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Abstract: In “The Origin of Species”, Darwin describes a hypothetical example illustrating
that large, slowly reproducing mammals such as the elephant can reach very large numbers if
population growth is not affected by regulating factors. The elephant example has since been
cited in various forms in a wide variety of books, ranging from educational material to
encyclopedias. However, Darwin’s text was changed over the six editions of the book,
although some errors in the mathematics persisted throughout. In addition, full details of the
problem remained hidden in his correspondence with readers of the Origin. As a result,
Darwin’s example is very often misinterpreted, misunderstood or presented as if it were a
fact. We show that the population growth of Darwin’s elephant population can be modeled by
the Leslie matrix method, which we generalize here to males as well. Darwin’s most often
cited figure, about 19 million elephants after 750 years is not a typical outcome, actually a
very unlikely result under more realistic, although still hypothetical situations. We provide a
recursion formula suggesting that Darwin’s original model corresponds to a tribonacci series,
a proof showing that sex ratio is constant over all age classes, and a derivation of a generating
function of the sequence.
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Introduction

One of the main pillars supporting Charles Robert Darwin’s theory of natural selection
(Darwin 1859-1872) is the principle of rapid growth: populations of self-reproducing
organisms can increase in size in an exponential function of time unless affected by regulating
factors (Pasztor et al. 2016). As is well known, Darwin was indebted to his reading of the
sixth edition of Thomas Robert Malthus's Essay on the Principle of Population, which he had
read in 1838, for this insight'. In that essay, Malthus had argued that population growth
increased exponentially in the context of resources that could, at best, increase only in a linear
fashion®. Central to Darwin’s theory is the statement in “The struggle for existence”, the third
chapter of Origin: “There is no exception to the rule that every organic being naturally
increases at so high a rate, that if not destroyed, the earth would soon be covered by the
progeny of a single pair” (Darwin 1859, p. 64). As an illustration of the growing potential of
biological populations, Darwin then refers to Linnaeus’ work. The great Swedish naturalist
was apparently the first who played with this idea when attempting to explain how the Earth
was populated starting from — as he believed — the single initial pair of each sexual species
(Egerton 2012, p. 82). His hypothetical case was an annual plant with only two seeds
produced per year. Darwin clearly felt, however, that a more convincing and vivid example
was also needed to make his arguments even stronger. He chose “the slowest breeder of all
animals” and the largest terrestrial mammal, the elephant, and explained briefly that the
number of descendants from a single pair would be about fifteen million at the end of the fifth
century. In the sixth edition of the book, Darwin (1872, p. 51) modified these figures by
saying that “after a period of from 740 to 750 years there would be nearly nineteen million
elephants alive”.

Given the extreme importance of the Origin in the history of biological sciences, the elephant
example has received numerous mentions in books, scientific papers and educational material,
but little mathematical analysis. In most cases, Darwin’s numbers borrowed from either
edition were taken as granted, and the elephant example was cited without explaining the

circumstances under which the calculations would be arithmetically correct. There are only a

" In his autobiography written in 1876, Darwin wrote: “Here, then, I had at last got a theory by which to work;
but I was so anxious to avoid prejudice, that I determined not for some time to write even the briefest sketch of
it“ (see Barlow 1958, p. 120, van Wyhe 2002).

* Although the majority of historians of science have recognised the significance of Malthus to Darwin's theory
of natural selection, they have tended to focus on how his reading of Malthus sat in his relation to his
understanding of animal breeding and artificial selection. Indeed, much has been written on both the exact timing
of Darwin's reading of Malthus and thus the precise part that this played in the development of his theory of
Natural Selection (Hale 2016). However, in making this their focus, they had given too much credence to the key
example that Darwin gave to illustrate the power of population growth.



few sources which provide some comments on the matter and, to our knowledge, just one
book (Burton 1998, pp. 206-208) that includes a detailed derivation. We feel that we now
have the necessary tools to redo the calculations at the highest accuracy and to clarify the
misunderstandings that still prevail in the contemporary literature concerning the elephant
example. This paper was thus written with three main objectives in mind: 1) to place the
elephant example in a historical context and to show the points in which Darwin’s
presentation of the example was insufficient, 2) to examine the elephant example by
elaborated mathematical methods and computer simulation, and 3) to describe situations in
which Darwin’s numbers are more or less correct. Additionally, for Darwin’s original model
we derived a recursion formula suggesting that it is in fact a tribonacci series, a proof showing
that sex ratio is constant over all age classes, and a derivation of a generating function of the

sequence.

A brief history of the elephant example

The original — and long — manuscript from which the published version of the Origin was
extracted (widely known as “Natural Selection™, Stauffer 1975) includes the following
passage as the first occurrence of the elephant example in Darwin’s works:

“The elephant is supposed not to breed till <20> perhaps 30 years old; its length of life is not known, but
as one of unknown age when taken lived according to Dr. Falconer 120 years, I think it will not be an
exaggerated statement to take <80> 90 years as the possible duration of life & that each pair produces
<four> three pair of young: in this case from one pair there will be at the end of 500 years 5,111,514
elephants alive: or if we assume that the pair produced eight young there would be above fifteen millions

alive.”
(Bracketed numbers are cancelled in the text.) Unfortunately, Darwin gave no clues as to the
accurate derivation of these figures. In 1858-59, when he was alerted to the existence of
Wallace's manuscript in which Wallace had outlined an explanation of speciation that was
very similar to his own, Darwin had rushed to bring his manuscript into publishable form. As
Stauffer (1975, p. 1) put it, the Origin is therefore “only an abstract of the manuscript Darwin
had originally intended to complete and publish as the formal presentation of his views on
evolution”. The first printed version of the elephant example illustrates Darwin’s haste:

“it will be under the mark to assume that it [the elephant] breeds when thirty years old, and goes on
breeding till ninety years old, bringing forth three pair of young in this interval; if this be so, at the end of

the fifth century there would be alive fifteen million elephants, descended from the first pair”



(Darwin 1959, p. 64). The text is shortened and, as a consequence, it is likely that Darwin
inadvertendly confused and combined his two previous examples: after giving the starting
condition of the first (three pairs) he copied the results (fifteen millions) for the second (four

pairs) (Barrett 1977, p. II/158)°.

In the subsequent four editions of the Origin, this sentence did not change essentially, for
example, “it will be under the mark™ was replaced by “it will be safest” in the fifth edition
(Darwin 1869, p. 75). The error remained unnoticed until 1869, when at least three letters
from readers of the book caused him to revisit his calculations. His response dated “Caerdeon,
Barmouth, June 7, 1869” (in print: The Athenaeum, p. 82 in No. 2177, 17 July, 1869) shows
that there is clearly some ambiguity in the manner in which Darwin formulated the elephant

example:

“I have received a letter from Germany on the increase of the elephant, in which a learned Professor
arrives at a totally different result from that of Mr. Garbett, both of which differ from that of your

Correspondent 'Ponderer.”
Unfortunately, we did not find the letter from the German professor in the archives. Edward
L. Garbett suggested there would be 2,400,000 elephants after 500 years and 50,000,000 after
six hundred (van Wyhe 2002). The third letter deserves reproduction almost in full:

“Perhaps some of your readers will be able to enlighten my dull intellect as to the process of reasoning
by which this result is obtained. According to Mr. Darwin's theory, each pair brings forth a pair when it is
thirty, when it is sixty, and when it is ninety. Hence if there be one pair in the first year, there will be one
pair born in the thirtieth year; these two pairs will produce two pairs in the sixtieth year, and these four
will produce four pairs in the ninetieth. After that we have only to add the numbers born in the three
preceding periods to find out how many are born in each period; because after they have attained the age
of ninety years they cease to breed. This method of reasoning gives the number of pairs born in each
period of thirty years as 1, 1, 2,4, 7, 13, 24, 44, 81, 149, 274, 504, 927, 1,705, 3,136, 5,768, 10,609,
19,513; the last number being born in the period commencing with the five hundred and tenth year.
Therefore the number of elephants alive at that time would be 42,762 pairs, that is, 85,524 elephants, less
the number that would have died by reason of their age. But Mr. Darwin says that there would be fifteen

millions. On what does he base his calculation?”
(signed by Ponderer, The Athenaeum, p. 772 in No. 2171, June 5, 1869). The rebuttal by

Darwin in his letter of June 7 continues:

“Hence you may perhaps think it worth while to publish a rule by which my son, Mr. George Darwin,

finds that the product for any number of generations may easily be calculated:

? In a letter to E. Ray Lankaster, April 1872, Darwin nevertheless blamed a mathematician for the error by
writing: “I got some mathematician to make the calculation, and he blundered and caused me much shame”.



The supposition is that each pair of elephants begins to breed when aged 30, breeds at 60, and again, for
the last time, at 90, and dies when aged 100, bringing forth a pair at each birth. We start, then, in the
year 0 with a pair of elephants, aged 30. They produce a pair in the year 0, a pair in the year 30, a pair in
the year 60, and die in the year 70. In the year 60, then, there will be the following pairs alive, viz.: one
aged 90, one aged 60, two aged 30, four aged 0. The last three sets are the only ones which will breed in
the year 90. At each breeding a pair produces a pair, so that the number of pairs produced in the year 90
will be the sum of the three numbers 1, 2, 4, i.e. 7. Henceforward, at each period, there will be sets of
pairs, aged 30, 60, 90 respectively, which breed. These sets will consist of the pairs born at the three
preceding periods respectively. Thus the number of pairs born at any period will be the sum of the three
preceding numbers in the series, which gives the number of births at each period; and because the first
three terms of this series are 1, 2, 4, therefore the series is 1, 2, 4, 7, 13, 24, 44, & c. These are the
numbers given by 'Ponderer.' At any period, the whole number of pairs of elephants consists of the young
elephants together with the three sets of parents; but since the sum of the three sets of parents is equal in
number to the number of young ones, therefore the whole number of pairs is twice the number of young
ones, and therefore the whole number of elephants at this period (and for ten years onwards) is four times
the corresponding number in the series. In order to obtain the general term of the series, it is necessary to

solve an easy equation by the Calculus of Finite Differences.”
This is the first occurrence of the starting conditions of the elephant example in print (italics
above are added). It is now made clear that Darwin’s calendar starts when the first breeding
pair is 30 years old, and the female elephant gives birth to twins, always one male and one
female, at ages of 30, 60 and 90. George Howard Darwin (1845-1912), Charles Darwin’s fifth
child, was a mathematician, and his calculations (reproduced here as Fig. 1) yielded the final
result of 5,111,514 individuals descended from a single pair after 25 generations, each 30 (?)
yr long.” This result is identical to what his father suggested more than 10 years ago in his
manuscript (see above). At that time George was about 13 years old, clearly too young to help
his father with complicated mathematical problems. That it was neither Charles himself nor
George who did the calculations in 1859 turned out from Darwin’s next letter written two
weeks later (dated Caerleon, North Wales, June 19, 1869, in print: The Athenaeum No. 2174,
p. 861, June 26, 1869):

“I am much obliged to your Correspondent of June 5 for having pointed out a great error in my 'Origin of
Species,' on the possible rate of increase of the elephant. I inquired from the late Dr. Falconer with respect
to the age of breeding, & c., and understated the data obtained from him, with the intention, vain as it has
proved, of not exaggerating the result. Finding that the calculation was difficult, I applied to a good
arithmetician; but he did not know any formula by which a result could easily be obtained; and he now
informs me that I then applied to some Cambridge mathematician. Who this was I cannot remember, and

therefore cannot find out how the error arose. From the many familiar instances of rapid geometrical

* There is another set of calculations by G. H. Darwin’s in which four pairs per mother are used to show that
with this condition the population reaches fifteen million after 25 generations (van Wyhe 2002).



increase, I confess that, if the answer had been thirty or sixty million elephants, I should not have felt
much surprise; but I ought not to have relied so implicitly on my mathematical friend. I have misled your
Correspondent by using language which implies that the elephant produces a pair of young at each birth;
but the calculation by this assumption is rendered easier and the result but little different. A friend has
extended your Correspondent's calculation to a further period of years. Commencing with a pair of
elephants, at the age of thirty, and assuming that they would in each generation survive ten years after the
last period of breeding—namely, when ninety years old—there would be, after a period of 750 to 760
years (instead of after 500 years, as I stated in 'The Origin of Species'), considerably more than fifteen
million elephants alive, namely, 18,803,080. At the next succeeding period of 780 to 790 years there
would be alive no less than 34,584,256 elephants.”

Darwin admits here that the condition of producing twins (our italics above) is not reasonable
biologically (twins are born extremely rarely in elephant populations) but a tool of simplifying
mathematics. Then, he refers to an (unknown) friend who extended Ponderer’s calculations —
to produce the results rounded up to the next million for the time interval changed to 740-750
in the 6th edition of the Origin:

“...it will be safest to assume that it begins breeding when thirty years old, and goes on breeding till
ninety years old, bringing forth six young in the interval, and surviving till one hundred years old; if this
be so, after a period of from 740 to 750 years there would be nearly nineteen million elephants alive,

descended from the first pair.”
(Darwin 1872, p. 51). It is unfortunate that this edition, the last one handled by Darwin and
the most often cited and translated, omits the initial conditions (calendar, when are the calves
born) and releases the implicit sex ratio of 50:50% by replacing “three pair of young” with

“six young” — the latter implying this ratio to lie anywhere from 1:5 to 5:1.

Current references to the elephant example

No surprise then that the literature is extremely heterogeneous in the manner in which the
elephant example has been cited, presented and commented upon’. The 1859 version of this is
mentioned even in fairly recent books, for example Delson et al. (2000, p. 255) who talk
about “generation time of one offspring every ten years”, which Darwin never said. Modern
versions (renditions) may simply reprint the sentences from the first edition (Duzdevich 2014,
p. 40). Several authors cite the paragraph without comment on the veracity of the mathematics
involved (Chapman and Reiss 1999, p. 37, Sapp 2003, p. 29, Francis 2007, p. 142, Lyons
2011, Garvey 2014, p. 9, Hale 2014, p. 50, Walsh 2015, p. 49). Sometimes, only fragments of

> We do not refer here deliberately to many book reviews and other reflections that were published immediately
after various editions of the Origin. We do not cite Lyell, either, who mentioned the elephant example in the
Principles of Geology vol. 11 in 1883. Also, our literature overview is not meant to be complete — we hope that
the subject matter is illuminated satisfactorily on the basis of references that were directly available to us.



the elephant example are extracted from the first edition mentioning only “fifteen million
descendants after five centuries” (Eldredge 1985, p. 35, Megarry 1995, p. 33, Benz 2000, p.
197, Gore and Pranjpe 2001, p. 11, Richards 2000, p. 13, Quammen 2006, p. 188, Bashford
2014, p. 38, Kingsland 1995, p. 9, Koch 2014, Chapter 1) or fifteen million elephants
“suddenly appearing” (Johnson 2012). Starting from biologically realistic assumptions,
McKee (2000, p. 155) replaces fifteen million by a more conservative estimate of nine million

elephants after five centuries, without giving any detail of calculation.

Understandably, the example from the 6" edition is more common in the present literature —
and the way the elephant example is described greatly varies. Typically, many authors refer to
19 million elephants after (740—) 750 years without mentioning other initial criteria of
calculation (Blainey 1988, p. 38, Bulhof 1992, p. 98, Overy 1997, p. 53, Tattersall 2000, p.
156, Khanna 2004, p. 2, Tobin and Dusheck 2005, p. 321, Beeby and Brennan 2008, p. 72,
Russell et al. 2008, p. 420, Dash and Dash 2009, p. 26, among others). We know at least one
secondary-school text (Lénard 2007, p. 115) which mentions twenty million elephants with no
reference to the source. Additional details (e.g., six youngs between 30-90) are less common
(Eldredge 1998, p. 58, Raven et al. 2012, p. 86, Crow 2013, p. 611, Dyer 2014, p. 8). Berg et
al. (2010, p. 148) illustrate unlimited growth by mentioning 15 million elephants after 750
years, a confounded example that disappeared from the next edition of their book. Entire
passages from Darwin (1872) are occasionally reproduced without further comments
(Spellman 2007, p. 168). Eldredge (1997, p. 5), Eysenck (2004, p. 30), Pandey (2010, p. 75)
and Sutherland (2014) cite the 1859 book while describing the 1872 example. Stebbing (2011,
p- 38) gives full details, but according to his Figure 2.5 the number of elephants in year 750 is
10'°. Nadeau (2013, p. 69) cites this example in order to criticize Darwin who attributed the
limits of population growth only to external factors (for Nadeau, however, overcrowding is
internal rather than external — a debatable issue). Sometimes, numbers in the elephant
example are handled as facts (e.g., “The reproductive abilities of organisms are staggering”,
Moore and Moore 2006, p. 44). Hardin (1993, p. 87) elaborates the example to calculate the
number of years necessary to cover the land area of the earth entirely by elephants (= 1484
years, a figure cited in turn by McPherson 2005, p. 23).

Relatively few authors have recognized the difference between various editions of the Origin.
The modifications of the elephant example were first pointed out in Peckham’s (1959, p. 148)
comparative analysis. Dennett (1995, p. 40) devotes a footnote to the change. Cronin (1991, p.

271) speaks of 15 million elephants after 500 years commenting that there are revised figures



in the 6™ edition of the Origin. Burton (1998, p. 206) also recognizes the changes and
provides detailed calculations to be discussed later in this paper. In the critical edition of the
book, Costa (2011, p. 64) raised first some substantial reservations on the general validity of
the elephant example, by referring to an anonymous blogger: “the algorithm and the starting
assumptions...are something of a mystery”. The blogger points out that the sex ratio greatly
influences the final result, argues that 15 million after 500 years is correct for 5:1 dominance

of the females and suggests that the 6™ edition used only an even proportion of the two sexes.

The Leslie matrix approach

Precise calculation of the elephant example is achieved through the Leslie matrix model
(Leslie 1945), a popular computational tool in ecology. It has been developed to describe
unlimited growth of age-structured populations over time, i.e., without the interference of any
limiting factors and migration. The population is divided into age classes, such as years or
other periods of any length. The model applies to one sex, usually the females. If the
population has ® age classes, then the number of female individuals within each class i at time

t, denoted by 1/ () may be written into the count vector n’ (¢) (although time is discrete in

this model, we use the bracketed function notation for transparency). Two parameter sets are
required to calculate propulation size in time #+1 based on the count vector of time ¢. Survival

rate, 0 <s; < 1, is the fraction of individuals in age class i which survives to the next class i+1,

and fecundity £, , the average number of per capita female offspring (reaching age class 1)

born from females of age class i. Thus, population size of the first age class at time ¢+1 is

n/ (t+1)=2 f/n/ (), while for higher age classes n/,(t+1)=s,n/ (1), (j=2,3,...,0-1).

i=1

Combining these equations into matrix form, we get the following dynamics for females

n/ (t+1) £f £ 0 n! ()
n! (t+1) ss; 0 0 0 0| nl®
nl(t+1) |=| 0 s, 0O - 0 0 n! (1) (la)
n! (t+1) o 0o o0 - s, 0 n’ (1)

or, in simpler form

n’ (t+1)=Ln’ (¢). (1b)



(Note that the superscript f' does not denote power, it denotes females.) The Leslie matrix L of

size o ® comprises all demographic parameters: fecundities in the first

row: L, = f; / (j =1,...,w—1), survival probabilities of different age classes in the

subdiagonal: L

i+1,i

=s,,(i=1,2,...,0-1) while all other values are zero.
Males can be incorporated into the dynamics easily. Survival of a male individual from an age
class to the next can be handled similarly as for females. By introducing fecundity ", the

average number of per capita male offspring born from mothers of age class i the dynamics of

males can be decomposed in the following way:
n"(t+1)=M,n’ (1)+ M n"(¢), (2)

where n” (¢)1s the count vector of males at time # which contains the male population sizes at

different age classes. The birth matrix M, and the survival matrix M have the following

form
AL a L 0 0 0 0L O 0
O 0 O L o0 0 s, 0 0L O 0
M,=l0 0 0 L 0 0, M=|0 s, 0L O 0
M M M 0O M M MM MOM M
O 0 O L o0 0 0 0 0L s,, O

For sake of simplicity and in line with Darwin’s original assumption, we used sex-
independent survival rates, but the model introduced above can be extended readily by

different survival rates for males and females. When it is assumed that males and females are

P

= the same ratio holds for the
n" (1)

n! (1)

1

born to each fertile age class at a constant sex ratio g =

number of male and female individuals in all age classes:

=g, foralli=1,2,..., o (for

proof, see Supplementary Material).

Results for Darwin’s elephant example
We may assume from all available information summarized above that Darwin’s model has
the following parameters: ® = 100, £} = £} = f,} =1, all other f;-s are zero, s; = 1 for i

=1...w—1, n1(0)= 1, all other n-s are zero at the outset, and g = 1. Because of the previous

results on the constant sex ratio, males need not be considered explicitly. That is, we can use



Eq. (1) for computing the number of females, the number of males in any age classes will be
the same as the number of females. The Leslie matrix model for females then provides the
results in Table 1. Years in brackets are numbered starting at the first year when calves are
born — for comparability with the original calendar. It is obvious at first glance that Darwin
(or rather, his mathematician friend) correctly calculated the results presented in the letter of
June 19, 1869 (see above). However, Darwin committed another — and unexplained — error
when preparing the 6™ edition: in the book he gave “740 to 7507, rather than the true “750 to
760” years for the interval when population size is (roughly) nineteen million!

In the same letter, he did not mention what happened between years 761 and 779. In this
period population size dropped to 17.3 million because 1.5 million 100 yr old individuals died
in 760. In general, two types of periods alternate regularly, a 10-year and a 20-year period — a
fact rarely mentioned in the literature. The short ones have more individuals than the
succeeding long periods due to the 10 year survival of more than 90 yr old mother animals.
Ponderer gave numbers for the 20-year ones, and probably he started 30 years earlier because
19,513 in Darwin’s calendar was in 460-480. How Ponderer obtained 42,762 and its double
85,524 remains unclear. George Darwin’s calculations are fine, as far as the numbers are
concerned (Fig. 1) — he also presented the numbers for the 20-yr long classes but his final
result, 5,111,514 is in fact not for the 500™ but for the 701%' year. Obviously, he either
erroneously counted the number of 30 year periods or — which is more likely — the periods
were only 20 years long for him and he disregarded the 10-year long sections (Fig. 1). Burton
(1998, p. 206) observed that the ratio of female population size of two successive 30 yr
generations converges to 1.8393 and obtained the approximate result of 18.8 million for 750
years. Burton argued that Darwin might have derived his result using this ratio, but his
correspodence confirms that the precise figures resulted from more tedious, detailed

calculations based on summing three previous generations before the actual one, as in Fig. 1.

As said, in Darwin's original setup two types of periods alternate. A 10-years long interval
(with a, females in the n™ generation) is followed by a 20-years long one (with a’, females)
because of the 10 year survival of old mother animals after their last calves. Thus, the two
intervals for n > 1 are:
[30(n—1),30(n—1)+9]: a, females
[30(n—1)+10,30(n—1)+29]: a', females

10



Obviously: ay=a'1=1, ap=a',= 2, a3 = a's=4. Extending the series with ap= a'o= 1, from the
4™ generation we obtain the following two identities:

a =2a', ,

a'n =a, _a'n—4—
By combining the two equations, we get the following recursion for the number of females in

the 20-years long period of the n generation:
a =2a' —-a, ,, (nz4) 3)

The next few elements of the recursion are: a's= 7, a's= 13, a's= 24, while a4= 8, as= 14, ag=
26, etc. Thus, the number of females of the n” generation in the interval [30(n-1), 30(n-1)+9]
is 2a’,.; (every second value in column 2 of Table 1, starting with the first row), in the
interval of [30(n-1)+10, 30(n-1)+29] is a’, (every second value in column 2 of Table 1,
starting with the second row), n > 1. With a more modern mathematical treatment, the general
element of the series of the number of elephants can be calculated. In our case, the result is
not very instructive, however. In the second (20 years long) interval of the n” generation the
number of females (a’,) is equal to the n™ coefficient of the Maclaurin series expansion of the
following function (the so-called generating function):

1
G(x)=——-75——"=.
(x) 1-x—x"-x°
For proof, see Supplementary Material. (Note that there is a quite complex and less instructive
closed-form formula for the n™ element of the series, see e.g. see Noe et al. undated.) It can be

seen that the recursion described by Eq. (3) is identical to a' =a' _+a' _,+a' _; (,we have

only to add the numbers born in the three preceding periods to find out how many are born in
each period”) — see Supplementary Material. We introduced the new recursion, since it can be
interpreted more easily.

We note that the sequence 1, 2, 4, 7, 13, 24, 44,... (every second row of Table 1, starting with
row 2) defined by the recursions introduced above is the so-called ‘tribonacci series’ (for
details, see Noe et al. undated). (In some definitions the first three elements of the tribonacci
series are 0, 1, 1 followed by 1, 2, 4, 7,...). This is the generalization of the well-known

Fibonacci series (which is defined by the recursion formula:a, =a,  +a, ,). We also note

: . : a : :
that the ratio of adjacent terms of the series [ R ] tends to 1.83929 (the tribonacci constant,
a

n—1

see Weisstein, undated) as n — oo . This constant is the the real root of the characteristic

11



polynomial of the recursion, and also the reciprocal of the real root of the

expression1—x —x* —x°, the denominator of the generating function (for details and proof,
see Supplementary Material), a value whose approximation was also devised by Burton
(1998, see above). The number of individuals follows the tribonacci series if female
individuals die after their age of 90 (after giving birth to their third twin) and before 120

which actually they never reach in the elephant example.

Some more general results

A natural question arises at this point: how to calculate population sizes when males are born
at times different from the birthyears of females? Darwin was wrestling with this problem — as
is obvious from his letter of June 19, 1869 — but eventually he convinced himself that the
result would be “little different” if males and females were not born in the same year, i.e., if
the possibility of twins were excluded. To examine this proposition we used the extended
Leslie model of Egs (1) and (2). WINDOWS application DElephant has been written to
perform the computations (available at http://ramet.elte.hu/~podani).

We first show that Darwin underestimated the effect of relative timing of male and female

birthyears. If females are born at their mother’s age of 30, 60 and 90 ( f;) = 5{; = fS{; =1, as

before), and males are born just with a two-year difference from the nearest sister at ages 32,

62 and 88 of the mother ( £} = f.| = f;7 =1), then in the 750" year total population size is

only 14,857,786 (with 9,401,540 females and 5,456,246 males) — so we can conclude that
even the slightest biologically relevant change in the model has enormous effect on the result,
in the example, a 21% difference.

Next, we examine what happens after 750 years if 3 males and 3 females are born alternately
with equal time intervals (12 years), first starting with a female calf, and then starting with a

male. In the first case, the relevant parameters are £, = £ = £} =1, f! = f% = fun =1all

other fif -sand f;"-s are zero. After 750 years, there would be 27,573,039 females,
20,994,926 males and their total of 48,567,965. In the second case with f;| = £/ = £/ =1

and fs = f = f =1, all other f,/-sand f,"-s are zero we obtain only 713,609 females and

907,388 males. Thus, a total of only 1,620,997 individuals would constitute the elephant
population after the same time. These examples show even more convincingly that

parametrization of Darwin’s model influences the result much more than previously thought.
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To analyze the sensitivity of the growth rate to the number of newborns and the order of birth
of males and females we computed the number or individuals at 750" year for a set of
different cases. We assumed that all females have six offspring born at the mother’s age of 30,
42, 54, 66, 78 and 90; and that the number of female newborns can vary between 1 and 5 with
different temporal distribution. As seen in Figure 2, the size of the population heavily depends
not only on the number of female offspring but also on the temporal distribution of females.
For example, in the following two situations when 1) there are two female calves and they are
born first (and followed by four males) and 2) there are four female calves but the two males
are born first, then population size after 750 years will be roughly the same, see arrows in Fig.
2. Also, if we forget about the case of single females — which implies no population growth —
then we can see in Figure 2 that the productivity of different combinations of male-female

birthyears will range from around 2000 to 8-10".

As said, in case of one female offspring to each mother the population does not grow, the
number of individuals oscillates around a constant value (each red circle in Fig. 2 represents
such a constant). The later the female is born, the lower is this constant. In any other case, the
population grows exponentially.

Another issue to be examined is to estimate the probability of having around 19 million
elephants in the 750" year. We start from the more realistic condition that each female gives
birth to one male and one female calf in each 20-year period of her sexual activity from age
30 to 90, with the assumption that these calves are born at random dates within these short
periods. We run the modified Leslie model 10,000 times. The number of cases when
population size was between 17.5 and 20.5 million was only 327. That is, Darwin’s so-often
cited elephant example easily misleads the reader: to have 19 million or so individuals in year
750 is in fact a very unlikely situation, with an estimated probability of 0.033, if we assume

weak stochasticity in elephant demography and modify Darwin’s scenario accordingly.

Discussion

One of the few numerical examples in the Origin concerns the population growth of elephants
in the strictly theoretical sense. It has become widely dispersed in the literature of biology and
has been cited in many books written in diverse fields ranging from psychology to ecology.
This is partly because the statement that, starting from a single pair, the population size of a
large mammal can reach 15-19 million within 500-750 years sounds very demonstrative and

appealing at the first glance. However, the elephant example is presented in a wide variety of
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ways but mostly without detailed interpetation, thus easily misleading the mathematically
naive reader. It is historically interesting how this case has become overly complicated due to
the author, Darwin himself, and to all those who mentioned it uncritically. The point here is
not that Darwin, following advice by Falconer, overestimated some critical demographic
parameters of elephants’: the minimum age when a female gives birth to its first calf (30), the
maximum age an animal can reach (100), as well as the length of the fertile period of this
species (60); the problems are in fact mathematical.

In none of the various editions of Origin are all the necessary starting assumptions presented
for the exact calculation of the example; full details are given only in a letter that appeared in
the weekly periodical, The Athenaeum, its June 26, 1869 issue. In the first five editions, the
numbers (15 million elephants after 500 years) were not those Darwin originally meant,
whereas the sex ratio was implicitly understood as 1:1. After receiving comments from
different readers, Darwin modified the example in the 6 edition. He gave a rounded number
for population size (19 million) after a period of 740-750 years. Unfortunately, by mentioning
the progeny consisting of “six young”, the sex ratio became undefined even implicitly. Based
on all available evidence, we reconstructed the problem which is formulated in full as follows:
a single pair starting to breed at age 30 when calendar starts, their progeny is always a mixed
twin, born when parents are 30, 60 and 90 years old, every individual survives until the age
100. The question is how total population size changes in time if no limits are imposed on its
growth. We suggest that, although there have been proposals to calculate population number
precisely (George H. Darwin’s recursion) or approximately (Burton’s method of constant
ratio) — the most straightforward computation is offered by the Leslie model. If extended and
calculated in parallel for the males, as we also suggest here, exact population size can be
obtained for more general situations, e.g., with varying order of birth for males and females,

different time intervals between birthyears, etc.

We have shown that relatively slight modifications of the starting conditions can have

enormous impact on the final number. We illustrated further that, if the restriction of twins

6 Actually, the two traditionally recognized species of elephant differ quite substantially. Long-term data exist
for wild African bush elephants (Loxodonta africana) which allow the estimation of demographic parameters for
real populations (Lee et al. 2016). A female elephant starts reproducing by the age of 13.86, and then gives birth
every 5 years to a single calf (one twin birth has been recorded [Moss 2001]). Their reproductive period lasts
until they reach 49 years of age, but they can still live for some more years. The age by which 95% of the
females had died was 65 years, and they might live up to 74 years. The sex ratio was 1:1 (Moss 2001).
Demographic data on Asian elephants (Elephas maximus) come from a population of tamed individuals
employed in the timber industry in Myanmar (Lahdenperé et al. 2014). There, females start reproduction at the
age of 19.9, and give birth every 6 years to a single calf. On average an Asian elephant female produces 2.6 (1-
11) calves during their life. Their reproductive period lasts until they reach 32.5 years of age. The age by which
95% of the females had died was 57 years, but some individuals can live to up to 80 years.
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born 30 years apart is released and calves are allowed to be born more evenly and randomly,
then Darwin’s figure of around 19 million is very unlikely. Thus, the general statement that a
pair of elephants could have that many descendants after 750 years is not substantiated even
in the statistical sense. Darwin has been generally recognized as an accurate, diligent and
thorough scientist but, in this case he probably underestimated the importance of presenting
precise starting conditions. A conclusion is that one must be careful with citing concrete
numbers even if the source is a very highly respected and most influential authority. The
potential danger is the highest in secondary and high-school level texts which should
communicate established knowledge whenever no comments are added to illuminate a given
problem more thoroughly. Nevertheless, Darwin’s elephant example is still convincing and
intuitive — but it must be presented and discussed with care. The application we developed
may help the teacher and the student to demonstrate how different final results may be
obtained by modifying Darwin’s starting criteria in his model. The results we present here
will also be interesting, we believe, for the historians of science, given the extent and depth

that they have paid to Darwin's Malthusian metaphor across a number of generations.
y p p g

The present study reveals that Darwin’s original proposal is closely related to some noted
mathematical issues. Population size in each of the 20-year long intervals is a tribonacci
number, and thus the sequence of these values corresponds to the tribonacci series. It is the
first biologically relevant — although hypothetical — example of this series. Its occurrence in
the living world has been shown to be fragmentary at best (see Al-Suwaiyel et al. 2006). This
sequence is an extension of the Fibonacci series whose validity in interpreting plant
morphological pattern is widely known (Douady and Couder 1996, Brousseau 1969, Niklas
1997, pp. 269-278). Interestingly, the great Italian mathematician L. Fibonacci (born
Leonardo Pisano Bigollo, c. 1175 — c. 1250) described the series in a context similar to
Darwin’s elephant example. Fibonacci started with a pair of rabbits, supposed that they mate
at the age of one month, and after one more month the female gives birth to another pair, one
male and one female. If the rabbits survive for a year, and mixed twins are born every month
to every female, then population size at the end of each month will be a number in the
Fibonacci series. Thus, mathematical demography has its roots deeply in the Middle Ages and
Burton (1998, p. 211) rightly raises the question of whether Darwin knew about it. Based on
the different editions of the Origin and his correspondence which is now open to the public

we can definitely say that he did not. It does appear though, that Darwin and his advisors,
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including his son George H. Darwin, did invent the tribonacci series unintentionally’, without
making reference to Fibonacci and placing the elephant example into a general mathematical

context.
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Fig. 2 Total number of individuals after 750 years, with different number and temporal
distribution of female offspring. All female individuals have six calves born at the mother’s
age of 30, 42, 54, 66, 78 and 90. Symbols refer to the number of female offspring, each point
corresponds to a particular distribution of females. The leftmost points of each set represent
the case when females are born first, while the rightmost points are the opposite cases (e.g. the
leftmost green cross is FFMMMM, the rightmost is MMMMFF). Dynamics was started with
one male and one female individual at # = 0. Note that in case of one female calf (+) the
number of individual oscillates around a fixed value (growth rate is 1), in all other cases the

population grows exponentially. (For the meaning of arrows, see main text.)
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Table 1 Results of the Leslie matrix model for Darwin’s elephant example, based on
parameters given in the text. Years in brackets are calculated from the birth of the first calf to
the 30 year old initial pair corresponding to Darwin’s original calendar. Underlined numbers
are from Darwin’s letter of June 19, 1869. Bold numbers were given by Ponderer. Numbers in
italics appear in G. H. Darwin’s calculations. * indicates total population size which G. H.
Darwin assigned to “the end of 500 years”.

Years No. of females Population size
0-9 1 2
10-29 1 2
30-39 (0-9) 2 4
40-59 (10-29) 2 4
60-69 (30-39) 4 8
70-89 (40-59) 4 8
90-99 (60-69) 8 16
100-119 (70-89) 7 14
120-129 (90-99) 14 28
130-149 (100-119) 13 26
150-159 (120-129) 26 52
160-179 (130-149) 24 48
180-189 (150-159) 48 96
190-209 (160-179) 44 88
210-219 (180-189) 88 176
220-239 (190-209) 81 162
240-249 (210-219) 162 324
250-269 (220-239) 149 298
270-279 (240-249) 298 596
280-299 (250-269) 274 548
300-309 (270-279) 548 1096
310-329 (280-299) 504 1008
330-339 (300-309) 1008 2016
340-359 (310-329) 927 1854
360-369 (330-339) 1854 3708
370-389 (340-359) 1705 3410
390-399 (360-369) 3410 6820
400-419 (370-389) 3136 6272
420-429 (390-399) 6272 12544
430-449 (400-419) 5768 11536
450-459 (420-429) 11536 23072
460-479 (430-449) 10609 21218
480-489 (450-459) 21218 42436
490-509 (460-479) 19513 39026
510-519 (480-489) 39026 78052
520-539 (490-509) 35890 71780
540-549 (510-519) 71780 143560
550-569 (520-539) 66012 132024
570-579 (540-549) 132024 264048
580-599 (550-569) 121415 242830
600-609 (570-579) 242830 485660
610-629 (580-599) 223317 446634
630-639 (600-609) 446634 893268
640-659 (610-629) 410744 821488
660-669 (630-639) 821488 1642976
670-689 (640-659) 755476 1510952
690-699 (660-669) 1510952 3021904
700-719 (670-689) 1389537 2779074
720-729 (690-699) 2779074 5558148
730-749 (700-719) 2555757 5111514*
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Supplementary Material
1. Sex ratio is constant in all age classes

As a first step, it is instructive to introduce the component-wise form of the dynamics for
females
k-1

n/ (t+1)=Y f'n/ (1) (S1)

i=1

n_{H (t+)=s ]n/f (®) (S2)
and males
k-1
'+ =) f"nl(6)  (S3)
i=1

nr (e 1) = 5,07 (0). (S4)

P

Let the sex ratio of newborns coming from any age class i be constant g = = From Eq. (3),
using Eq. (1) and the ratio g we get

k-1 k-1

m' (1) =3 f"n] ()= 3 o n] () = gn] (t+1),

i=l1 i=1

thus, the sex ratio in the first age class follows the ratio of newborns:
@
n! (1)

From Eq. (4) with j = 2 by using Eq. (2) and the previous result we get the following
wy e+ ) = sy () = s,gn] (1) = gn] (t+1) .
Consequently, the same ratio holds for the second age class:

_n
()

As it can be seen easily by induction, the jth age class follows the same ratio:

W) =57 (0) = 5,gn] (0) = n], (+1D),
_ )
n! (1)
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1I. Characteristic polynomial and generating function of series of Darwin’s original model

In this section, we derive the characteristic polynomial and a generating function for the
recursion introduced in Eq. (3). (For notational simplicity, in this section we omit primes.)

Let the ratio of two subsequent elements of the series in the limit n—co be ¢:

. a
¢ =lim—".
e an—l

For sufficiently large n: a,_, = % and a, ,= a—’;, consequently the recursion of Eq. (3) can be

: . . a a
written in the following form: a, =2—-——. After some rearrangements, we get the

characteristic polynomial of the recursion:
@' =20’ +1=0.

1 1
The larger real root of this equation ¢ = %+§(19 + 3\/5)3 +%(19 - 3\/5)3 ~1.83929... is the
tribonacci constant. Note that the characteristic polynomial can be factorized as

¢ =20’ +1=(p-1)(¢’—¢" —p+1).

Let us introduce

6= a,x" (S5)

as the generating function, in which a,-s are the elements of recursion. Multiplying Eq. (3) by

x" and summing from 4 to infinity we get:

Yax"=2Ya, x"->a,x". (S6)

The right hand side can be rearranged in the following way:

oo o

2).a, x"- ian_4x" = in:an_lx”‘1 -x"Ya, x""= 2xianx” —x4ianx”, (S7)
n=4 n=4 n=3 n=0

n=4 n=4

Taking into account that Z;anx” =G(x)—a, —a,x—a,x* —a,x’ and plugging the result of
Eq. (S87) into Eq. (S6) we obtain

G(x)-a,—ax—ax*—ax’=2x(G(x)-a, —a,x—a,x*)—G(x)x"
0 1 2 3 0 1 2

By using ap=a;=1, ax=2, a;=4, after some rearrangement we get
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1-x 1

G(x)= =
(x) x*=2x+1 1-x-x*-X%°

Consequently, from Eq. (S5) it is clear that the coefficients of the Maclaurin series of G(x) are
1

- ~l+x+2x*+4x° +7x* +K
l—-x—x"—x

the values of series a,,: 3

A straightforward calculation shows that the generating function of the other recursion
(a,=a, +a,,+a, ;) is the same, so that the two recursions are identical.

Note that the characteristic polynomial is the same as the denominator of the generation
function written backward (that is, the coefficients are written in reverse order), cf.

¢ —2¢ +1 and x* —2x+1, for proof see e.g.
http://people.math.gatech.edu/~ecroot/recurrence notes2.pdf . The roots of these two types of
plolynomials are the reciprocals of each other, thus the reciprocal of one root of the
denominator is the root of the characteristic equation, i.e. the tribonacci constant, as stated in

the main text.
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