']]. The presence of the group element [I’] in the coefficients of Zg (t) is superfluous since Zp (t)
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can be decomposed into equivariant parts solely by looking at the exponents. However, this group

element will become useful when we consider the reduced Poincaré series.

3.1.1. Moreover, Zy(t) is supported on the Lipman cone
S:={'el : (' E,) <0 for all v},

which is generated over Z>( by the duals E?, hence Z,(t) is supported in (I’4+ L)NS’, where I’ € L’
with [I'] = h. We write S := &’ @ R for the real Lipman cone.

3.2. Motivation and history. The topological Poincaré series was introduced by the work of
Némethi [NO8|, motivated by the following fact: we may consider the equivariant divisorial Hilbert
series H(t) of a normal surface singularity (X, o) with fixed resolution graph I". The key point
connecting H(t) with the topology of the link M (or the graph T') is introducing the series P(t) =
—H(t) - [T,e,(1 — t;1) € Z[[L]]. Then the (non-equivariant) series Z(t) := >, .5 Zn(t) is the
‘topological candidate’ for P(t). They agree for several singularities, e.g. for splice quotients (see
IN12]), which contain all the rational, minimally elliptic or weighted homogeneous singularities.
More details regarding the analytic motivation can be found in [CDGZ04] [CDGZ08| [NOS, [NT2].

3.3. The reduced Poincaré series. Laszl6 and Némethi [LN14, Theorem 5.4.2] proved that from
‘Seiberg-Witten invariant point of view’ (see Section [6.1.4)) the number of variables can be reduced
to |A]. Therefore, we will mainly consider the reduced zeta function and reduced Poincaré series
given by

fu(ty) = fu(t) |t,=1,0en and Zn(tn) = Zn(t) lt,=1,0¢n

respectively. We introduce notation t§, := t™ ) for any = € L'.

Remark 3.3.1. It is important to emphasize that the number of variables of the reduced zeta function,
or series, is a ‘combinatorial measurement’ for the complexity of M. Moreover, for some singularities
(X, 0) whose link is M, the reduced series can be compared with other series (or invariants) giving

information about the analytic type, cf. [NOS]|.

3.4. The decomposition of the reduced Poincaré series. We will use multiplicative notation

for the group H when we consider Z[H]-coefficients of the zeta function fy and the Poincaré series

Zp. Note that by Lemma 22 Ti@) for u € &, we have (E}, E*)) = a,(E}, E?,) for all n’ € N, hence
E!\ay E; .

(gutN“) = gnt/. Therefore, we can write

[len (1 - Lf]rztf/:')g"i2 aul o E* B\ 0N —2
ot - L ) IO
Hueg(l — Guty/ ) UEE  Ty=0 neN

Taking its Taylor expansion at the origin we get

Qq—1 . i y B )
zutto = IL (X i) T (=o' T1 (X i)

u€el  x,=0 Ot N >2 S N=1 x,20
O/ N — 2 B
x no, Ty T v
=% I o (M) T ™,
TEX 5,1 pr>2 " vEEUN

where the sum is over the set

0 < zy <y, u €&
X={_z= Z xE el | 0<a,, n¢N
veNUE 0<zy <byn—2, neN
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In particular, the h-equivariant part of Zp(ty) equals
T, 6"'1/\/' -2 z
(3.4.1) Zntn) = > J[ n™ ( - ).tN,
TEX), 6n’,N>2
where X), = {x € X' | [z] = h}.
To describe X}, more explicitely, we fix a reduced lift a of h (cf. Section 222T]) and we define an
affine lattice

ZN(G) = {f = Z L E, € Z<En>ne./\/
neN

Un + Wy ol = ap,, (mod o ), Y < n'} )

Moreover, for any n € N consider the quasilinear function

No(l,n) == an + Z 0 an,, + Z ! Qn,,

(3 4 2) n’>n Qnn’ n’'<n !
4. —(b N Z wnﬁn/)g B Z ( 5/)+Z {aufwuﬁ J
" Qo n/ " Q. n! " Qy
n' €Ny ’ n'eNy ’ u€En

Then we have the following parametrization of A},.

Proposition 3.4.3. (a) There is a bijection

0 < Na(¢,n) n¢ N
S,=le7N P PO N
{ (a) ‘ 0 S Na(gan) S 5n,/\/725 nGN "

Ay — Wil

given by T, = No(€,n) for anyn € N and x, = ay { n} for anyu € £.

(b) We have

Ay

tjc\/ — ¢Catl — H tfln‘i"en.
neN
(¢) Finally, the h-equivariant part of the reduced Poincaré series equals

(3.4.4) Zn(tn) = Z H (1)Na(e,nf)<(§$/ﬁj\é 12) geatl.
LESa 8,1 p>2 a(l,n)

Remark 3.4.5.
(a) In fact, one can write (3.44) in the form

(3.4.6) Zn(tn) = Z H (=1)Naltm) (&,N - 2) et

LeS, nEN Na(t,n)

Sn N —2
Na(£,n)

(b) In Section Ml we give a more explicit description of the set S,, which will lead to the rational
form of Zp(txr) in Subsection

if we regard ( ) to be the generalized binomial coefficient.

Proof. (a) Since both 2 and a are reduced lifts of h, there are £y, ly, ¢, , € Z such that , (R])
and 1' hold with @, , = 0 (cf. Section Z2T]). We can eliminate £,’s and £, ,’s as follows.

The relation 1) is equivalent with
ann/ - gn - wn/,ngn’

(34.7)  an,, =Llp + W by (mod oy ) and by, = (n <n').

)
n
Qo n!

The conditions 0 < z, < oy, and (R} are equivalent with

u ugn (T ugn
(3.4.8) Ty = Oy + {i} and by, = {iJ € 7.

Ay
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Moreover, by substituting ¢, , from (347) and ¢, from [B48) into (R,) we get z,, = No(f, n).
Thus, we have defined a map from S, — AXj. To show that this map is invertible, note that

x Gy — We b 1
4. ~ =N, L - /

ueé,

where A, was considered in (22.4) as the coeflicient of the projection ¢, = war(a) in the
{E;;}nen-basis. We can write B.43) in matrix form (2, + Y ,ce 2) = (An)n — 170 (£n)n,

n Oy

which can be reformulated simply as

(3.4.10) Cy =cCq + 1.

(b)
()

This shows that S, — A}, is invertible.

Follows from (FZ4.10).

Follows from (3.4.1]) and the previous two parts of the proposition.
O

Remark 3.4.11. (a) In the case when M is a Seifert rational homology sphere, or equivalently, the

graph I' is star-shaped, the reduced Poincaré series has only one variable associated with the
central vertex n of I'. Since S, = {{ =, E, € ZE,, | 0 < Ny(¢,n)} C (—cn +R>0) NZ, we can
rephrase ([B.4.6) with

Zn(tn) = Y max{0,Na(€,n)+ 1} - oo,
ly>—cn

The formula was given in this form in [LN14]. Similar computations for Seifert manifolds can
be found also in Némethi and Nicolaescu [NN04] and Neumann [Neu83].
Assume TI' has two nodes ng and ng with 6, » = 1 and the subgraph [ng,no] contains all the
other nodes with 0, 4 = 2. Then Z,(tx) = > /cs. te+? is the generating series of S,. In
particular, this formula for the two-node case (N = ) can be found in [LN14} Section 7].
If T' is the plumbing graph of the link of a 2-dimensional Newton nondegenerate hypersurface
singularity, then [BNO7] implies 0, o < 3 for any n € N. Hence, by [B.44) the coefficients of
Zy(tar) can be either N,(¢,n) + 1 if T is star-shaped, or +1 otherwise. Similar consequences
regarding this example can be found in [S15, Lemma 7.1.12].

3.5. Alternative decomposition. We discuss an alternative decomposition of the Poincaré series,

which emphasizes more the relation with non-normal affine monoids and also simplifies the proof of

Lemma 2.4l Thus, we write the reduced zeta function in such a way that for every node n the

term (1 — gntf/:') appears in the denominator, that is

ay—1 oz E} O, N—1
Hueg (Zmuzo guut_/\f ) HHEN (1 gntN )
E*

Ju(ty) =

It yields Taylor expansion at the origin

Zr(tn)

(S et DI i_ o (4 o) T (3 areeie™)

weE  x4=0 neN z,>0

[ (57) $ T we

0<kn<8p n—1 -neN yeX (k) vEEUN
VneN
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where k= _\ k,E;, and the latter sum runs over the index set

0<yy <ay, ucét
kngyn; nEN ’

X(k):{y: Z qu;

veEEUN

For simplicity, we introduce short notations (—1)’“(5;1) =T (6”']2"_1) and 0<k<o6—-1
instead of 0 < k,, <,y — 1 foralln € N. Consequently, the h-equivariant part equals

0—1
aiw= 5 (") X e
0<k<é—-1 ye Xy, (k)

where Xy (k) = {y € X(k)|[y] = h}. Similarly to Proposition B.4.3] we have a bijection
(3.5.1) Ma(k) = {t € ZN(a) | Na(€,n) > kn, Yn € N} — Xy (k)

Gy — wugn

given by y, = Ny(¢,n) for any n € N and y, = oy, { } for any u € &£, which yields the

Ay
following form of the Poincaré series

(3.5.2) Zn(ta) = > (—1)’“(5k1> > thtee

LeMq(k)

4. NON-NORMAL AFFINE MONOIDS AND MODULES

One can consider the ‘normalization’ of the quasilinear function N, (¢,n) by introducing the linear

function

No(l,n) := Ny(£,n) + Z {w} @Anfenfnf Z 1 0o

ueéy, L
In particular, notice that for any n € A" with &, ¢ = 0 we have equality N,(¢,n) = Nu(¢,n).
Associated with the pair (T, a), we define the sets
Mg :={eZN(a)|No(l,n) >0, Vn e N} and M, :={¢ € ZV(a)| Na(l,n) >0, ¥n € N}
From N,(¢,n) > N4(¢,n) follows that M, C M,. Moreover, if we consider the real cone C°"" :=
TN (Sp) = {0 =2 hentnBn| — I°7 - (€,)n, > 0} then
M, = (€ — co) NZV (a).

Remark 4.0.1. Notice that by Remark 2.2.3] we can choose a such that every a, , = 0, hence for

such an a the lattice ZV (a) is independent of a.

Lemma 4.0.2. (a) My and My are affine monoids. My is the normalization of M.
(b) M, and M, are finitely generated Mo-modules, M, is a submodule of M,.

Proof. (@) is elementary. Part (B) follows from [BG09, Theorem 2.12], that is M, is finitely generated
over My, but M itself is finitely generated as an Mg-module. O
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4.1. The set of holes. The holes of the My-module M, is defined to be the set M, \ M,. By
[BGO9L 4.36], this is small, in the sense that it is contained in finitely many hyperplanes parallel to
the facets of My, that is of C°"?. More details on the decompositions for the set of holes in general
can be found in [BG09] and [K15]. In the following, we describe M, \ M, for the present special

case.

Lemma 4.1.1. Fiz x > 0 and a reduced lift a. Then there exists v, € Mgy, n € N such that
R>0 (0, )nen = Co and satisfying the following properties: for any { € M, one has

(a) No(¢ 4 v,,n') = Ny(€,n') for all n’ #n,

(b) No(£+0,,n) > k.

Proof. We can choose v, = \,mn(E};) for A, sufficiently large. Indeed, for v, = o\ 0w B €
ZN(O) such that {wy vy, /ay,} =0 for any n’ € N and u € &,/ we have N (£ +v,,n") = N, (¢,n') +
No(v,,n'). By ZI3) note that No(v,,n’) = 0 for any n’ # n, which implies (@). Finally, we have
Ny(f,n) > No(¢,n) — |E,|. Hence, if we choose A, such that No(v,,n) = A\, > |E,| + & then we
have N, (£ 4 v,,,n) > k for any £ € M,. O

Remark 4.1.2. (a) The vectors v,, given in the above proof does not depend on a, hence they can
be chosen for all a.

(b) Alternatively, we can construct rather smaller vectors {0, }nen also satisfy @) and (bl). Require
the vanishing {w, 0y, n//a,} = 0 only for u € &,/ n’ # n, and assume Ny(v,,n) > 0. Moreover,
we require also that N, (£ + v,,n) > & for any £ € (O — ¢,) N ZN (a), where O = > nenl0, 1o,
is the semiopen cube generated by {v,}nen- Then one can check that these conditions imply

@) and ().
We define the sets

Mg, ={te (O-ca)NZN(a) | Na(t,n) <0}, Mg =M, forevery TCN,
nel

and let Fz = Z>0(0y )nreanz be the ‘face’ associated with Z. In particular, M_ ; = (O—ca)NZN ().
One can see immediately that {¢ € ZV (a) | N,(¢,n) <0} = Userss, (¢4 Fy). Moreover, we conclude
the following generalization of [LN14, Proposition 7.3.5].

Proposition 4.1.3. Let {v,}nen as in Lemma[[.1.1 Then

(a) The normalization M, is given by

Mo= || €+Z0(0n)nen-
eM;

(b) The set of holes My \ M, is described by

M\Mo=J (1 ¢+ F),

neN e Mz,

whereﬂ( |_| E—i—Fn): |_| !+ Fr.

n€l  eMg ., eM, 4

Proof. (a) is implied by [BG09 Proposition 2.43]. Part (b) follows from the choice of {v, }nen and
their properties from Lemma [£1.1] a



12 T. Laszl6 and Zs. Szilagyi

Corollary 4.1.4. The structure of any set D can be encoded by defining the generating series (fine
Hilbert series) Hp(t) := > ,cp t’. In the case of M, Proposition [J.1.3 implies the following form:

4
A, (tw) = > (=17 R

B TN Hn¢1(1 — ton)

4.2. Multi-index filtration and generating series. We consider a filtration {M, (k) |k € Z(E}) c 7}
on the Mg-module M, associated with a fixed index set J C N by defining the submodules

My(k):={le My |N.(l,n) > ky, Yn e T},
where k =" k;E7.

Remark 4.2.1. We observe that ZV (a) = ZV (a—k) and N, (¢, n) > k,, is equivalent with N, _,(¢,n) >
0 for any n € J, therefore M, (k) = Mg_p.

Clearly, M, (k) D My (k + E7), moreover for any Z C J we have

(4.2.2) (N Mk + E;) = Ma(k + E7),
i€
where we use notation E7 := ., EF. One can also consider the associated graded object
(4.2.3) gt Mg = Ma(k)\ | Ma(k + EJ)
JjeJ

at level k. Notice that gryM, = {£ € M, | Ny(¢,j) =k;, Vj € T}.

We also define the generating set of holes of the graded pieces as follows. We fix k£ and we choose
vectors v, € Z(E, )nen for any n € N satisfying the properties of Lemma .1.T] for the lift a — &
and parameter k = 1, in particular N, (¢ + v,,n) > k,, + 1. Then, for every subset Z O J we set

g My 7= {l € (O—cap) NZN(a) | Na(6,n) <0VYn € I\ J and Nu(f,n) =k, ¥n € J}.

The next lemma gives a rational form of the series H rq, (x) and Hgr, A, in terms of holes.

Lemma 4.2.4.
St
(a) Hat, o) (tn) = D (,1)|1|%’
PCICN ng¢Z
> rewe m— B
(b) Harom, (ta) = Y (—1)\I\Jl%_
TJCICN [1gr(1—to)

Proof. Remark[.2Tand Corollary L. T4l applied for M, _j deduce the formula of @). For part (bl) we
give an inclusion-exclusion formula for gr; M, which will imply the formula for Hg;, a1, (tar). Thus,
denote L,y := {¢ € ZN(a) | No—(¢,5) <0 Vj € J} and note that gryM, = My N La_p. The
inclusion-exclusion formula for gr, M, will be deduced from the following, given by the Proposition

ET3Im)

)

Mok = Z (- (M;—k,zf + ZZO<Ui>i¢I/)

0CT'CN

by intersecting it with £,_g. Therefore, we deduce the identity

(4.2.5) (Miz + Z20(0idigr ) 0 Lamk = (Mi_yz0 0 Lar) + Zo(0)igrrog
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Indeed, for £ = 4 + Zing Aiv; in the left hand side of (ZZ3]) we have 0 > N,_1(¢,7) = Na—i(bo +
Ajv;,j) for any j € J \ Z’, which implies A\; = 0 by the choice of vectors v,, n € N (cf. Lemma

ETT[)). Furthermore, we have inclusion-exclusion formula for the graded holes

grk./\/l;z = Z (71)‘1 0‘7‘ (M;—k,l’ N Eafk) .
I'CT
T'uT=T

Finally, combining the above results we get
grMa = Mo N Loy = Y (=D (grkM;z + ZZO<Ui>i¢I) ,
JCICN

which implies the formula for Hg:, a4, (tar)- O
4.3. Example (part I). Consider the following plumbing graph T

-2 -1 -9 -1 -13 -1 =2
V11 N1 N9 ns U31
V12 V21 V32
Notice that H is trivial, hence we describe the non-normal affine monoid Mg associated with a =
0. Let ni,n9,n3 be the nodes of I' and denote by v11,v12,v21,v31, V32 the corresponding ends as
shown on the above figure. The generalized Seifert invariants are the followings: (o, ,wy,,) =

(2a1)7 (aU127wU12) = (371)a (an17n27wn1,n2) = (9,1), (av217wv21) = (2a1)7 (O‘nz,nsawnz,nz) = (1371)a
(avsuwvzl) = (27 1) and (O‘vzwwvsz) = (3a 1) Then,

Nt 0) = 3~ b+ (4] 6 [ 20
No(l,ng) = 350y — 501 — 1503 + L%& >0

3 1
Mo=L= B, € LE), + No(l,ng) = 1203 — Lo+ [Z2]| + [Z2] >0
2 /q +£250(m0d 9)
ly 4¢3 =0 (mod 13)

Through the example we will use short notation (¢1,¥s,¥¢3) for £ = (1 E,, + (2E,, + {3E,,. One
can take the generators vy = 1/3 - my(E}) = (62,28,24), vy = mar(E5) = (84,42,36) and v =
1/3 - mar(E3) = (24,12, 14) satisfying properties of Lemma LTIl They provide the following sets

0= {(0,0,0), (12,6,7), (31,14,12), (42, 21, 18), (43, 20, 19), (54, 27, 25), (73, 35, 30), (85, 41, 37)},
M, ={(31,14,12), (43,20, 19), (73,35, 30), (85,41, 37)},

0,n1

Mg,, =0 and Mg, = {(12,6,7),(43,20,19), (54,27,25), (85,41,37)} .
Hence, the holes of M are elements in the following forms:
(31,14,12) + Ay - (84,42,36) + A2 - (24,12,14),  (43,20,19) + A3 - (84,42,36) + A4 - (24,12,14),
(73,35,30) + A5 - (84,42,36) + Ag - (24,12,14),  (85,41,37) + A7 - (84,42,36) + g - (24,12,14),
(12,6,7) + Ag - (62,28,24) + Ay - (84,42, 36), (43,20,19) + Aq1 - (62,28,24) 4+ Ao - (84,42, 36),
(54,27,25) + A13 - (62,28,24) + A14 - (84,42,36), (85,41,37) + A15 - (62,28,24) + A6 - (84,42, 36).

for any \; € Z>¢. The computations were performed using Maple.
Remark 4.3.1. By Remark ELT2([0) we could choose ‘smaller’ generators, eg. one can take v} :=

1/2 - war(E5) = (42,21,18) instead of vy. However, the generators vy, 05,03 cannot be used for
Lemma 24 since Ny(v5,n2) = 0. Notice that for our choice we have Ny(bg,ng) = 1.



14 T. Laszl6 and Zs. Szilagyi

5. RATIONAL REPRESENTATION OF Zj(tar)

In this section we express Zj(tar) with rational functions given by the structure of the filtered
Mo-module M,. We assume that §, n > 1 for every n € N and consider the filtration in Section
4.2 associated with the subset N C .

In the next theorem we give two formulas for Z,(tar). The first uses generating series of the
submodules M, (k), while the second formula is a rational representation in terms of generating
functions associated with the graded pieces gry M, 7 of the holes. This will be the core of the
combinatorial formulas for the polynomial parts and Seiberg—Witten invariants given in Section [6.3]
Recall the notations (—1)’“(5;2) = Hneﬁ/(_l)k”’ (6"’]?2_2) and 0 <k <§—2for 0 <k, <dn—2
for all n € N.

Theorem 5.0.1. Let a be a reduced lift of h € H.

(a) Let {v,}nen be a set of vectors satisfying properties of Lemma [{.1.1] for every lift a — k with
0 <k <d—1 and parameter k =0, ie. No({+0,,n) >k, for alln € N and { € M,_y. Then

Z B tca-‘ré
ZEMafk, T

Zh(t./\/): Z (_1)k(6;1) Z (_1)‘1‘ H gz(litun) )

0<k<s—1 PCICN

(b) Let {0, }nen be a set of vectors satisfying properties of Lemma [{.1.1] for every lift a — k with
0 <k <6—2 and parameter k = 1, ie. No(0 4 v,,n) >k, +1 for alln € N and £ € M,_.
Then

tc,l+€

- AZGgrk -
D D S G B S e

—_ UTI,
0<k<6-2 Rezen [[.¢7(1—to")

Proof. (a) By the alternative decomposition ([3.5.2]) we have

Zp(tpr) =t - Z (—1)k (6; 1)HMa(k)(tN)-

0<k<s—1

Applying Lemma 2 @), we get the desired rational form.

(b) Note that S, = |_| gr. Mg, thus Zp,(ty) = Zogkgé_Q(fl)k(‘S;Q)’ngkMa(tN) by BZ44).
0<k<5—2

Finally, Lemma .24|[0]) implies the formula.
O

Remark 5.0.2. Sometimes it is simpler to choose ‘universal’ generators v, of M, satisfying the
properties of Lemma ELTi@) and No(v,,n) > 6, — 1 for every n € . In general, they are larger,
but their properties are easier to check.

5.1. Example (part IT). We use all the notations and calculations from Section Recall that
the chosen generators of Mg are v; = (62,28,24), vo = (84,42,36) and vs = (24,12,14). Consider
the filtration defined by Section B2 associated with the subset N = {n}. Then, Theorem B0 (b)
implies the following rational form

_ t@ _ tl _ té
Z(t ) = ZgroMUv"z - Zgr“MUY{mwnz} _ ZgrOMOv{”Zvns} + Z te
N = (1 — £(62,28,24))(1 — £(24,12,19)) 1 _ ¢(24,12,14) 1 _ £(62,28,24) J

. _
g UMO,{nlm2m3}
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where gro Mg 7 = {£ € ONZ3*(0)| No(¢,ni) <0 Vn; € Z\ ny and No(f,n2) = 0} for every {ny} C
T C {n1,n2,n3}. Thus, calculating the above associated graded sets we get

groMg,., = {(0,0,0), (12,6,7), (31,14,12), (42,21, 18), (43,20, 19), (54,27, 25), (73, 35, 30), (85,41,37)},
&M (1) ey = 1(31,14,12), (43,20, 19), (73,35, 30), (85,41, 37)},
&My (e = 1(12,6,7), (43,20, 19), (54, 27, 25), (85,41, 37)} and
SMy (o ey = {(43,20,19), (85,41,37)}.

6. SEIBERG—WITTEN INVARIANTS AND POLYNOMIAL PARTS VIA THE HOLES OF M,
6.1. Notations and preliminary results.

6.1.1. Spin®—structures. Recall that X is a smooth 4-manifold with boundary M, and let T.qp
be the canonical spin®—structure on X. Tts first Chern class ¢1(Gcan) = —K € L', where K is the
canonical element in L’ defined by the adjunction equations (K + E,, F,) +2 = 0 for all v € V.
The set of spin‘—structures Spinc(f( ) of X is an L'-torsor: the L'-action is denoted by I’ * ¢ and
c1(I' % &) = ¢1(5) + 2. The spin°—structures of M are obtained by restrictions from X. The set
Spin®(M) is an H-torsor, compatible with the restriction and the projection L' — H. Hence, for
any o € Spin®(M) one has 0 = h * 0¢qp for some h € H, where the canonical spin®—structure oqp,
of M is the restriction of the canonical spin-structure Gea, of X (see eg. [GS99, p.415)).

We denote by sto, (M) the Seiberg—Witten invariants of M indexed by the spin®-structures o €
Spin®(M).

6.1.2. Recall that we have defined the Lipman cone &’ := {I' € L' : (I',E,) < 0 for all v} which
is generated over Zx>( by the duals E}. Moreover, for any /;,lo € L ® Q one can say [; > [y if
li —lo => Ay E, with all A\, > 0. Then, for any fixed z € L’ the set

(6.1.1) {'eS : 1" #a} is finite,

since all the entries of E are strictly positive.

6.1.3. Counting functions and Seiberg—Witten invariants. For any h € H we define the
counting function of the coefficients of Z(t) = Z[l,]:hpl/tl/ by

x = Qpx) = Z .
V¥, [I)=h
It is well defined, since the finiteness of above sum follows from (G.I.T]).
By a powerful result of Némethi [N11] we know that if z € —K + int(S’), [x] = h then

K +22)2 + |V
(6.1.2) Qn(z) = —% — 510 _hagg,, (M).
In other words, Qx(x) is a multivariable quadratic polynomial on L with constant term
K +2r,)2+ |V
(6.1.3) sp?" (M) = *( i Tg) il = S _ o, (M),

which is called the normalized Seiberg—Witten invariant of M associated with h € H (cf. [OSz03|
NO05, N11]). Furthermore, [LN14] gives the following interpretation: there exists a conical chamber
decomposition of the real cone S = U,C;, a sublattice L c L and I € § such that Qx(l') is a
polynomial on L N (I + C,), say QS7(I'). This allows to define the multivariable periodic constant
by pc(Z1) := Q57 (0) associated with h € H and C,. Moreover, Z(t) is rather special in the
sense that all Qi’ are equal for any C,. In particular, we say that there exists the periodic constant
pcSi(Zy,) := pcr (Z),) associated with Sf, and in fact, it is equal with swpoT" (M).
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6.1.4. Reduction. As we have mentioned in Section B3] [LN14, Theorem 5.4.2] proves that, from
Seiberg—Witten invariant point of view, the number of variables can be reduced to |N|. Thus, there

exists the periodic constant of Zp(tar) associated with the projected real Lipman cone mp(Sg) and
pe™ ) (Z (b)) = pe(Zi(t)) = swof"™ (M)

6.1.5. Decomposition into ‘polynomial and negative degree’ parts [LSzI5]. Lemma 22 and
23 of [LSz15] guarantee the existence of the following unique decompositions:

(i) Zn(ta) = PP (tar) + Z; (tar) with respect to the variable ¢,, associated with any n € N,

(i) Zn(taw) = PP (ta) + Z;Lm,’*(tN) with respect to variables t,, and t,s associated with any

chain (n,n’) connecting the neighbouring nodes n and n'.
P} and P;:’n, are the polynomial parts, while Z,"~ and Z;bm/’* are the ‘negative degree parts’ of the
decomposition. The last appelation is inherited from the first case where Z;"~ has negative degree
with respect to variable %,,.
These special decompositions associated with the nodes n € N and the chains (n,n’) induce a

unique decomposition
Zn(tw) = Pulty) + 2, (tw)
with the following special properties:
(i) Pr(tar) is a Laurent polynomial supported on war(L') \ Q<o{En)nen,
(ii) Pu(1) = pe™ (58 (Z,,(bxr)) = srop™™ (M) and

(6.1.4) Pu(ta) = Y P (ta) = D (unr — D PR (tx),
n<n’ neN

(it)) pe™ (59 (2 (ta) = 0 and Z; (6x) = Ty 237 (t0) = Tenr B — DZP (b).

6.2. Polynomial and numerical datas associated with M,. In the sequel, for any h € H we
choose a lift a so that ¢, € > [0,1)E},, ie. it is uniquely determined by h. We fix the generators

{vn}nen as in Theorem B.0T1
For any ¢ € M, C ZN and T C N we associate the generating function

té
Hﬁez(l - tuﬁ) .

Then one can associate a polynomial Pol& 7 (ta) with any n € A, which is defined as the polynomial

Hey(tn) =

part of the function H, ) with respect to t,, given by the unique decomposition proved in [BN10,
Lemma 7.0.2] (see also [LSz15, Lemma 22]). The explicit form of the polynomial can be deduced by
division with remainder with respect to the variable ¢,, (other variables are considered as coefficients):

we write uniquely

(6.2.1) the = Polfy 1y (tx) - [J(1 = °7) + R"(tn)

nezl
such that R™ is supported on » ~_,[0,1)m,(b5) as a one-variable polynomial in t,. We define
Py 7y = Polf, 1)(1).

We also consider the polynomial part Pol&’é) of HT) associated with a chain (n,n’). Removing
(n,n') from T we get two subgraphs I',, and T,y containing n and n’, respectively. Let A(T';,) and
N (T,/) be the set of nodes of the respective subgraphs. Then, there are o, 3 € Rs(FE,, Fy) such
that 7, (v5) for n € ZNN(T,,) and 7, (05) for m € ZNN(Ty,/) are positive integral multiples
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of the vectors « and 3, respectively. This condition together with [LSz15, Lemma 23] guarantee the

unique decomposition

(6.2.2) th =Polyr (tn) - [T =) + R™ (tn) - [ (-t
nel neZINN(T,,/)
+Ry (b)) [ (-t + R ()
neINN(Ty)

with the following conditions:

(i) Pol&”z) (tar) is supported on Z2 \ Z.o(Ey, En/),

(i) RP™ (tar) is supported on Z2 N (Z<o(En) + Yrezow @0, 1) (7)),

(iii) RE™ (tn) is supported on Z2 N (Z<o(En) + Ynezanr, [0, 1)nn (07)) and
(iv) R™ (ty) is supported on Z2 N (X sc7[0, )7y 0 (07))

as two-variable polynomial in ¢,, and ¢,,;. We define the numerical data pc&”%) = Pol?é”%)(l) as well.

Remark 6.2.3. Notice that pc& 1) is the periodic constant (of the Taylor expansion) of the one-
variable function H ¢ |t ,=1,n'#n, While peg I) is the periodic constant of (the Taylor expansion of)
the two-variable function H“%) |, ,_1 rsn n associated with the chamber Rxo(a, B) (cf. [LN14]).

Finally, we consider the polynomial
(6.2.4) Poligz)(tn) == Y Polff' (tn) — > (G — 1)Polfy 1 (tn)
n<n’ neN

and the constant pc(y 1) := Pol(y,1)(1) associated with the pair (¢, 7).

6.3. Formulas for polynomial parts and Seiberg—Witten invariants. The decomposition of
Z, presented in Section [G.1.0] together with Section and Theorem B.O(b) imply the following

formulas

Corollary 6.3.1.

Pi(ty) = Z (_1)|Z\/\7I Z (—1)k(6;2) Z Polg nz)(ta).

NCICN 0<k=d-2 tegry My o
In particular, one gets

Corollary 6.3.2.

s (M) = Y (~1)WI > (—1)k(6;2) > peuna)-

NCICN 0<k<d-2 tegry My 4

Remark 6.3.3. In fact, when I' has only two nodes, the previous formula agrees with the combinatorial
formula from [LNT14, Corollary 7.4.2].

6.4. Example (part IIT). According to the decompositions ([62.1) and (622) and definition
©Z4), the polynomial datas which contribute to the polynomial part of Z(txr) are the followings:

L-1). _4(61,20.23) _ {(37,17,9) _ £(13,5,-5).

Pol((85,41,37) {ns}) (tN) =
Pol((r3.35.30) {ny) (Err) = —t(19:23:16) _ ¢(25.11.2) _ ¢(1,=1.-12),
—t(985): Pol(54,27.95), {ny ) (tnr) = —t(=87LD);

(23,13.13): Pol((43,20,19),0) (tnr) = —£(43:20:19);
_ (85.41,37)

Pol((85.41,37), {n1 s} (ta) = £

POZ((31,14,12)7{n3})(tN) = —t(72-2),
Pol((43,20,19),{ns}) (tA) =
Pol((s5,41,37) {n.}) (tAr) = =t
Pol((s5,41,37),0) (txr)
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Therefore, Corollary B30 deduces P(tp) = t(~1171) 4 £(61,29.23) 4 ¢(37.17.9) 4 $(13,5,-5) 4 ¢(7.2,-2) 4.
£(49.23,16) 4 §(25.11,2) 1 (1,-1,—12) 4 (19,8,5) 1 $(=8,~1,1) 4 4(23,13,13) | £(43,20,19) | $(85.41.,3T) Tp particular,
one gets st (M) = 13.

One can compare the above calculations with [LSz15, Example 6.5].

6.5. Example with nontrivial H. Let us modify the decorations of the graph from the above

example and consider the following

—2 -1 -9 -1 —-12 -1 -2
Vi1 N1 N2 N2 N2z M3 V31

V12 V21 V32
—3 -3 _

Computing the determinant of the graph we find that H has order 9. Moreover, g, = 0 for v €
{v11,n1,n2,n3,v31} since corresponding rows of I~! has integer entries, ie. E} € L. Furthermore,
we can compute the following relations for the remaining generators ¢gn,, = —@uv1ss Gnos = —Yvas
and 3¢y, = 3Gvs, = 0, whence H ~ Z3 x Z3. Let us choose the group element h = g,,, + guv,, and
a=E};  + E}_, as its reduced lift to demonstrate the computation of Py (txr) and sto}*"™ (M).

We will use through this example the short notation (¢1, ¢, ¢3) for { = (1 E,, + loE,, + (3E,,.
The generalized Seifert invariants are (au,,,wvy;) = (2,1), (Qpyg, Wors) = (3,1), (Any nasWnyme) =
(9,1), (Qwgys Wy ) = (3,1), (Qngongs Wnams) = (12,1), (Qugy s Wogy ) = (2,1) and (g, s wWoys) = (3, 1).
By Remark ET2[L) and Theorem B0 we can consider the basis vy := ma(E}: )/2 = (21,6,6),
vy =N (Er,) = (12,6,6) and v3 := ma(E},)/2 = (6,3,9).

First, we compute M_, = (00— cq) N 7N (a), where ¢, = (18,6,10) and ZVN(a) = {¢ =
Zle UEy,, € Z{Ey,)3_ 1 |1+l =0 (mod 9), ¢>+ ¢35 = 0 (mod 12)}. Since ¢, = ma(E},)/3 +
mn(Ey,)/3 and by the choice of the basis {v;}; we have

0§%+f—1—%<% —6<¥l —20,<3
M;@: EEZN(G) . 0§_%+1352_%<1 = [eZN(a) : 0§—4€1+17€2—3€3<36
0<i-L44 1 —4< —ly+ 03 <2

Combining inequalities we get —18 < ¢; < 21, —6 < ¥ < 9, —10 < /3 < 11, hence —24 <
{1 + 4y < 30 and —16 < ¥y + 3 < 20. Since ¢ € ZN(a), the possible values are £ + £y €
{-18,9,0,9,18,27} and {2 + {3 € {—12,0,12}, respectively. The inequalities —6 < ¢ — 205 < 3
and —4 < ¢35 — 5 < 2 restrict the possible triplets £ = (¢1,£2,¢3) to (—12,—6,—6), (—13, -5, —7),
(~14,—4,-8), (0,0,0), (1,1, 1), (~2,2,-2), (12,6,6), (11,7,5) and (10,8,4). However, M ; =
{(-14,—-4,-8), (0,0,0), (—1,1,—1)}, since these are the only triplets satisfying 0 < —4¢; 4+ 1745 —
303 < 36. Denote N,(¢) := (Ng(€,n1), No(€,n2), No(€,n3)) = (% - %2 + =)+ Ll_gélj, —%1 +
90 _ L J, =& + U 4 |=bs) 4+ |125))) Then we have No(—14,—4,—8) = (0,0,0),
N,(0,0,0) = (0,0,0) and N,(—1,1,—1) = (—1,0,—1), hence we can easily see the graded pieces

29@2 és —ZQ
5+ 15

groMo n, = Mg 8oMg oy = 810 Mg 1ns ngt = 810Mo (0 naina} = {(-1,1,-1)}.
This gives the rational form of the topological Poincaré series associated with h

£(42.2) 4 £(177,9) 4 ¢(18,6,10)  ¢(17,7.9) £(17,7,9)
(1—t@L60))(1 —¢639) 1 —¢639 71— (2166

Zn(ta) = (0779,

By Section[G2]the polynomial datas appearing above are Pol((17,7,9), {ns}) (bar) = —t(11:40) —¢(5:1,=9),
POZ((1777,9)7{H1})(13_/\[) = 713(74’1’3), POZ((1777,9)7@)(tN> = t(17’7’9). Hence, Corollary and
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give that

Ph(t/\/) — t(17’7’9) +t(11’4’0) + t(5’1’_9) +t(_4’1’3) and 5mZOTm(M) -4

7. EXAMPLES AND ANALOGIES

7.1. Semigroup of plane curve singularities.

7.1.1. Let K C S3 be an algebraic knot, ie. the link of an irreducible plane curve singularity
defined by a germ of function g : (C2,0) — (C,0). Then K is an iterated torus knot and any of the
well known invariants — semigroup, linking pairs, Newton pairs, Alexander polynomial, embedded
resolution graph, or equivalently, plumbing graph of K — characterizes completely the isotopy type
of K C S3. For more details see [BK86] and [ENSH] as general references for the theory.

The set of intersection multiplicities of g with all possible analytic germs is a semigroup and it
will be denoted by M,. Although the definition is analytic, one can describe M, combinatorially
by giving its Hilbert basis in terms of the linking pairs (p;, a;)i_;:

(7.1.1) Hilb(Mg) := {pip2...0r, @iDit1--.Dr, ar |1 =1,...,7 — 1}

We consider the minimal embedded resolution graph of the singularity, or equivalently, the minimal
negative definite plumbing graph I'y of the knot K C S3. T, is a tree with an extra arrow representing

the knot, and it has the following shape

U1 V2 Ur—1 Ur
¢ ------ ¢t ------ r--- i il +— K
I I I I*l
I I I I
L | | | |
I I I I
¢ 3 3 ¢

where the dash-lines represent the chains and legs. We regard the unique (—1)-vertex v, as a node
of the graph I'y and run the construction from Section @l The result is an affine monoid of rank r
denoted by Mr,, which can be described with the linking, or, equivalently, the Newton pairs using
eg. [EN85].

For simplicity, we describe Mp, in the case when there is only one linking pair (p,a). One can
regard 'y as a star-shaped graph with Seifert invariants (p,w,), (a,ws), and (1,0) is attached with
the arrow-leg representing the knot. Here, w, and w, are uniquely determined by the Diophantine

equation pa — wpa — wep = 1. Thus, by Section ] we get

Mr, ={teZs |- {%”q = V“q >0}.

a

It can be checked that Mr, is a numerical semigroup minimally generated by p and a. Hence, it
equals with the semigroup M, by (ZI1T]).
In the next section we will show how to recover M, from the affine monoid Mr, in the general

case, when r > 1.

7.1.2. Semigroup, Poincaré series and analogy. We denote the set of vertices of I'y by V, and
the set of nodes by Ny := {v1,...,v,}. Following Section B} one can define associated with I'y
the reduced zeta function fr (ty,) = Hvevg(l — tf/’};)‘sv*? Notice that the dual elements E; are
associated with the graph we get from I', by deleting the arrow (a plumbing graph of S*). However,
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the vertex v, has d,, = 3 which takes into account the information on the knot K C 53 as well.
Similar calculation as in Section 3.4 shows that the reduced Poincaré series equals
Zr,(tn,) = Y,
@EgTOMFg
where the filtration on Mr, is associated with Ny = {va,...,v,—1}. Moreover, this induces the

following correspondence between the semigroup M, and the affine monoid Mr, .
Theorem 7.1.2. The projection ,, (groMr,) C Z>q is a numerical semigroup equal with M.

Proof. The definition above and the A’Campo formula [ACT75] deduce that the one-variable series

Zg(t) := Zr,(tn,) ltu=1,020.= Dpegr, Mmr tmv(©) is the expansion of the monodromy zeta function
9

of g (see also [EN85]). Moreover, [CDGZ99| implies the following identities

A(t
(7.13) 2y(t) = Ho, () = 2O,
where Hay, (t) is the (fine) Hilbert series of the semigroup M, and A(t) is the Alexander polynomial
of the knot K C S®. Thus, the projection m, : groMp, — m,, (grgMr,) is a bijection and

Ty, (grgMr,) agrees with M. O

Let P, (t) be the polynomial part of Z,(¢). One can compare with the Alexander polynomial via
the following explicit expressions coming from ([Z.I13):

Pyty=— >t and A(t)=1- > 4 > .

s¢Myg s¢Myg seMy,
s—1eM, s—1¢gM,

Therefore, —Py(1) equals the genus of the semigroup My, which is the delta-invariant ¢ of the plane
curve singularity. Notice also that the degree of P,(t) is one less than of A(t) and equals 2§ — 1.
Nevertheless, two polynomials are ‘equivalent’ in the sense that they determine the semigroup M,.

In summary, similarly to the case of plane curve singularities where we can associate with the
semigroup the triple of invariants (Z,(t), Py (t), d), this article is focused to the analogous picture for
the link of normal surface singularities by associating with the modules M, the triples of invariants
(Z1(8), Pu(t). 507 ™ .

7.2. Semigroup of Seifert homology spheres. Let M be the Seifert homology sphere X (o, .. ., aq).
Notice that 1 < a1 < --- < aq are pairwise relatively prime integers and the triviality of H im-

plies that the Seifert invariants are uniquely determined by the Diophantine equation by Hle a; +

Yy will5= o = —1.

We consider the associated semigroup

Mo={tes | —boﬂ—zd: [“{’ﬁ >0},
i=1 v

given by Section @l Can and Karakurt [CK14] proved that

d
MO n [0,a1 “. ad(d -2 Z 1/041')] C ZZO((al .. .ad/ai)?:1>
i=1
where the latter is the numerical semigroup minimally generated by i ...aq/; for i =1,2,...,d.

The importance of this inclusion is the fact that the above piece of Mg already determines the
Heegaard—Floer homology type of the manifold ¥(ayq,. .., aq). However, the structure of My (as a
semigroup) is more involved. These observations motivated the forthcoming article [LN1x|] which

proves that, in fact, Mo = Z>o{(a1 ... aq/a;) ;).
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