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Abstract—We introduce a controller design methodology for
nonlinear systems via complementary Linear Parameter Varying
(LPV) controller and observer structures. The recently developed
method is able to control physiological systems even with com-
plex nonlinearities — without using Linear Matrix Inequalities
(LMI) or other techniques requiring iterations. The developed
method is based on the classical state feedback theorems, matrix
similarity theorems and supplementary controller and observer
structure which efficiently uses the mathematical properties of
the parameter space of the LPV system. The main benefits of the
proposed method is that the controller design does not require
mathematical tools needing iteration thus high computational
capacity. We used a nonlinear compartmental model in order to
demonstrate the application of the method. The results showed
that the developed complementary LPV controller and observer
structures perform well on both the LPV systems and the original
nonlinear system as well.

I. INTRODUCTION

The control of physiological systems is challenging because
most of them are modeled with nonlinear time-varying dif-
ferential equations. Especially in the case of the control of
different parameters in living organisms, where several related
information are not known due to the lack of measurements
[1].

In order to deal with these unfavorable circumstances,
different controller design techniques can be used — mostly
based on the Lyapunov’s method [2]. However, most of these
methods — for example Model Predictive Control-, LMI-, Frac-
tional order-based controller design methods — require com-
plex calculations and high computational capacity. Moreover,
the adaptive methods become more and more important due to
the lack of information regarding the system to be controlled.
The recently developed Robust Fixed Point Transformation
(RFPT)-based controller design [3] framework is able to pro-
vide robust and adaptive control solution based only on rough
approximation of the real system [4]. LPV-based methods can
also be useful in this regard. The main advantage of LPV-
based framework is that it is able to "hide” nonlinearities of the
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system to be controlled and linear controller design approaches
can be applied [5]. Although, usually the LPV methods are
combined with Lyapunov’s laws through LMI frameworks.
We demonstrate the usability of a complementary LPV
controller and observer design approach. The method exploits
the mathematical properties of the abstract parameter space
of the LPV systems and the matrix similarity theorems [6],
[7]. The paper is structured in the following way: first,
we introduce the novel complementary LPV controller and
observer scheme and the ideas behind; second, we demonstrate
the developed method on an example nonlinear compartmental
model; finally, we present the results of the simulations.

II. OVERVIEW OF THE CONTROLLER DESIGN METHOD

We provide a short overview about the LPV-based controller
designing method used in this paper. The method was recently
developed in [6], [8], [9].

In general, the procedure does allow the controller design
for the nonlinear system given by its state-space representation
via LPV framework by combining the mathematical properties
of the LPV parameter space (PS), matrix similarity theorems
and classical state feedback control. Moreover, it does not
require highly complex Linear Matrix Inequality (LMI)-based
procedures and high computational capacity. The method can
be used to design not just the complementary controller, but
also complementary observer-structures as well.

A. Used LPV systems in general

Generally the state-space representation of an LPV system
is the following:

x(t) = A(p(t)x(t) + B(p(t))u(t)
y(t) = C(p(1))x(t) + D(p(t))u(t) ’
where the state vector is x(¢) € R™, the output vector is
y(t) € RF, the input vector is u(t) € R™. A(p(t)) € R™*"
is the system matrix, B(p(¢)) € R™*™ is the input matrix,
C(p(t)) € R¥*" is the output matrix and D(p(t)) € RF*™
is the forward matrix.
The unified form of (1) is denoted by

A(p(t)) B(p(t)
S(p(t)) = (c&?@) D(IIZ(t))) ’

where S(p(t)) € RO F#)x(n+m) ig the unified system matrix.
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Usually, the compact form of a general LPV system from

(1) can be written as:
S(p(1)) (ﬁgg) : )

()

The affine form of an LPV system is

a a
Ao+ qu:(t)Ai By + Zpi(t)Bi

S(p(t)) = i ich ;
Co+ ) pi()Ci Do+ pi(t)D;
i=1 =1

“4)
where A, Bg, Cy and Dg are permanent terms that do not
depend on the parameter vector. In the case of the affine form
the S(p(t)) of (3) is equal to (4).

The most important properties from the used controller
design method point of view are related to the PS of the given
LPV system. The PS is determined by the parameter vector
p(t) € R%, which occurs in (1)-(4). The p(¢) is a bounded
varying vector that consists of the so-called scheduling param-
eters. These can be constant (p = {p € R, prmin < P < Prmaz})
or depend on some variables (p(z) = {p(z) € R, ppin <
p(2) < Pmaz }) of the original nonlinear model and determine
particular properties of the system. The p(¢) can contain state
variables as well — in this case not just the model parameters,
but fundamental properties of the model can vary over time
[6]. The p(t) generates the PS, which is a g-dimensional
real vector space RY, in which each dimension represents a
scheduling parameter. The last missing component required
for the design technique is the Parameter Box (PB), which
is a particular part of the PS. The PB is a ¢-dimensional
simplex inside the R? determined by the minimum p; ,;,, and
maximum p; ,,q, values of the scheduling parameters p;(¢). In
general, the PB means the region of interest inside the PS. The
main goal during the selection of the scheduling parameters
is to select the terms causing nonlinearity — in this way
the nonlinearities can be hidden and linear controller design
methods can be applied [5]. If the terms causing nonlinearity
are selected and embedded into the p(¢) vector, the remaining
terms of the system are constant.

B. Complementary LPV controller and observer structure

A nonlinear time-varying system can be represented in LPV
form with the system matrix S(p(¢)), where the terms causing
nonlinearity are embedded into the vector p(¢). Assume that
the parameter vector is the fixed vector py;zeq. In this case
S(Pfized) becomes a Linear Time Invariant (LTI) system. An
LPV system S(p(t)) can be described with infinite underlying
LTI systems. In our previous research we proved that it is
possible to compare underlying LTI systems only via their
actual parameter vectors based on a norm criteria. The basis
of the comparison was predefined for 2-norm based difference
of the corresponding parameter vectors in the PS [6], [8], [9].
The difference between two underlying LTI systems (S(p;)
and S(p;)) in the PS can be determined by e := ||p; — pj||2
[6]. This difference can be extended: it is possible to use it
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to measure the difference of a given LTI reference system
S(pref) (which is an underlying LTI system as well) and the
current LPV system S(p(¢)). In this case, the difference of
the systems (the difference of the parameter vectors) becomes
time Varying, Le. e(t) = ||pfia:ed - pvar(t)HQ [6].

In our previous study we demonstrated that by using e(¢)
to describe the difference between S(p,.s) and S(p(t)) it
is possible to realize such kind of complementary controller
structure which is able to change the parameters of the
controller based on the information gathered from e(t) [6], [8],
[9]. The underlying idea is that the matrix similarity theorems
[7] do allow us to prescribe strict eigenvalue requirements
against the LPV systems controlled by the complementary
LPV controller. Based on these prescriptions, it is possible
to realize a controller structure that enforces the controlled
LPV system to behave as a given reference system — more
precisely, the complementary controller structure enforces the
controlled LPV system to mimic the reference LTI system. In
details, the embedded matrix similarity theorems provide that
the eigenvalues of the controlled LPV system (in closed-loop)
are the same as the controlled reference LTI system. These
properties can be reached by using state-feedback theorems
(71, [9].

Suppose that we have designed a state-feedback con-
troller for the reference system described by the control law
u(t) = —K,.sx(t). Then the system matrix of the closed-
loop reference system is A,..; — B, K,y whose eigenvalues
define the dynamics of the reference system. We want to
ensure that the nonlinear system described by an LPV model
has the same dynamics, so we want to guarantee that the
eigenvalues of A,.r — BK,. are equal to the eigenvalues of
A(p(t)) —B(K,er + K(t)e(t)) where we applied the control
law u(t) = —(Kyey + K(t)e(t))x(2).

Assume that A,.; — BK,.y ~ A(p(t)) — B(K,cf +
K(t)e(t)). Then the \(p(t)) eigenvalues of the closed-loop
varying parameter dependent system matrix and the A(pycs)
eigenvalues of the closed-loop reference system matrix be-
come equal due to the matrix similarity [7]. Thus, Vp(t)
AP(t)) = Apres) if A(p(t)) denotes the eigenvalues of
(A(p(t)) — B(K,er + Ke(t))). This can occur only if the
similarity transformation matrix is the unity matrix with
the same dimension, ie. I, «,. In this way the equality
Ares — BK,ep = I (A(p(1)) — B(K,ey + K(t)e()1
has to hold and the introduced complementary gain provide
not just the smoother similarity, but also the strict equality
criteria as well. Thus, the proposed complementary feedback
gain K, . s+ K(t)e(t) provide the equality of the eigenvalues,
L e. A(Pref) = A(p(1)).

Based on the equality of the eigenvalues of the closed-loop
systems the K (¢) matrix can be calculated for every occurring
LTI system based on the actual values of the p(¢):

B_l(A/,'gf — BKref - A(p(t)) + BK?"ef)
—e(t)
B (A, — A(p(t))

- —e(t) ' )

K() =
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Thus, the control law becomes
u(t) = (Kreg + B (Aver — A(p(1))))x(t).  (6)

This control law ensures that the dynamics of the closed-loop
system will obey the dynamics prescribed for the reference
system, i.e. the closed-loop system poles will coincide with
the poles of A,.; — BK,.s. This implies that for any value
of the parameter p, the closed-loop system will behave as a
linear system whose dynamics is identical to the prescribed
dynamics.

This methodology can be used to design a complementary
observer structure as well. A full order linear observer can
be described by the dynamics governed by the differential
equation

x(t) = Fx(t) + Gy(t) + Hu(t) , (7)

where the observer state matrix is F € R™*", the observer
gain matrix is G € R**™ and the observer input matrix is H €
R™*™_ The observation error disappears with given velocity
determined by the prescribed eigenvalues of F [10]:

|sI-F|=[sI-A—-GC|=[sI-AT -CTGT| . (8)

Consider that F = A,y — G,.;C ~ F(t) = A(p(t)) —
(Gref + G(t)e(t))C. That means that the eigenvalues of
A(F(t)) and A\(F) become equal during operation. Thus, Vp(t)
A(F(t)) = M(F) if \(F(t)) denotes the eigenvalues of F(¢) =
A(p(t))—(Grer+G(t)e(t))C. Similarly to the previous case,
this is only possible if the similarity transformation matrix is
the unity matrix I, i.e. F = I"1F(#)L. As in the case of
the complementary controller, this means that the introduced
observer gain provides the similarity, and also the equality
criteria as well. Equality of the eigenvalues can be rearranged
to calculate G(t):

Aves — GrefC = A(p(t)) — GpefC — G(t)Ce(t)
<Aref - Grefc - A(p<t>) + Grefc)c_l
= -G(t)CCe(t)

G(t) = (Aver — GresC —i(g)(t)) +G,;C)C! | (9)
G (1) = (Ares — A(p(1))C"

—e(t)
Thus, the dynamics of the observer is governed by the differ-
ential equation

x(t) = FX(t) + (Gref + (Ares — A(p(1)))C ™)y (t) + Hu(t)

(10)
With the proposed complementary LPV controller and ob-
server structure it is possible to control different nonlinear
system via LPV framework — without linearization, or using
LMI-based methods.

In the current form of the design methodologies, the main
limitation of the methods is that the system has to have
the same number of control inputs as state variables and
an invertible input matrix in order to be able to apply the
control law (6), while the system has to have the same number
of observable outputs as the number of state variables and
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an invertible output matrix in order to be able to apply the
observer (10). Further details, limitations, consequences and
examples regarding this controller and observer design method
can be found in the cited literature [6], [8], [9].

C. Particular steps to realize complementary LPV controller
and observer in practice

Here we have collected the main steps of the realization of
the complementary LPV controller and observer structure.

« Realization of the appropriate S(p(¢)) LPV model form
from the original nonlinear model;

o Selection of the S(p,.s) reference LTI system (which is
an underlying LTI system as well);

o Design of the K,y reference state feedback controller
with an arbitrary method which is appropriate to control
the S(pr.s) reference LTI system;

e Design of the G,.; reference observer gain with an
arbitrary method which is appropriate to observe the
S(pres) reference LTI system;

o Realization of the complementary LPV controller (6) and
observer structure (10).

ITI. CONTROLLER DESIGN

A.  An example nonlinear compartmental model

Consider the following nonlinear compartmental model
which is described by the differential equations

#1(t) = exa ()22 (t) - % + koo (t) + U1V(1t)
Zo(t) = kras(t) — kawa(t) + u;(;)

ka3 (1) us(t)
i3(t) = — 1+ bas (D) + kyxs(t) + 7
y1(t) = o121 (t)
Y2(t) = 0232(1)
y3(t) = osas(t)

(1D

with ¢ = 0.05 [L/mmol], b = 0.35 [L/mmol], ¢ = 0.4
[1/min], d = 0.2 [1/min], £, = 0.02 [1/min], k2 = 0.1 [1/min],
ks = 0.085 [1/min], V; = 1.5 [L], Vo = 0.75 [L], V5 = 2
[L], 01 = 2 [-], 02 = 0.5 [-] o3 = 3 [-]. The state variables
are x1(t), 2(t) and x3(t) while the outputs are formed from
the states after multiplication by scalars. The w1 (t), ua(t) and
u3(t) [mmol/min] are the inputs. The model contains three
nonlinearities: the product of the x;(t) and x2(t) states and
the natural degradations of the x4 (¢) and 25(¢) compartments
loaded by Michaelis-Menten type saturation. We can select the
mentioned terms causing nonlinearity as scheduling variables:

1 ks
"1+ azi(t) 1+ bxs(t)
parameter space.

p=|z1(t) 1 T, which generates a 3D
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The state-space representation and the state matrices of the
LPV system in affine LPV case can be written as follows:

.’El(t) (L’l(t) [L‘l(t)
i‘g(t) Z'Q(t) .Z‘Q(t)
a3(t) | _ x3(t) | _ [A(p(t) B [ z3(t)
n() | = SPO L ) [ C D} w ()
yo(t) us(t) us(t)
ys(t) u3(t) u3(t)
(12)
0 ke 0 0 ¢ 0
A(p(t): 0 —ko k1 +l0 0 0:| pl(t)
0 0 —k 0 0 0
0 0 0 0 0 0
+l—d 00 pz(t)+l0 0 01 p3(t)
0 0 0 0 0 1
. (13)
Vi 0 01 r 0 0]
B=|0 1/ 0| cCc=1]0 05 0
0 0 1/Vs 0 0 3
0 0 o]
D=0 0 0
0 0 0

Note that the B and C matrices are invertible, so the controller
and observer design methodologies can be applied for this
model.

B. Complementary LPV Controller Design

Assume that p,.; = [0.5,0.9756,0.0794] " - in this case
21,4 = 0.5 and z34 = 0.2 - which is considered as an
appropriate reference parameter vector with S(p,.r) being the
reference LTI system. The state matrix is the only affected
term and at the reference point A(p,.s) becomes

—0.1951  0.27 0
A(Dres) = 0 —0.07 0.002 (14)
0 0  0.0774

The eigenvalues of the reference state matrix A(prey)
are A = [—0.1951,-0.07,0.0774] T, which means that the
reference LTI system is unstable.

The Co controllability matrix shows that the system is
controllable: rank(Co) = 3 = n, i.e. the reference LTI
system is controllable. Thus, the reference state feedback-
based controller design ( realization of the state-feedback
u = —K,.yx ) is possible. Note that if the input matrix B is
invertible, then the controllability is trivial, since Co = B.

For the design of optimal K. gain (LQ optimal control)
the MATLAB® care command was used. We chose the
design parameters Q and R as Q = CC' and R =
diag(1/100,1,/100,1,/100).

The embedded care command calculates X as the unique
solution of the continuous-time control algebraic Ricatti equa-
tion [11]:

ATXE +E"XA (15)
—(E"XB+S)R!B'XE+S")+Q=0"

where the calculated optimal gain — with S=0and E=1 —
is equal to K,.; = R"!(B'XE +ST").
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The calculated optimal gain is

19.7024 0.2658 0

K,y = | 05315 4.9622 0.0005 (16)
0 0.0002 30.1553
The eigenvalues of the closed-loop reference

system matrix A(pref) — BKier are Aeefciosed =
[-6.6962, —13.3201, —15.0002] T — i.e. the negative real
eigenvalues provide stability and fast transient.

The structure of the complementary controller provides
the aforementioned strict equality, namely Arpv.ciosea =
Aref.closed everywhere regardless the actual value of the p(t)
parameter vector. At this point, the complementary LPV
controller can be realized using (6).

C. Complementary LPV Observer Design

The complementary LPV observer can be calculated sim-
ilarly as the controller. The observability matrix shows that
realization of state observer for the reference LTI system is
possible, since rank(Ob) = 3 = n, i.e. the system is fully
observable. Note that since the output matrix C is invertible,
the observability is trivial, since Ob = C.

The reference observer gain G,.r was designed via
MATLAB® place command [11] with describing the desired
eigenvalues of the system matrix characterizing the observer
error dynamics to be \yps = [—40, —40, —40] T (that results in
faster dynamics than the dynamics of the closed-loop system
Aref,closed). The resulting Gy is

0.1348 —0.0072 —0
Gy = 10% | -0.0145  1.0745 -0 (17)
0 -0 0.0665

We need to use additional feed forward compensators as
well in order to reach the desired steady-state of the output.
These feed forward compensator matrices should be p(t)-
dependent as well. The calculation of feed forward compen-
sator matrices can be found in [8], [9]. One compensator
modifies the state vector by substracting the desired steady-
state from the actual state of the system, the steady-state
is calculated as N, (p(t))r(t), where r(t) is the reference
signal in the time instant ¢, and the other modifies the control
input by adding the steady-state control input calculated as
Nu(p(t))r(t). Thus, the controller is governed by the equa-
tions

x(t) = FX(t) + (Gres + (Arey — A(p(1))C My (1)
+Hu(?) (18)
u(t) = (Krep + B (Arey — Alp(1))) -
“(X(t) = No(p(2))r(2) + Nu(p(8))r(t).  (19)

IV. RESULTS

In this section we carry out simulations and apply the
designed controller and observer for different system models
(reference system, LPV model and the original nonlinear
model), and compare the results. The simulations are carried
out with the following system models:
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1) The reference LTI system S,.;: state vector x,(t),
output vector yr(t), the permanent parameter vector
prey and the control signal u,(¢) generated by the state
feedback reference controller K,.; and constant feed
forward compensators;

The LPV system S(p(t)) without observer (supposing
that the states can be measured): state vector Xjp,(t),
output vector y;,, (t), parameter vector pyy,(t) and the
control signal uy,,(t) generated by the complementary
LPV controller with control law (19) with X replaced by
Xipuvs

LPV system S(p(t)) with complementary LPV ob-
server: observed state vector X;,,0ps(t) coming from the
complementary LPV observer (10), output vector of the
LPV system yippobs (t), parameter vector pipyops (t) gen-
erated by the observed states X;py0bs(t) and the control
signal wpyops(t) generated by the complementary LPV
controller with control law (19);

Original nonlinear system with complementary LPV
observer: observed state vector X,onobs (f) coming from
the complementary LPV observer (10), output vector of
the LPV system ¥ ,,on0bs (t), parameter vector pronobs (t)
generated by the observed states X,,0n0bs(t) and the con-
trol signal W,onobs(t) generated by the complementary
LPV controller with control law (19).

During the simulation we used the same settings in every
cases. The reference signal for the system outputs is r =
[16,2.5,30] T, thus we want the steady-state of the system
outputs to be yo, = r. The corresponding steady-state system
state vector is x = [8,5, 10] ". The initial state vector for every
system was x(0) = [3,2,1]T. The initial state vector for the
observers was %(0) = [4,4,4] " — in this way there is an initial
observation error, thus the dynamics of the observer can be
analyzed. The simulation time was 1 min — all the transients
disappear after | minute because of the fast system dynamics.

2)

3)

4

"I

"l
i

Jl1, OoM: 101
OoM:

°
2

of the states

0.3

L, distance
°
~

e

0.3 0.35 04 0.45 0.5

Figure 1: Comparison of the states during simulation. [OoM
— Order of Magnitude]

The signals of the different systems are compared on Figs.
1-4. The absolute values of the differences of different signals
are depicted in order to compare the different system tran-
sients. Since most of the signals are not scalars, but vectors,
we consider the sum of the absolute values of the components,
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0
. OoM: 10"
1. OoM: 10°
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[¥tpvobs = Fronobs |1, OoM: 1071

i

0.8 0.9 1

\
\
\
H \
N
N\,
0 1 I B =

0 0.1 0.2 03 0.4

05 06 0.7
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Figure 2: Comparison of the outputs during simulation. [OoM
— Order of Magnitude]

[li, OoM: 10°
|1, OoM: 102
i, OoM: 107!
1, OoM: 107!

£, distance of the parameter vectors

0.25
Time [min]

0.4 0.45

Figure 3: Comparison of the parameter vectors during simu-
lation. [OoM — Order of Magnitude]

i.e. the £; norm of the vectors in each time instant. Due to
the lack of space in the paper, we use data standardization to
be able to depict signals having amplitude of different order
of magnitude in the same figure. We have given the order of
magnitude (OoM) for each curve in the corresponding legend.

Figure 1. shows the comparison of the states. The difference
of the states of the reference LTI system and the states of the
LPV system is very small (OoM of 10~ %), they are practically
equal, so the LPV system works the same way as the reference
LTI system, as desired. Since the observer is initiated from a
different state than the original initial state of the system, the
observed states differ from the real states initially, however
this difference tends to zero thus the observers are stable. The

same results for the outputs of the system can be examined in
Fig. 2.

Figure 3. shows the difference of the parameter vectors for
the different systems. By examining the alteration from the
constant p,.r vector we can see how far the other systems
are from the reference LTI system. The difference of the
parameters of the systems with and without observer tend to
zero, since the observers are stable.
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Figure 4: Comparison of the control signals during simulation.
[OoM — Order of Magnitude]

Similar behavior can be examined for the control signals in
Fig. 4. The difference of the control signals for the reference
LTI system and the other systems are large, since the other
systems alter from the reference LTI systems as well. However,
the control signals for the LPV and nonlinear systems are very
similar. Note that the control signal for the LPV system with
observer and the original nonlinear system with observer is
almost the same, the difference has OoM of 1014,

Figure 5. shows the trajectories of the LTI system with
and without observer. The start points of these trajectories
are different, since the observer has an estimation error in
the initial time, however the trajectories unite after a short
time since the observers are stable. The lower part of Fig. 5
shows the same for the observer and real parameter values,
demonstrating that the LPV control methodology can be
applied for the given system, since the parameters required
for the LPV model can be acquired using the state estimator.
Note that each value of the parameter vectors represents an
LTI system, this is why we labeled the initial and end points
with the notation S(p) in the legends.

1.9969 10]"
7.9999 4.9982 10)"

S(pip(end))
..... Pt
——p(t)

Figure 5: Results of the simulation in case of the LPV system
with and withour observer [Upper diagram: Phase space of the
Observed states and LPV system’s states; Lower diagram: 3D
parameter space during simulations with varying parameter
vectors provided by the observer and the LPV system itself]
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V. CONCLUSION

The methodology presented here can be used to control and
observe a nonlinear system that can be modeled with LPV
technique, and it can be guaranteed that the resulting closed-
loop system dynamics is the same as a reference LTI system.
The simulation results show that the technique works well for
a nonlinear system that can be modeled as an LPV system.
The main drawbacks of the methodology are that it requires
invertible input and output matrices; generalizing the results
for noninvertible input and output matrices is subject to further
research.

The invertibility of the output matrix also means that the
states of the system can be calculated algebraically from the
observed outputs, i.e. *+ = C~ly, however this process is
sensitive to measurement noises. The observer presented here
can be used to filter out these noises by the integration and
considering the information about the dynamics of the system.

The presented approach is similar to exact linearization [12],
[13] in nature since it linearizes the originally nonlinear system
using state-feedback. However, exact linearization transforms
the closed-loop system into a series of integrators, the pre-
sented methodology transforms the system to a linear system
with arbitrary dynamics.
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