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Abstract. We study the Cauchy problem of the 3D incompressible Navier—Stokes equa-
tions with nonlinear damping term a|u|?~'u (¢ > 0 and B > 1). It is shown that the
strong solution exists globally for any g > 1.
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1 Introduction

We are concerned with the following incompressible Navier-Stokes equations with damping
in R3:

du— pAu+u-Vu+alu/f~lu+ VP =0,

divu =0,

u(0,x) = up(x),

lim |u(t,x)| =0,

|x| =00
where u = (ul(t,x),u?(t,x),u(t, x)) is the velocity field, P(t,x) is a scalar pressure. t > 0 is
the time, x € IR? is the spatial coordinate. In the damping term, « > 0 and B > 1 are two
constants. The prescribed function ug(x) is the initial velocity field with divuy = 0, while the
constant u > 0 represents the viscosity coefficient of the flow.

This model comes from porous media flow, friction effects, or some dissipative mecha-
nisms, mainly as a limiting system from compressible flows (see [1] for the physical back-
ground). The problem (1.1) was studied firstly by Cai and Jiu [1], they showed the existence
of a global weak solution for any B > 1 and global strong solutions for § > 2. Moreover,
the uniqueness is shown for any 3 < B < 5. In [8], Zhang et al. proved for B > 3 and
ug € H' N LA that the system (1.1) has a global strong solution and the strong solution is
unique when 3 < B < 5. Later, Zhou [9], Gala and Ragusa [3,4], improved the results in
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[1,8]. He obtained that the strong solution exists globally for B > 3 and uy € H!. Moreover,
regularity criteria for (1.1) is also established for 1 < B < 3 as follows: if u(t, x) satisfies

2
ue L50,T;L") withs+,3ygl, 3< < oo, (1.2)

or
. ) 2 3
Vue L(0,T;L7)  with © + = <1,3<F<o0, (1.3)

then the solution remains smooth on [0, T]. However, the global existence of strong solution
to the problem (1.1) for 1 < 8 < 3 is still unknown. In fact, this is the main motivation of this

paper.
Before stating our main result, we first explain the notations and conventions used
throughout this paper. We denote by

/-dx: -dx.
IR3

For 1 < p < o0 and integer k > 0, the standard Sobolev spaces are denoted by:
LF = LP(R®),  H*=H"*(R%).
Now we define precisely what we mean by strong solutions to the problem (1.1).

Definition 1.1 (Strong solutions). A pair (u, P) is called a strong solution to (1.1) in R® x (0, T)
if (1.1) holds almost everywhere in R® x (0, T) and

u € L*(0,T; H(R®)) N L?(0, T; H*(R?)).
Our main result reads as follows.

Theorem 1.2. Suppose that 1 < B < 3 and uy € H'(R®) with divug = 0. Then there exists an
absolute constant g( independent of ug, y, «, and B, such that if

- o +1
ol (19wl + sl ) < o o

the problem (1.1) has a unique global strong solution.

Remark 1.3. Due to 1 < 8 < 3, we get from Holder’s and Sobolev’s inequalities that

_ 36-3

,B+1 < # IST < # 2
[aoll g < llwoll 3 llwoll & < Clluoll, 3 [Vuoll 2

Consequently, for the given initial velocity ugp € H!(IR®) with divuy = 0, it follows from (1.4)
that the problem (1.1) has a unique global strong solution when the viscosity constant u is
sufficiently large or ||ug||;2||Vuo||;2 is small enough.

The rest of this paper is organized as follows. In Section 2, we collect some elementary
facts and inequalities that will be used later. In Section 3, we show the local existence and
uniqueness of solutions of the Cauchy problems (1.1). Finally, we give the proof of Theo-
rem 1.2 in Section 4.



Global well-posedness to the Navier—Stokes equations 3

2 Preliminaries

In this section, we will recall some known facts and elementary inequalities that will be used
frequently later.

We begin with the following Gronwall’s inequality, which plays a central role in proving a
priori estimates on strong solutions (u, P).

Lemma 2.1. Suppose that h and r are integrable on (a,b) and nonnegative a.e. in (a,b). Further
assume that y € Cla,b],y’ € L'(a,b), and

y'(t) < h(t)+r(t)y(t) forae. te (a,b).

y(t [ +/ s) exp <— /ﬂsr(r)dr> ds} exp </utr(s)ds> , t € [a,b].

Proof. See [7, pp. 12-13]. O

Then

Next, the following Gagliardo-Nirenberg inequality will be used later.

Lemma 2.2. Let 1 < p,q,r < oo, and j, m are arbitrary integers satisfying 0 < j < m. Assume that
v € CP(R"). Then '
ID0||Lr < Clloll7 " ID™ ]I,
where
..on n n
—j+-=-= (1—a)—+a(—m—|——>,
p q r

and
{%, 1) , if m— j— ¥ is an nonnegative integer,
ac )
[#, 1} ,  otherwise.

The constant C depends only on n,m, j,q,r,a.

Proof. See [5, Theorem]. O

Finally, we need the following lemma to obtain the uniform bounds in the next section.

Lemma 2.3. Let ¢ € WYL(0, T) and k € LY(0, T) satisfy

d .
d% <F(g)+k in[0,T], g(0)< g,

where F is bounded on bounded sets from R into R. Then for every e > 0, there exists T, independent
of g such that
e(f) < go+e Vit < Te.

Proof. See [6, Lemma 6]. O

3 Local existence and uniqueness of solutions
In this section, we shall prove the following local existence and uniqueness of strong solutions
to the Cauchy problem (1.1).

Theorem 3.1. Suppose that 1 < B < 3, up € H'(IR®) with divug = 0. Then there exist a small
positive time Ty > 0 and a unique strong solution (u, P) to the Cauchy problem (1.1) in R x (0, To).
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3.1 A priori estimates

The main goal of this subsection is to derive the following key a priori estimates on ®(t)
defined by

(1) 2 [[u() |y +1,
which are needed for the proof of Theorem 3.1.

Proposition 3.2. Assume that ug € H'(IR®) with divug = 0. Let (u, P) be a solution to the problem
(1.1) on R3 x (0, T). Then there exist a small time Ty € (0, T] and a positive constant C depending
only on y,a, B, and Eg = ||ug||;p + 1 such that

sup ®(t) <C. (3.1)

0<t<Ty

Proof. Multiplying (1.1); by u and integrating (by parts) the resulting equation over R3, we
obtain that

Zdt / ]u[de+oc/|u\5+1dx+‘u/|Vu|2dx = —/(u-V)u-udx. (3.2)
By the divergence theorem and (1.1),, we have
- /(u -V)u-udx = —/uiaiujujdx = /uiaiujujdx = /(u -V)u - udx.
Thus
~ [ V)u-udx =o. (33)
Inserting (3.3) into (3.2) and integrating with respect to ¢, we get
t
u(e) B+ [ s + e [ I9ulads < fuolf G4

Multiplying (1.1); by u; and integrating (by parts) the resulting equation over IR?, we
obtain from Cauchy-Schwartz inequality that

Zdt/\vlq 5 1dt/|u|ﬁ+ldx+/]ut]2dx— —/(u-V)u-utdx
1
< E/|ut|2dx—|—§/|u-Vu\2dx.

Thus

d 2 d
ya/|Vu|2dx+ ﬁfw/|u|ﬁ“dx+/yuty2dx < /|u-Vuy2dx. (3.5)

Similarly, multiplying (1.1); by —Au and integrating the resulting equations over IR?, we have

2dt/|vu|2dx+a/z/|u\ﬁ 1|Vu|2dx+y/|Au|2dx— /(u V)u - Audx

K 2 2
<= +7 -V i
/]Au[ dx /]u u|“dx
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Hence, we get

Hi/’Vu\zderZWﬁ/\u!ﬁ1!Vu!2dx+142/m“\2dx = /\u'vufzdx/ (3.6)

which combined with (3.5) yields

d 2 200 d B+1 / 2 / p—1 2 2/ 2
Zydt/Wu] dx + ﬁ—i—ldt/’u’ dx + [ |w|“dx +2uaB [ |u|P~ | Vu|"dx + pu* | |Aul“dx
< 2/\u~Vu[2dx. (3.7)

Applying the Gagliardo-Nirenberg inequality and Sobolev’s inequality, the right hand side of
(3.7) can be bounded as

]éz/yu-vu|2dx
< Cllulls]|Au] 2 [ Vul[3,
< Cl|Aul| 2 [ Vulf3

2 C
< Ellaulz: + = Vulf. (338)
I3
Substituting (3.8) into (3.7), we deduce that

d
FIvuli+ ——— /!u!ﬂ“der HutH%erVHAuH 3HVHH elvVuli. 39

(ﬁ+1 ) dt

Then integrating (3.9) with respect to ¢, we have

[Vu(t)||7. < C+ Cexp <C /Otd>(s)2ds> . (3.10)

Combining (3.4) and (3.10), we deduce
t
®(t) < C+ Cexp <C/ CID(s)zds) . (3.11)
0

Let us define ¥ (t) = fot ®(s)%ds, then we infer from (3.11) that

d
() <[C+Cexp (CY ()]
Hence, the desired (3.1) follows from this inequality and Lemma 2.3. This completes the proof

of Proposition 3.2. O

3.2 Proof of Theorem 3.1

Since a priori estimates in higher norms have been derived, the local existence of strong
solutions can be established by a standard Galerkin method (see for example [2]), and we
omit the details. Thus we complete the proof of the existence part of Theorem 3.1.

The uniqueness part of Theorem 3.1 is an immediate consequence of the weak-strong
unique result in [9, Theorem 3.1]. This finishes the proof of Theorem 3.1. O
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4 Proof of Theorem 1.2

Throughout this section, we denote
A 2
Co = [Juol|2-

Sometimes we use C(f) to emphasize the dependence on f. Let (u, P) be the strong solution
to the problem (1.1) on R?® x (0, T), then one has the following results.

Lemma 4.1. Forany t € (0,T), there holds
t
Ju(t) L2+oc/ Jallfids + 1 [ Vulfads < Co. (4.1)
Proof. This follows from (3.4). O

Lemma 4.2. There exists an absolute constant C independent of T,wg, u,«, and B, such that for any
€ (0,T), there holds

CCo
Vul2, < [|[Vuol% + Al Vull%,. 42
OS;};H uf[z2 < [[Vuol|z2 (,54’1)” OHLﬁH A OS;};H ul[}2 (4.2)
Proof. We infer from (3.7) that
d 2 20 d B+1 2 B-1 2 2 2
Zya/|Vu| dx+ﬁ+1dt/|u| dx+/]ut] dx+2;uxﬁ/|u| Vul2dx + u /|Au| dx
< 2/ lu- Vu|?dx. (4.3)

Then we obtain after integrating (4.3) with respect to t that

20 +1
2yos<uEtHVuHiz ﬁ+1 Sup HuH§ﬁ+l +u / | Au||72ds
S8
< 2u|| Vo[22 + 2= [luo 1P +2 uu Vu||2,ds. (4.4)
S 2| 0ll2 ‘B"‘]. 0llgp+1 L2

By virtue of the Gagliardo—-Nirenberg and Sobolev’s inequalities, one finds that

2|[u- Vull?, < Cllul|Z~ ]|Vl
< Cllull e[| Aul| 2|Vl
< Cl|Aull 2| Va7,

2
< Ellault + cu V[, (45)

Substituting (4.5) into (4.4) and employing (4.1), we derive that

2 ot
+1
23 sup [Vl + 575 sup [l + 1 [ Iaulfas

20
0<s<t B+1,

1
< 2 Tl + 5oy ol + [Vl

20
g+1

20
,B+1

ot
< 2u[| Vuo |2 + [ +Cu‘3os<u1<> HVuHiz/O ul[Vu||f.ds
<s<t

< 21| V12 + = [l |55 + CCopr ™ sup [ Vulft:.

ﬁ +1 0<s<t

This implies the desired (4.2) and finishes the proof of Lemma 4.2. O
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Lemma 4.3. There exists a positive constant ey independent of T,ug, u, «, and B, such that

20 1
su VuZSZVuZ—Fiu“, 4.6
sup [Vulfl < 20Vl + sl 46)
provided that
—4 & B+1) 47
Co (HVIIOHLZ"‘ (‘3_|_1)Hu0||L5+1> = €o. (4.7)

Proof. Define function E(t) as follows

E(t) = sup [[Vul.

0<s<t

In view of the regularity of u, one can easily check that E(t) is a continuous function on [0, T].
By (4.2), there is an absolute constant M such that

o« _

E(t) < | Vuollf: + o= loll i + My *CoE(1). (48)
Now suppose that
+1 1
Mo (Il + syl 4 ) < g ®9)
and set
4o

T* £ maXx {t € [0, T] : E(S) < 4HVUOH%2 + WHHOHL'@JA, Vs € [0, t]} . (410)

We claim that
T* == T.

Otherwise, we have T, € (0, T). By the continuity of E(t), it follows from (4.8)-(4.10) that

Pl 4 Mu4CoEX(T,)

E(T.) < [[Vuol|f. + (ﬁH)IIuoHLﬁH

2 14 _4 40( ,B+1

< HvuOHLZ + ,’M(ﬁ"i‘l) HuOHLﬁH +MV COE( <4HV110HL2 T (IB+1) HuOHLﬂH)

_ 2 a 4 2 & B+1

— [l + oyl + 4o (IVwol+ sl ) ECT)
1

< 2 X p+1 1

< |[[Vuoll7> + u(p+1) HuOHL/ﬁH + 2E(T*)/

and thus

2 1
E(T.) < 2||[Vuol?s + ———|jup][PFL.
(T.) <2||Vug| y(ﬁJrl)lluolle

This contradicts with (4.10).
Choosing eg = ﬁ, by virtue of the claim we showed in the above, we derive that

20 1
E(t) <2||Vu||? + —o— ) HuoH[ZL, 0<t<T,

provided that (4.7) holds true. This gives the desired (4.6) and consequently completes the
proof of Lemma 4.3. O
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Now, we can give the proof of Theorem 1.2.

Proof of Theorem 1.2. Let gg be the constant stated in Lemma 4.3 and suppose that the initial
velocity uyg € H!(R3) with divug = 0, and

—4 2 a p+1
‘M CO <||Vu0||Lz+y(ﬁ_|_1)||u0HLBH) Sﬁo.

According to Theorem 3.1, there is a unique local strong solution (u, P) to the system (1.1).
Let T* be the maximal existence time to the solution. We will show that T* = co. Suppose, by
contradiction, that T* < oo, then by (1.2), we deduce that for any (s, ) with % + % <1, 3<

T <o,
T*
|l = oo,

which combined with the Sobolev inequality ||ul|;¢ < C||Vu||;2 leads to

T*
/0 V|t = oo. 4.11)

By Lemma 4.3, for any 0 < T < T, there holds

2 +1
sup || Vul2, < 2| Vuol2 + = uo]l?,),

Q
0<t<T u(p+1)

which together with Holder’s and Sobolev’s inequalities implies that
ol 7

5-p 33
\mw;uwmz)T*

T* o
Vulfdt <4 ( [|[Vuol[fz + ——=
[ 1ol <4 (10wl + o

14
§4< Vol + —o—~
H ‘LZ V(,B+l)
2 # # *
SCWﬂﬂ)@VWMrHNﬂUHVmM2>T
< +o0,

contradicting to (4.11). This contradiction provides us that T* = oo, and thus we obtain the
global strong solution. This finishes the proof of Theorem 1.2. O
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