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Abstract. Based on variational methods and critical point theory, the existence of sub-
harmonic solutions with prescribed minimal period for a class of second-order im-
pulsive systems is derived by estimating the energy of the solution. An example is
presented to illustrate the result.
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1 Introduction

This paper is devoted to the existence of subharmonic solutions with prescribed minimal
period pT for the following second-order impulsive system

U(t) + Du(t) + VF(t,v(t)) =0, ae. t€R, (1.1a)
{ MO () =o' (t) = 0'(t)) = L(v'(t)), i=1,2,...,N, j€Zy, (1.1b)

where p > 1is an integer, T > 0, Zy := Z* UZ~, VF(t,x) is the gradient of F(t,x) with
respect to x and F(t,x) € C}(R x RV, R), D is an N x N real symmetric constant matrix with
A < 0 as its eigenvalues, z)i(t].i) = limt_>tji (), 0 <t <t <-- <t <T, t{j€Z)isa
T-periodic extension of t;(j € {1,2,...,1}). And for each i, I;; is I-periodic with respect to j,
where Ii]‘ S C(]R, IR)

Impulsive effects exist widely in many evolution processes in which their states are
changed abruptly at certain moments of time. There have been many approaches to study
impulsive problems, such as method of upper and lower solutions with the monotone itera-
tive technique, fixed point theory and topological degree theory. In recent years, variational
method was employed to consider the existence of solutions for impulsive problems (see e.g.
[1-5, 8,9, 11, 13, 14]).
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When D = 0 and all [;; = 0, (1.1) is reduced to the Hamiltonian system, which has been
studied extensively on subharmonic solutions (see e.g. [10, 15, 17, 18]). Recently, Luo, Xiao and
Xu [6] established the conditions for the existence of subharmonic solutions for the following
impulsive differential equation

{a(t) +f(tu(t) =
At (ty)) = Ie(u(ty)

where f(t,x) : R x R — R and Iy € C(R,R" U{0}). After that, Xie and Luo [16] investigated
subharmonic solutions for the following forced pendulum equation with impulsive effects

0,
)

{ﬂﬂ+Ammme@,
A(x (k) = Le(x(t)),

where f : R — R and

pmol ex(h)
0< ). / Ig(s)ds for each x € Hpy. (1.2)
k=1 70

However there are cases which are not possible to satisfy Iy > 0 or (1.2). For example, impul-
sive functions [;(s) = —s/9. Thus it is valuable to further improve conditions on impulsive
functions. One thing to be noted is that a problem with impulsive functions —s/9 is consid-
ered in this paper (see Example 4.1 in Section 4). What is more, to the best of our knowledge,
the existence of subharmonic solutions for impulsive systems has received considerably less
attention.

Inspired by the aforementioned facts, we consider the impulsive system (1.1) under differ-
ent assumptions on the impulsive function from [6] and [16]. It will be shown that v satisfies
(1.1) if and only if u = Q~'v satisfies

i(t) + Au(t) + Q 'VE(t,Qu(t)) =0, ae teR, (1.3a)
) N N

A(ul(t])) = Zq#lrj (Z q,kuk(tj)> , i= 1,2,. . .,N, ] S Z(). (13b)
r=1 k=1

After that, subharmonic solutions of (1.3) will be obtained by estimating the energy of the
solution in terms of minimal period. Finally, an example is given to illustrate the result, and a
corollary concerning the equation (1.1a) is presented.

2 Preliminaries

Let us recall some basic concepts.

Hpyp = {u : [0, pT] — RN

u is absolutely continuous,
u(0) = u(pT) and u € L2(0, pT; RN)

is a Hilbert space with the inner product

<%w:ﬂﬂmmmmm+fﬂmmmmﬁ Vi, 0 € Hly,
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where (-, -) denotes the inner product in RY, and the corresponding norm is

1
lull = (lllF2 + [lulZ2)?,

where || - |12 is the norm of L?(0, pT; RY). Assume that orthogonal matrix Q = (g,j)n satisfies
Q'DQ = QTDQ = Al and | - | denotes the norm in RY, the orthogonality of Q implies that

N N
|Qu(t)| = |u(t)] and quk = Zqi]- =1 k=12,...,N. (2.1)
r=1 j=1

Lemma 2.1. v satisfies the impulsive system (1.1) if and only if u = Q~'v satisfies the impulsive
system (1.3).

Proof. Multiplying both sides of (1.1a) by Q! results (1.3a). In view of (1.1b) and

N
A (t Z ik lhm () — lim ’lk(f)] = kz g (1 (1))
=1

=1 ttf tt;
we have
qukA _L]<quku ) i=12,...,N, j € Zy.
Solutions of the above nonhomogeneous linear equations are (1.3b). O

If u(t) is a pT-periodic solution of (1.3), following the ideas of [9], we have

/0 " (ii(t) +Au(t) + QWVE(, Qu(t)),v(t)) dt =0, forve Hi. (2.2)

By (1.3b), the first term of the above equation is
/OPT (ii(£), o(t)) dt = /“ (ii(1), 0(t)) dt + Y /:"“ (i), o)) dt+ [ (i(t), o(t)) dt

==Y Y [ — i) o'y —/O' (i(t), 5(t))dt 2.3)

It follows from (2.2) and (2.3) that

pT pl N
A <u<t>,v<t>>dt+22{

j=1r=1

N , N

Zchivl(tj)] Irj (kz Qrkuk(tj)> }

j =1

:A/OPT( dt+/ QIVE(t, Qu(t)), v(t) ) d. (2.4)

Definition 2.2. A function u € H;T is a weak pT-periodic solution of (1.3) if (2.4) holds for
any v € Hy;
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Consider the functional ® : H,; — R defined by

yim g [ atoPar = 2a " wwioa - [ Fe Quitar+ o),

where

Pl N YN gt (
/ i(y)dy.
j= 17 1

Thanks to QT = Q, for any u,v € HpT’ we have

(@ (1), 0) = pT(u(t),z}(t))dt—A/OpT (u(t),v(t))dt—/OpT (Q 'V, Qu(t),o() dt
rl N N , N
+3 ) { [Z %‘U’(tj)] I;j (kz ﬂirku"(tj)> } : (2.5)
' j =1

So critical points of ® correspond to weak pT-periodic solutions of (1.3) (but pT might not be
the minimal period). It follows from (2.3) and (2.5) that

(@ ()00 = — [ Gate), o) [ (u(e)00))
_ ./OPT (Q'VE(, Qu(t)), o(1)) d. (2.6)

o

Consider the restriction of ® on a subspace X of H.;, where

pT”
X = {u € Hlrlu(—t) = —ul(t) }
For any u € X, by Wirtinger’s inequality,

P+w

2
o172 <p || I7. = zllﬂlliz and |[|ul|* < l]17, 27)

2
where w = 27/ T. For convenience, we introduce some assumptions.
(H1) VF(t,x) has minimal period T in t, and F(—t, —x) = F(t, x).
(H2) There exist constants A > A > —A and B > 0 such that
E(t %) — VE(t,0)x < gm% fort € R,x € RN

and

A
F(t,x) — VF(t,0)x > E|x|2, fort € R, |x| <B.

(H3) Foreachi=1,2,...,N,j=1,2,...,1, there exist constants 4;; > 0 such that

|Iij(y)| < ajjly|, foreveryy € R.
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Thanks to (2.1) and Holder’s inequality, we have

N P /N
k)| < <Z Lﬁk> (2(“k(tj))2> = |u(t;)l,
k=1 k=1

which combined with (H3) yields to

Z;Z(\Izl er”k(tj)

For any u € H;T and each k =1,2,..., N, it follows from the mean value theorem that

;91T /OPT uk(s)ds = u*(7)

for some T € (0, pT). Hence, for t € [0, pT], using Holder’s inequality,

-|-/ < — pT‘uk(s)‘ds—i—/opT‘uk(s) ds

0
< (pT) 722 + (PT)ZHMklle,

N|—=

2

gﬁ}u t)[>.

uf(1)] =

which combined with the discrete version of Minkowski’s inequality yields to

N : N 1 1 2 :
hmnz<gwﬂmﬁ s<zﬂwn2wwy+@wwﬂm4>

k=1
_1 T
< (pT)"2lullr2 + (pT)2 [li]] 2

In view of this inequality and (2.8), we find

|_22”\ ><22%(ﬂlwm+ﬂwm)

j=1r= j=1r= (2.9)
<oT™ 1||u||%2 +op Tl 72,

where ¢ := Z;‘:l YN, Ayj-
The following fact is important in the proof of our main result.

Lemma 2.3 ([12, Theorem 1.2]). Suppose V is a reflexive Banach space with norm || - ||, and let
M C V be a weakly closed subset of V. Suppose E : M — R U {400} is coercive and (sequentially)
weakly lower semi-continuous on M with respect to V. Then E is bounded from below on M and
attains its infimum in M.

Lemma 2.4. Suppose the assumption (H1) holds. If u is a critical point of ® on X, then u is also a
critical point of @ on H;T. And the minimal period of u is an integer multiple of T.

Proof. If u is a critical point of @ on X, that is, (®'(u),v) = 0 holds for any v € X and u is
odd, then Q"'VF(t,Qu(t)) is pT-periodic and odd in ¢ by (H1). Thus for any even w € H;lm
we have

/OpT (QﬂVF(t, Qu(t)),w(t)) gt — 0.
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So, in view of (2.6), we have (®'(u), w) = 0. That gives us that (®'(u),v) = 0 holds for any
v e H! pT/ which implies that the equation (1.3a) holds by (2.6). Assume that the minimal period
of u is pT/q for some integer q > 1, it follows from (1.3a) that VF(t, Qu(t)) is pT/g-periodic,

then
VE(t, Qu(t)) = VF <t + ”qT, Qu <t + ’“:)) _VF (t + qu,Qu(t)> .

Thus p/gq must be an integer by (H1), which completes the proof. O

3 Main results

In this section, main results of this paper are obtained.

Theorem 3.1. If (H1), (H2) and (H3) hold, and there exists an integer p > 1 such that 20p°T < 1,

. s
Ara VSTt T Ar A+ 20/T 3-1)
, E(t, x) <1 ) )wz o A ,
lim su <|z- T)— —=——=, uniformlyfort € R (3.2)
|x|%oop |x‘2 2 oF pz T 2 f ]/f
and ,
T
/ |VE(t,0)[%dt < K | (1 —20p*T) (“;f’”) —A—A- 2TQ] , (3.3)
0

where s, is the least prime factor of p, ¢ := 2;:1 YN, a,j and

A+A— (p) ] —2B2Z(§a$j>5.

Then the impulsive system (1.1) has at least one weak periodic solution with minimal period pT.

BZ
K::n

Proof. We will complete the proof in three steps.

Step 1. ® has a critical point #* on X with inf,cx ®(u) = P(u*).

Let {u,} be a weakly convergent sequence to 1 in H;T, then {u,} converges uniformly
to up on [0, pT] (see Proposition 1.2 in [7]) and there exists a constant C; > 0 such that
uglleo < C1, 5 =0,1,2,..., where |[ufle := max,e[o 7] [u(t)]. Then F(t,x) € C'(R x RN, R)
implies that F(t, Quy,(t)) converges uniformly to F(t, Qug(t)) on [0, pT]. It follows from the
continuity of I;; and (2.1) that

| (14 “0!<ZZ

Ek 1 qﬂ(”n )
/ Li(y)dy
j=1lr=

Zk 1‘7rk”0( i)

S plNCz
k=1

() = ub(t))| < PINCllun — o]l — 0,
as n — oo, where C; = max{|I;(y)| : ly| < Cy, r=1,2,...,N, j=1,2,...,1}. Hence

pT
_/O F(t, Qu(t))dt + ¢(u)
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is weakly continuous on H;T. Moreover, it is clear that

5 / B%dt and —f)\ / £)|2dt

are lower semi-continuous and convex. Therefore ® is weakly lower semi-continuous on H;T.
Let {u,} € X and u, — u as n — oo. By the Mazur theorem [7, p. 4], there exists a
sequence of convex combinations {v;} such that vy — u in H;lm It follows from X is a closed

convex space that {vx} € X and u € X. Thus, X is a weakly closed subset of H;T
By (3.2), there exist 0 < gy < (0.5 — op?T)w?/p? and W > 0 such that

F(t,x) 1 o\ w? o A
EE <<2—QpT>pz—T—2—€0, for x| > W, t € R,

which combined with (2.1) yields to
T
/p F(t, Qu(t))dt = / F(t, Qu(t))dt +/ F(t, Qu(t))dt
0 (0N (07}
1 w? o A
< MpT + <<2 - QP2T> 2T 2 €0> a7z

where O := {t € [0, pT] | |u(t)] < W}, Qp := {t € [0, pT] | |u(t)] > W} and

(3.4)

M := sup  F(t,x).
te[0,pT],|x|<W

By (2.7), (2.9) and (3.4), we have

1, .2 1 w* 0 2 —1,, 112 271151112
O(u) = Sllili: — (|5 —er’T o7~ &) lulli: = MpT = e lulli — ep Tl

1 2 /112 1 27\ @ P
2\ T) il = {5 —erT 17—80 w2 il = MpT

2
= wioj_) 2 |ul|* — MpT, forany u € X.

yﬂ

So for any u € X, ®(u) — +oo as |[u|| — oo. Thus it follows from Lemma 2.3 that the result
of Step 1 holds.

Step 2. Under the assumptions of Theorem 3.1, we have

inf ®(u) < Bs, (3.5)

ueX

2 -1 T
[(1—2Qp )(“jf’) —/\—A—z,ﬁ] /0 IVE(t,0)[2dt,
for integer g > 1.

In fact, taking #(t) = (B sin(wt/p),O,...,O)T, it is clear that # € X. Since VF(t,0) €
C(R,IRN) is T-periodic and p > 1, by Fourier expansion, we have [/ Tvr (t,0)Qu(t)dt = 0.
The continuity of I; (y), (2.1) and (H3) imply that

where

Bq = —

N\‘G

pl N N z
01 < £ sl <t (£4) 39

j=1r j=1 \r=1
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where 6 lies between 0 and g,1Bsin(wt;/p). By (H2), we have

pT B pT B B pT _ Ao
| EQuar = [* Rt Qu(t) - VE(,0)Qu(tat + [ VF(t,0)Qu(t)dt > [,
0 0 0
which combined with (3.6) yields to
1
q)*<1*2 1/\*2 Z*Z BZZ N22
(@) < gl — M — s+ pB* 1 ( L
j= =
2 I 2

g (NPT Lo APt R 2 37
=3B (p) 5~ 5(A+A)B* -+ pB ; r;aﬁ (3.7)

It follows from (3.1) that

thus (3.3) implies that

2 2
prB (“’) A-A
2w p

2 -1
P ety (Y52 420 /T 231 —
<5 [(1 20p T)< ; > A—A T] ; |VE(t,0)|°dt = Bs,,

which combined with (3.7) yields to (3.5).

T 2
+pB* ) (Z “3])
j=1 \r=1

Step 3. The critical point u* has minimal period pT.
Assume the contrary; minimal period of u* is pT /g for some integer 4 > 1. By Lemma 2.4,
q is a factor of p and g > s,. By Fourier expansion,

N [+
M*(t) = Z [Z bki Sil’lqut] e;,

i=1 | k=1 p
where {ej, ey, ...,en} denotes the canonical orthogonal basis in RN. By (H2), (2.1) and

Holder’s inequality,

rT pT pT
/ F(t, Qu* (#))dt = / F(t, Qu* (t)) — VE(t,0)Qu* (t)dt + / VE(t,0)Qu* (t)dt
0 0 0
A, .
< S llu 132+ IVE(0) [l 2l 112,
which combined with (2.9) yields to

d(u¥)

v

1,. 1 A .
S B = AN B = Dl — I F (6, 0) el 12— & 12 — @p Tl

Y]

1 wg\?, . 1 20 . .
(3-0T) (50) 11 = 50+ A+ )l s = IVECO) sl i

2 *||2
I I e A AP A B (L 7
= [(1 20p°T) < , ) A=A T

1
T 2
5 <p/ |VF(t,0)|2dt> ||| 2 > By,
0
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as we find by minimizing with respect to ||u*|| ;2. This contradicts with (3.5) since B; > B;, for
g = Sp.

Thus it follows from Lemma 2.4 that ® has a critical point u* on H;T and u* has minimal
period pT. Therefore Qu* is a weak periodic solution of (1.1) with minimal period pT by
Lemma 2.1. O

4 Examples and corollaries

In this section, an example is given to illustrate Theorem 3.1, and a corollary of Theorem 3.1
concerning the equations (1.1a) is presented.

Example 4.1. Consider the impulsive system (1.1) with A = —1, N = 3, | = 1, impulsive
functions I;;(s) = —s/9 fori =1,2,3 and
1 3
F(t,x) = E(25cos(10nf)%—425)2:xysh1xb
i=1

Since x sin x < x2, 400 < (25cos(107tt) + 425) < 450 and

7

@
=}
=
V
\
&
=
o
=
o
N
=
N
N[N

we have (H1), (H2) and (H3) hold with T = 0.2, A = 450, A = 800/7, B= /2 and a;; = 1/9
fori=1,2,3. In view of

lim E(t,x)

x| o0 |x|2

=0 and |VF(t0)| =0,

it could be verified directly that all the assumptions of Theorem 3.1 hold with p = 2. Thus
Example 4.1 has at least one weak periodic solution with minimal period 0.4.

When [;; = 0, assumption (H3) holds with a;; = 0. The following result concerning the
equation (1.1a) could be deserved by Theorem 3.1.

Corollary 4.2. Assume that F satisfies (H1), (H2) and there exists an integer p > 1 such that

2 2.2
w 5 CUSP

— < < —-—Q,
A+rr P Sara

F(t,x) w?

2 T2 2

wo (G 1(5)

where s, is the least prime factor of p. Then the equation (1.1a) has at least one weak periodic solution
with minimal period pT.

lim sup
|x| =00

uniformly for t € R

and

T 2
/|vnumﬁu<”3
0 w

7

Remark 4.3. When prime integer p — oo, the following is deserved by Corollary 4.2.
Assume that F satisfies (H1), (H2) and

F(t,x) < A
— 2/

lim sup 2

|x| =00

uniformly for t € R.
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If
T 2 nB* — 2
/O [VE(0)Pdt < 2 (A+2) (2 = A - 4),

then there exists P > 0 such that, for any prime integer p > P, the equation (1.1a) has at least
one weak periodic solution with minimal period pT.
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