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Abstract. We study a superlinear subcritical problem at infinity of the form —Au =
a(xX)u ™+ f(Axu)in Q, u =0o0n9d0, u > 0in O, where ) is a bounded domain
inR",0<aeL®(Q),and 0 < &« < 3. Under suitable assumptions on f, we prove
that there exists A > 0 such that this problem has at least one weak solution in H} (Q)
if and only if A € [0, A]; and also that there exists A* such that for any A € (0, A*), at
least two solutions exist.
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1 Introduction and statement of the main results

In this work we consider the following singular semilinear elliptic problem with a parame-
ter A:
—Au=a(x)u™+f(Ax,u) inQ,
u=0 onodQ, (1.1)
u>0 inQ),

where Q) is a bounded domain in R" with C2 boundary, 0 <« < 3,0 < A < o0 and g, f are
functions defined on Q) and [0, 00) x Q x [0, c0) respectively.

Singular elliptic problems have been widely studied, they arise in applications to heat
conduction in electrical conductors, in chemical catalysts processes, and in non Newtonian
flows (see e.g., [7,11,16,20] and the references therein). The existence of solutions to problem
(1.1) was proved, for the case f = 0, and under a variety of assumptions on 4, in [4,12,14, 16,
20,35]. Classical solutions to problem (1.1) were obtained by Shi and Yao in [40], when () and
a are regular enough, f (A, x,5) = As?, 0 < &« < 1, and 0 < p < 1. Free boundary singular
elliptic bifurcation problems of the form —Au = X~y (4% + Ag (-, u)) in Q, u = 0 on 9Q),
u>0inQ, u # 0 (thatis: [{x € Q:u(x) > 0} > 0) were studied by Davila and Montenegro
in [13]. Problems of the form —Au = g (x,u) +h (x,Au) in Q, u = 0 on 9QY, u > 0 in (), were
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studied by Coclite and Palmieri [10]. They proved that, if ¢ (x,u) = au™", a € C! (5) ,a>0
in ), and h € C' (A x [0,00)), then there exists A* > 0 such that, for any A € [0,A%), (1.1)
h(x,s) <0

S

has a positive classical solution u € C?(Q) N C (Q) and that, if in addition, lim,_,e
uniformly on x € (), then a positive classical solution exists for any A > 0.

The singular biparametric bifurcation problem —Au = g (u) + A |VulP + uh(-,u) in Q,
u = 0on dQ), u > 0in O was studied, by Ghergu and Rddulescu, in [24]. Dupaigne, Ghergu
and Radulescu [19] treated Lane-Emden—Fowler equations with convection term and singular
potential. Radulescu [38] studied blow-up boundary solutions for logistic equations, and for
Lane-Emden-Fowler equations, with a singular nonlinearity, and a subquadratic convection
term. The existence of positive solutions to the inequality Lu > K (x)u? on the punctured
ball Q = B, (0) \ {0} was investigated by Ghergu, Liskevich and Sobol [22] for a second order
linear elliptic operator L. Singular initial value parabolic problems involving the p-Laplacian
were treated by Bougherara and Giacomoni [3], and concentration phenomena for singularly
perturbed elliptic problems on an annulus were studied by Manna and Srikanth [36].

Gao and Yan [21] proved the existence of positive solutions u € C*# (Q) N C (Q) to the
problem —Au+ f (1) —u~7 = Auin Q, u = 0 on (), in the case when Q) is a bounded domain
with C?f boundary, f € C([0,00)), s — s~!f (s) is strictly increasing on (0,0), v > 0 and
A > A1, where A1 denotes the principal eigenvalue for —A on (), with homogeneous Dirichlet
boundary condition. They also proved that, when 0 < 7 < 1, such a solution u = u, is
unique, and that if, in addition, f is strictly increasing on [0, 00), then u, is strictly increasing
with respect to A.

Ghergu and Radulescu [25] proved several existence and nonexistence theorems for the
boundary value problem with two parameters —Au + K (x) g (u) = Af (x,u) + ph(x) in Q,
u > 0in Q, u = 0 on dQ), where () is a smooth bounded domain in R”?, and A and y are
positive parameters. The function / is positive in () and Holder continuous on Q, K is Holder
continuous on () and may change sign. The function f : Q x [0,0) — R is Holder continuous,
sublinear at infinity, superlinear at the origin, satisfies some monotonicity assumptions, and is
positive on Q x (0,00). They also assume that ¢ : (0,00) — R is nonnegative, nonincreasing,
Holder continuous, singular at the origin, and sup,_,5*g (s) < oo for some a € (0,1).

The problem —Au = ag (u) + Ah(u) in O, u = 0 on 0Q), u > 0 in () was considered by
Cirstea, Ghergu and Réddulescu [9] in the case when () is a regular enough bounded domain
inR",0<aeCP(Q),0<he COI0o) for some B € (0,1), h is nondecreasing on [0, co),
s~1h (s) is nonincreasing for s > 0, ¢ is nonincreasing on (0, 0), lim,_,o+ g (s) = +oo, and
SUP,e (0,0,) 5" (8) < oo for some & € (0,1) and 0p > 0.

Godoy and Kaufmann [33] stated sufficient conditions for the existence of positive solu-
tions to problems of the form —Au = Ku™ — AMu~7in (3, u = 0 on 9Q), where () is a smooth
bounded domain in R”, K and M are nonnegative functions on (3, « >0,y > 0,and A > 0 is
a real parameter.

Kaufmann and Medri [34] obtained existence and nonexistence results for positive solu-
tions of one dimensional singular problems of the form —( (1’ )P )/ =m(x)u~7in Q,
u = 0 on dQ), where () C R is a bounded open interval, p > 1,y > 0,and m : 3 - Risa
function that may change sign in ().

Orpel [37] gave sufficient conditions for the existence of classical positive solutions to prob-
lems of the form div (a (|x|) Vu (x)) 4 f (x,u (x)) — u (x) ™ |V (x)|P + (x, Vi (x)) g (|x]) = 0
in Qg, lim‘x|_>oou(x) =0;where R > 1, Qr:={xeR":|x| >R}, n>2,0< 20 < B <2
and g, g are sufficiently smooth functions defined on [1,0), a is positive, and g is eventually
nonnegative. Additionally, the rate of decay of u at infinity is investigated.
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The existence of nonnegative and non identically zero weak solutions u € H} () NL* (Q)
to problems of the form—Au = au™" — bu? in ), u = 0 on 92 was studied in [31] when Q)
is a bounded C!! domain in R", 0 < a € L* (Q), a # 0 (thatis: |[{x € Q:a(x) #0}| > 0),
0<a<1,0<p<™2 and0<be L (Q) for suitable values of r. More general problems
of the form —Au = x(,~oyau™" +h (,u) in Q, u = 0 on 9Q), were studied in [32] under the
assumptions that (2 is a bounded CM domainin R",0 < a <3, a € L® (Q),0#a>0,and
h:Qx[0,00) = R is a suitable Carathéodory function that is sublinear at infinity. There it
was also considered the problem with a parameter —Au = x,>opau % + Ak (-, u) in Q, u > 0
in O, u =0 on JQ.

Giacomoni, Schindler and Takac [26] considered the problem —A,u = Au™" + uf in Q),
u=00nd, u>0in,inthecase0 <a <1,1 < p <o, p—1<q<p*—1. There it was
proved that there exists A € (0,00) such that this problem has a solution if A € (0, A], has no
solution if A > A, and has at least two solutions if A € (0, A).

Aranda and Godoy [2], obtained multiplicity results for positive solutions in Wllo’f Q)N
C (Q) to the problem —A,u = g(u) +Ah(u) in Q, u = 0 on 9Q), for the case when Q)
is a C? bounded and strictly convex domain in R"”, 1 < p < 2; and g, h are locally Lip-
schitz functions on (0,00) and [0, o) respectively, with ¢ nonincreasing, and allowed to be
singular at the origin; and & nondecreasing, with subcritical growth at infinity, and satisfying
infs~os P h (s) > 0.

Recently Saoudi, Agarwal and Mursaleen [39], obtained a multiplicity result for positive
solutions of problems of the form —div (A (x) Vu) = u™* + Au? in Q), u = 0 on 0Q), with
0<a<l<p<b3

Additional references, and a comprehensive treatment of the subject, can be found in [23],
[38], see also [15].

For b € L* (Q) such that b* # 0, A1 (b) will denote the positive principal eigenvalue for
—A in ), with Dirichlet boundary condition, and weight function b (see Remark 2.2 below).

The aim of this work is to prove the following three theorems concerning the existence,
and the multiplicity, of weak solutions to problem (1.1).

Theorem 1.1. Assume that Q) is a bounded domain in R" with C? boundary, and that the following
conditions H1)-H5) hold:

H1) 0 <a < 3.
H2) a€ L®(Q),a>0and a #0.
H3) f € C([0,00) x QA% [0,00)), f > 00n [0,00) x O x [0,00) and f(0,-,-) = 00n Q x [0,00).

H4) There exist numbers 19 > 0, q > 1 and a function b € L* (Q), such that b+ # 0 and
f(A,-,8) > Abs? a.e. in Q) whenever A > 1y and s > 0.

’n-2

any n > 0, and such that, for every o > 0,

H5) There exist p € (1,2), and a function h € C ((0,00] x Q) that satisfy ming, . h > 0 for

lim )s"’f (A,-,8) =h(o,-) uniformly on Q.

(A5)—= (0,00

Then there exists A € (0,00) with the following property: (1.1) has a weak solution u € H} (Q)) N
L* (Q) if and only if 0 < A < A. Moreover, for every A € [0, A], every weak solution u in H} (Q) N
L™ (Q) belongs to C (Q)) , and satisfies u > cdf, in Q), for some positive constant c independent of A
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and u, where x ;= 1if0 < a <1,k := ﬁ if1 <a < 3, and dq is the distance to the boundary
function, defined by
dg (x) :=dist (x,00Q)) . (1.2)

From now on (unless otherwise stated), the notion of weak solution that we use is the
usual one: Let p be a measurable function on Q such that pp € L' (Q) for any ¢ € H} (Q).
We say that u is a weak solution of the problem —Au = pin Q, u = 0 on Q if u € H} (Q)
and [, (Vu, Vo) = [,p¢ for any ¢ € Hj (Q). Additionally, we will write —Au > p in O
(respectively —Au < p in () to mean that [, (Vi, V) > [, p¢ (resp. [ (Vu, Vo) < [ 09)
for any nonnegative ¢ € H} (Q).

Theorem 1.2. Under the same hypothesis of Theorem 1.1, there exists A* > 0 such that, for every
A € (0,A*), (1.1) has at least two positive weak solutions in H} (Q) N C (Q)). Moreover A = 0 is a
bifurcation point from oo of (1.1).

As a consequence of Theorems 1.1 and 1.2, we obtain the following theorem.

Theorem 1.3. Assume that the conditions H1)-H3) of Theorem 1.1 are fulfilled, and let ¢ : Q) x
[0,00) — R satisfy the following conditions H4')-H6’):

H4') g€ C(Qx[0,0)),8>00nQ x [0,00).

H5’) There exist a number g > 1 and a function b € L® (Q)), such that b™ # 0and g (-,s) > bs? for
any s > 0.

H6') There exist h € C (Q) and p € (1, 43) such that mingh > 0 and

lim s™7g (-, s) = h uniformly on Q.
Then Theorems 1.1 and 1.2 hold for f (A,-,s) := Ag(-,s). If, in addition, g (-,0) = 0, then Theo-
rems 1.1 and 1.2 hold for f (A,-,s) := g (-, As).

Our approach follows that in [2], however, there are significant differences between the
two works. Here we are concerned with weak solutions in H} (Q2) N C (Q); whereas solutions

in Wllo’f (Q)) N C (Q) are considered in [2]. Also, in this paper we do not assume that Q) is
convex, and we do not require that f (A, x,s) be a local Lipschitz function.

It is a well known fact that, when a is Holder continuous on ), and minga > 0, the
classical solution of —Au = au™" in ), u = 0 on 9Q), u > 0 in (), belongs to H& (Q) if, and
only if, « < 3 (see theorem 2 in [35]). It is therefore reasonable, in order to obtain weak
solutions in H} (Q)) to problem (1.1), we restrict ourselves to the case when the singular term
of the nonlinearity has the form au™*, with a nonnegative and nonidentically zero function in
L*(Q)),and 0 < & < 3.

In Section 2 we consider, for e > 0,and 0 < { € L*® (Q)), the problem —Au =a (u+¢) "+
in ), u =0on d0), u > 0in ). We show that, under the assumptions H1)-H3), this problem
has a unique weak solution u, € H} (Q0), and that its associated solution operator S, defined
by S¢ ({) := u,, satisfies S, (P) C P, where P := {{ € C (Q) : { > 0in Q} is the positive cone
in C (Q). Monotonicity and compactness properties of the map ({, &) — S ({,€) := S, () are
proved.

In Section 3 we obtain an a priori bound for the L* norm of the bounded solutions of
—Au=a(u+e) "+ f(A-,u)inQ, u=00n00, u>0in Q This is achieved by adapting,
to our singular setting, the well known Gidas-Spruck blow up technique.
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In Section 4, we consider problem (1.1); which we rewrite as u = So(f (A, -, u)). We use
the properties of Sp, and a classical fixed point theorem for nonlinear eigenvalue problems, to
prove that, for any A small enough, (1.1) has at least one positive weak solution in H} () N
L*® (Q) ; moreover, the solution set for this problem (i.e., the set of the pairs (A, u) that solve
it) contains an unbounded subcontinuum (i.e., an unbounded connected subset) emanating
from (0, Sp (0)). Using this subcontinuum, and the a priori estimate obtained in Section 3, we
prove that, for every A positive small enough, there exist at least two positive weak solutions
of (1.1). Finally, a number A with the properties stated in Theorem 1.1 is obtained by using
the sub and supersolution method (as well as the properties of the operator S), applied to the
approximating problems u, = S, (f (A, -, u¢)).

2 Preliminary results

We assume, from now on, that Q is a bounded domain in R” with C2 boundary, and that «
and a satisfy the conditions H1)-H3) in the statement of Theorem 1.1. The next two remarks
collect some well known facts from the linear theory of elliptic problems.

Remark 2.1. Let v be the unit outward normal to dQ2 and let d, : (2 — R be defined by (1.2),
Then:

i) If p € L"(Q) for some r > n and if u € H} (Q) satisfies —Au = p in D' (Q) then
u € W (Q) NW,” (Q), and so u € C? (Q) for some 6 € (0,1). If in addition, p > 0
and [{x€ Q:p(x) >0} > O0thenu > 0in O, 3—;‘ < 0 on 0}, and there exist positive

constants ¢; and ¢, such that c1dg < u < cdq in Q).

ii) The following form of the Hopf maximum principle holds (see [6, Lemma 3.2]): suppose
that p > 0 belongs to L* (Q)). Let v be the solution of —Av = p in 3, v = 0 on Q). Then

v (x) > cdq (x) /deQ a.e.in (), (2.1)

where c is a positive constant depending only on Q.

iii) (2.1) holds also, with the same constant ¢, when 0 < p € L] (Q) and v € H} (Q) satisfies
—Av > p in the sense of distributions. Indeed, for § > 0 let p; := min {67!, p}. Then
0 < ps € L* (Q). Let vs € H} (Q) be the solution of —Avs = p;s in Q, v5 = 0 on 9Q). Then
—A(v—1v5) > 0in D’ (Q) and so, since v — v; € H} (Q), we have —A (v —v5) > 0 in (L.
Thus, by the weak maximum principle, v > v; in (). Now, by ii), v > v5; > cdq fQ psda
a.e. in (), and so, by taking the limit as § — 0™, we obtain (2.1).

We recall that A € R is called a principal eigenvalue for —A in (), with homogeneous
Dirichlet boundary condition and weight function b, if the problem —Au = Abuin Q, u =0
on d() has a solution ¢ (called a principal eigenfunction) such that ¢ > 0 in Q).

Remark 2.2. Let us mention some properties of principal eigenvalues and principal eigen-
functions (for a proof of i)-iii), see e.g., [17], also [30]), and [29]). If QY is a C!! domain in R”,
be L*(Q)and b" £ 0 then:

i) There exists a unique positive principal eigenvalue for —A in (), with homogeneous
Dirichlet boundary condition and weight function b, denoted by A; (b); its associated
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eigenspace is one dimensional and it is included in C' (Q2). Moreover, A1 (b) has the
following variational characterization:

fQ ‘Vq"z :
Ja bg?

Furthermore, for each positive eigenfunction ¢ associated to A; (b), and for J positive
and small enough, there are positive constants cj, ¢, such that c1dg < ¢ < cadq in Q) and
|IVp| > c1in As, where As := {x € Q) :dn (x) < 6}. In particular, ¢7 is integrable if, and
only if, v > —1.

We recall also that Aq (kb) = k='Aq (b) for all k € (0,00), and that, if b* € L® (Q) and
b S b*, then /\1 (b*) S )\1 (b)

A (b):inf{ ¢ € H} (Q) and / bq)2>0}.
Q

ii) If 0 < A < Ay (b) and p € L*(Q)), the problem —Au = Abu+p in ), u = 0 on 9JQ),
has a unique solution u# € Ni<y<W?? (Q), and the corresponding solution operator
(~A—Ab)~" : L% (Q) — C} (Q) is bounded and strongly positive, i.e., if p € L (Q)
and 0 < p # 0 then u belongs to the interior of the positive cone of C} (Q0) where
C(Q) == {veC(Q):v=00n00}. Moreover, if in addition b > 0 in Q, the same
property holds for all A € (—o0, A1 ()).

iii) Let p be a nonnegative function in C (Q) such that p # 0in (), and let A € [0, 00). If the
problem —Au = Abu + p in O, u = 0 on 9Q) has a nonnegative weak solution u € H} (Q)
then A < Aq (b).

iv) Let p be a nonnegative function in L{> (Q) such that pp € L' (Q) for any ¢ € H} (Q).
Ifp#0inQ, A > 0,and if u € Hj (Q) NC (Q) satisfies, for some positive constant c,
u > cdn in Q) and, in weak sense,

—Au=Abu+p in(Q), u=0 onoQ) (2.2)

then A < A; (b). To prove this assertion we can proceed as in the proof of Proposi-
tion 2.4 in [29], where a similar result was proved for Neumann problems. Indeed, let
v:= —Inu and let w € C* (Q). Since u > cdn in ) and w has compact support we
have u~'w? € H} (Q)). Taking u~'w? as a test function in (2.2), a computation gives
A o bw? = [ |Vl — [ puw? — [, |Vw+wVo|* and so A [, bw? < [, |Vw|*. Now,
for ¢ € Hj (Q) such that [bg? > 0, since ¢ is the limit in Hj (Q) of some sequence
{(Pf}je]N C C®(Q)), and since A [ b(pjz- < o |Vej %, we get A o bg? < [, |Ve|*, and so

: 2
A< j?qj’z‘ . Then, by the variational characterization of A1 (b), we obtain A < Aq (b) .
Q

We will need the following comparison principle.

Lemma 2.3. Let U be a bounded domain in R" and € > 0. Let u and v be two positive functions in
H' (U) N C (U), such that a (u+¢) " and a (v+¢) " belong to L} _(U). If

(2.3)

—Au—a(u+e) "< —-Av—a(v+e) " inD' (U),
u—v <0 onol,

then u < vin U.
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Proof. We proceed by contradiction. Let V := {x € U: u(x) > v (x)} and suppose that V is
nonempty. Thusu —v € H! (V) and u = von dV. Thenu —v € H} (V) (see e.g., Theorem 8.17
and also Remark 19 in [5]). Let {qoj}]. o Pe a sequence in C° (V) such that {(p]-}]. N converges
tou —vin H! (V). Thus {q);r}].eN
which converges to u — v in H! (V). Now, using suitable mollifiers, we obtain a sequence
{l[]j}]. < Of nonnegative functions in C° (V) that converges to u — v in H!' (V). From (2.3)
we have [, (V(u—0),Vy;) < [ a((u+e) ™" —(v+¢e)")g; < 0for any j € N. Thus
[,V (u—2v)?<0,andsou—v=00nV. O

is a sequence of nonnegative functions in C. (V) N H} (V)

Remark 2.4. The following forms of the comparison principle hold: if ¢ > 0, and if u, v are two
functions in H! (Q) (respectively in H! (Q)) N L* (Q))) which are positive a.e. in ) and satisfy
that, for any nonnegative ¢ € H} (Q) (resp. ¢ € H} (Q)NL®(Q)), a(u+¢) “¢ € L1 (Q),
a(v+e) “pel(Q)and

| vuve)— [aw+e o< [ (Vo Vo) - [alo+e) ",

and if, in addition, u — v < 0 on 0Q) (i.e., (u — v)+ € H} (Q)), then u < v in Q. Indeed, by
taking ¢ = (1 —0)" as a test function we get [, |V ((u—0)") ‘2 <0,and so u < vin Q.

If a and u are functions defined on €}, we will write x(,-gyau" " to denote the function
w: Q) — R defined by w (x) :=a (x) u (x) " if u (x) # 0, and w (x) = 0 otherwise.

Lemma 2.5. If { € L™ (Q), then there exists u € H} (Q) N L*® (Q) such that:

i) u satisfies
—Au = xpsoau "+ inQ,
u=0 onaQ, (2.4)
u>0 inQ, u>0 aein {a>0}

in the following sense: for any ¢ € Hy (Q0) N L™ (Q), it holds that () {,~oyau™" 4+ () ¢ € L' (Q)
and [, (Vu, Vo) = [, Xpopau™ +0) ¢;

ii) if, in addition, { > O then u is the unique solution in H} (QY) N L™ (Q) to the above problem (in
the sense stated in 1)) and there exists a positive constant c, independent of {, such that u > cdq
a.e. in Q).

Proof. i) follows as a particular case of [32, Theorem 1.2]. To see ii), observe that if u ¢
H} (Q) N L™ (Q) is a solution of (2.4) in the sense of i), then (Xfusoyau™"+0) ¢ € L' (Q)
for any ¢ € H} (Q)NL®(Q), and so X{usoyau " € Ll . (Q). Also Xqusoyau~* # 0 and
—Au > xgsopau " in D’ (Q). Thus, by Remark 2.1 iii), there exists a positive constant ¢ (in
principle, depending perhaps on u) such that u > cdq [ xju>o1au~*dq in Q. Then, for some
positive constant ¢, we have u > ¢'dg in Q and so xyy~opau "+ =au™* +in Q. Letwbe a
solution of (2.4), in the sense of i), corresponding to { = 0. By Remark 2.4 we have u > w in (),
and, as above, we have w > cdq in Q) for some constant ¢ > 0. Since c is independent of (,
the last assertion of ii) holds. In particular, u is positive in (). Now, the uniqueness assertion
follows from Remark 2.4. O
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Lemma 2.6. If { is a nonnegative function in L (Q), then for each € > 0 the problem:

—Au=a(u+e) "+ inQ,
u=0 onaQ), (2.5)
u>0 ae inQ.

has a unique weak solution u € H} (Q) to (2.5). Moreover, u € L® (Q), and there exists a positive
constant ¢ such that u > cdgq in Q.

Proof. Let ¢ be the solution of —Ayp = ain Q, ¥ = 0 on dQ), thus ¥ € W3 (Q) N W&’r (Q))
for any r € (1,00) and there exist positive constants ¢y, ¢z such that c;dg < ¢ < cpdg in Q.
Define u := 71y, where 7 is a small enough positive number such that na < a (g +¢) "
in Q. Thus —Au=na < a(pp+e) " <a(u+e) "+ in Q, alsou = 0 on 9, and so u
is a subsolution of (2.5). Let u be the solution of —A% = e 'a+ in Q, { = 0 on 9Q. Thus
€ W (Q)NW," (Q) for any r € (1,00) and there exists a positive constant cs such that
U > c3dg in Q. Also, —Au > a(u + 8)7‘1 + ¢ in (), ie, u is a supersolution of (2.5). Taking
into account that ¥ < codg in () and # > c3dg in () we can assume, by diminishing # if
necessary, that u < # in Q). Thus [18, Theorem 4.9] gives a weak solution u € H} (Q) to
problem (2.5) such that u < u < u in ). Then u > 75c1dq in Q (with # depending on e
and {) and u € L* (Q). Finally, if u and v are two weak solutions in H} (Q) to problem (2.5),
Remark 2.4 gives u = v. O

Lemma 2.7. If 0 < { € L*(Q) and ¢ € (0,1], then the solution u to problem (2.5), given by
Lemma 2.6, satisfies u > cdgq in Q) for some positive constant ¢ independent of € and (.

Proof. By Lemma 2.6, u > 0 a.e. in (). Let w be as in the proof of Lemma 2.5. Thus there exists
a positive constant ¢ such that w > cdq in (). As in Lemma 2.5 we have u > w in (). Thus
u > cdq in Q). Since c is independent of € and {, the lemma follows. O

Remark 2.8. Let us recall the Hardy inequality (see e.g., [5], p. 313): There exists a positive
constant ¢ such that H%HLZ(Q) < c||[V@llp2q) for all ¢ € Hy (Q).

Lemma 2.9. Let { € L® (Q)) be such that { > 0, and let € € (0,1] (respectively e = 0), and let u be

the solution to problem
{—Au =a(u+e) "+ inQ, 2.6)

u=0 onoQ),
given by Lemma 2.6 (resp. by Lemma 2.5, in the sense stated there). Then:

2
i) if 1 < a < 3 then there exists a positive constant ¢ such that u < cdy* in ), whenever
max {[|a|, [I¢]le} < M;

i) if 0 < o < 1and vy € (0,1) then there exists a positive constant ¢ such that u < cd) in Q,
whenever max {||al|,, |C]lo} < M.

Proof. Let Aq be the principal eigenvalue for —A on (), with weight function 1 and let ¢;
be the corresponding positive principal eigenfunction normalized by ||¢1]|, = 1. For 6 > 0
let As := {x € Q:dq (x) <} and let Q5 := {x € O :dn (x) > 6}. For J positive and small
enough there exists a positive constant cs such that |[V¢1| > ¢5 in Ay, and, by diminishing c;
if necessary, we can assume that ¢; > cs in ()5. To see i), we consider first the case when 1 <
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2 1
¥ <3and e =0. Clearly @{™ € L*(Q) and, since V((pl”“) = 2201V (¢1) and 7% > 3

2 =
we have also V((p{*“) € L?(Q). Thus ¢{* € H} (Q)). Let g := ((H“)M max {14, 1 )11 A

2c2 a—1’ 21

computation gives

(‘7(”1M> - qli Mot +ar, —thl +i (9”1M> Vo, @7
and thus
—A <qqf>{i“> > q”“liaﬁicﬁ (quii“ > “ (qsol”“) " ina,
—A <q¢{i“> 2 : qu){% >a <q¢ii“>“ in ).
1+a
Then

2 2\ "
—A (qq)l”“) >a (qq)i*“) in Q. (2.8)

Let 8 € Ni<rco (W (Q) NW,” (Q) ) be the solution of —A# = { in O, 8 = 0 on dQ. Thus

<qq)1”“ > (wi”) +¢ Za(«m”“ ) +¢ inQ. (2.9)

A <V <‘7¢1”“ )fVlP> > [ (qq)i*“ +9> Ty

for any nonnegative ¢ € H} (Q); also qq)““ +6 = 0 on Q. Sinc:e u satisfies (2.4) and u > 0

Then

a.e. in (), the comparlson principle of Remark 2.4 gives u < qq)”"‘ +0 a. e in Q). Finally, since
1]lee < M and = < 1, we have § < M (— A1) < Mg < Mc’go““ in O, wherec 1sa
positive constant dependmg only on n and Q). Also, for some constant ¢ > 0, (p““ </ d”“

inQandsou < cdé+ * in (), for a positive constant ¢ depending only on M, «, and (), therefore
i) holds when & = 0. The proof of i) for the case € € (0, 1] reduces to the previous one. Indeed,
Remark 2.4 gives u < ug in (), where u is the solution (given by Lemma 2.5) to problem (2.6)
and corresponding to & = 0.

The proof of ii) follows similar lines: suppose 0 < &« < 1 and 7 € (0,1). Define

1
= M max 1 1 -
=\ A/ (=) ¢ '

~A(q9]) = yghip] +qv (1 —7) 97 2 |Vei* inQ,

Then

and so
~A(qe]) > gy (1 —7) 9] 2 |Veu|* > a(ge]) ™" in As,
~A(99]) > vahe] > a(g9]) ™" in Q.
Thus —A (9¢]) > a (Q(pl)_ in (), Wthh is the analogue of (2.8). From this point, the proof

of ii) follows exactly as in i), replacing q)l““ and d”“ by ¢ and d}, respectively. O
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Lemma 2.10. Let { be a nonnegative function belonging to L* (Q)) and let M > max {||a||, [|1¢ || }-
Let € € (0,1] (respectively € = 0); and let u be the solution to problem (2.6) given by Lemma 2.6 (resp.
by Lemma 2.5, in the sense stated there). Then u € C (Q)).

Proof. Let Q) be a subdomain of Q) such that O/ C Q; and let Q" be a subdomain of () such
that O/ € O € O C Q. By Lemmas 2.7 and 2.9 there exist positive constants cj, c; and
v > 0 such that c1dn < u < cpd]) in Q) and so (au™" + O € L7 (Q"). Also, ujgr € L (Q).
Then, by [28, Theorem 8.24], ujy € CP (Y) for some B € (0,1). Since this holds for any
domain Q' such that QY C Q, it follows that u € C (Q). Also, c1dg <u < czdg2 in O), and so u
is continuous on 9Q). Then u € C (Q2). O

Lemma 2.11. Assume 1 < a < 3, and let { € L® (Q)) be such that { > 0. Let u be the solution to
problem (2.5) given by Lemma 2.5 (in the sense stated there). Then there exists a positive constant c

2
independent of { such that u > cd™ in Q.

Proof. We consider first the case when a := infna > 0. Let Ay be the principal eigenvalue for
—A in () with homogeneous Dirichlet boundary condition and weight function a, and let ¢,
be the corresponding positive principal eigenfunction, normalized by ||¢1|,, = 1. Observe

2
that ¢; ™ € H} () NL* (Q) and

2 2 2 a—-1 o
-8 (o) = poomanl™ + 2 (o) el

—
< Ba ( 1“‘) a.e.in Q),

oo

where B := ;2. A1 + %1—1% |V @1]%. Then

-
A (ﬁ‘liﬂvfp{i“) <a <ﬁ‘1i“¢ii“>

in the weak sense of Lemma 2.5, (i.e., with test functions in H} (Q) N L™ (Q))). We have also
again in the weak sense of Lemma 2.5, —Au > au~* in (). Then, by Lemma 2.3, u > T <p”“

in ) and so u > cdg“ in () for some positive constant ¢ independent of . Thus the lemma
holds when infq a > 0.

To prove the lemma in the general case, consider the solution 6 to the problem —Af = a
in Q, 0 = 0on dQ. Thus § € W>" (Q)N W&’r (Q) for any r € [1,00) and, for some positive
constant c1, 0 > c1dq in Q). Letw € Hé (Q) NL*® (Q) be a solution, in the sense of Lemma 2.5,
of problem (2.4) corresponding to { = 0. By Lemma 2.3 we have u > w in () and, by
Lemma 2.9, there exists a positive constant ¢, such that w < cpd in Q). Now, for € € (0,1)
and B € (0,1), we have, in the weak sense of Lemma 2.5,

A ((w+e)f) = —a(@+eff " Aw—B(B-1) (w+e)* | Vol (2.10)
> aa (w+e)f 7w > aa(cadg +e)f

> —a(c30+¢)P 1A inQ
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with c3 = ¢ ey, Also,

— & ((c0+e)7) 2.11)
20 a=1 20 20 20 _o P
e a+1 — — 1+a
1+a(€39+€)+ AB 1+¢x<1+(x 1>(C39+s)+ |V (c30)]
20

o 20 M
(c36 + S)W% AD < — i (f (c360 +€)P "1 g,

< —
- 1+«
where Mg := (c3 /0|, + 1)%”“_5. Thus, from (2.10) and (2.11), we get

—A ((w + e)ﬁ) > —12]‘\;;% ((c30 +s)1%) in D' (Q),

also, for ¢ small enough, (w+¢)f = &f > ;“7";81% = %X/I”ﬁ‘ (c360 + 8)1% on Q) and so, by the

weak maximum principle, we have, for € small enough, (w + e)f > %*W”; (c30 + 8)1% a.e.in Q).
By taking lim,_,o+ in this inequality we get, for any g € (0,1),

1+a

wh > M, (c36)™%  ace.in Q. (2.12)

By taking limg_,o+ in (2.12), using that limg_,o+ Mp = (c3 ||0]|, + 1)“% , recalling that u > w
in () and that 6 > c1dq in ), we get

2
1 C1C3 THa 20 .
> (1 .t d*  ae. in Q,
u_z( +(X)<C3H9||oo+1> 6" ae.in

which ends the proof of the lemma. O

Lemma 2.12. Let { be a nonnegative function in L (Q), and let u € H} (Q) N L™ (Q) be the

solution (in the sense of Lemma 2.5) to (2.4). Then, for some positive constant ¢, u > cdq in Q if
2

0<a<1andu>cd5* in Qifl < wa < 3. Moreover, u is the unique weak solution, in the usual
H} (Q) sense, to the problem

—Au=au"4+CinQ),
u = 0ondQ), (2.13)
u > 0in Q).

Proof. To see that u is a weak solution of (2.4), i.e., that, for any ¢ € H} (Q), au=*yp € L1 (Q)
and

/Q<W,V¢> = /Q (au™+7Q)y, (2.14)

we consider first the case 0 < o < 1. Let ¢ € Hé (Q) and, for j € N and x € Q, let

9y (x) = () if |9 (x)] < j, ¢ (x) == j if $(x) > j, and ; (x) := — if $ (x) < —j. Then
P € H) () N L® (Q) and so, for all j,

/Q (Vu, V) = /Q (au™" +0) v; (2.15)

Also, by Lemma 2.7, there exists a positive constant ¢ such that u > cdq in (), and so, for any
jEN,

[(au™ +2) | < llaflo gy

Y
do

+ ] < cdg

Llvew e
Q
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with ¢ = ||a]|, ¢™%; applying Hardy’s inequality we get

! 31—
cdg

Ll el 190l + 12l iyl <. @17
Q 1

for some positive constant c. Since {1/J]-}]. o converges to ¢ in H} (Q) and a.e. in O, Lebesgue’s

dominated convergence theorem gives (au=*+{)¢ € L' (Q) and (2.14). Thus u is a weak
solution (in the usual Hé (Q)) sense) of (2.4), it satisfies u > cdq in () and, by Lemma 2.5, u is
the unique weak solution to (2.4). Thus i) and ii) holds when 0 < a <1.
Consider now the case 1 < a < 3. To see that u is a weak solution of (2.13) we proceed
as in the case 0 < a < 1, except that instead of (2.16) we use now that, by Lemma 2.11, there
2

exists a positive constant ¢ such that u > cdg-? . Thus,

20
I

o 1 ; _a-l
™ +8) ] < ol e ey 5| 22 gy < e

Llvaw e
Q

_a-l
with ¢’ a constant independent of j. Since & < 3 we have ||d,*"||, < co and so, by Hardy’s

_al
inequality, ||c'd,""" |%| + }1/)} Hl < co. Then, as in the case 0 < a« < 1, Lebesgue’s dominated

convergence theorem gives (au~* + ) ¢ € L! () and (2.14). Thus u is a weak solution (in the
2

usual H} (Q) sense) of (2.13), it satisfies u > cd[* a.e. in Q) and, by the comparison principle
in Remark 2.4, u is the unique weak solution (in the usual H} (QQ) sense) to problem (2.13). O

Let Po := {{ € L*®(Q) : { > 0ae. in O}, and, fore > 0, let S, : P — H} (Q) N L (Q)
be defined by S, ({) := u, where u is the unique weak solution (provided by Lemma 2.6
when ¢ > 0, and by Lemma 2.12 when & = 0) to problem (2.5). Consider S : Ps X [0,00) —
H} (Q) N L™ (Q) defined by S (, €) := S ({). Except explicit mention on the contrary, we will
consider P, endowed with the topology of the L* norm.

Lemma 2.13. Let {C]-}]EN be a bounded sequence in L% (Q)) such that {; > 0 for all j, and let {e;}
be a sequence in [0,00). Then {S¢; ({;) } . is bounded in Hj (Q).

jeN
jeN
Proof. For j € N, let uj := S, ({j). Since u; is a weak solution of —Auj = a (u;+¢;) " +; in

Q, uj = 0 on dQ), and using u; as a test function, we get

/Q\Vu]-\z:/Qa(uj%—sj)_“uj%—/nujéj. (2.19)

If 0 <a <1,since {C j}]. n 18 bounded in L* (Q)), (2.19), the Poincaré inequality gives

[vuil5 < e (vl + V],

with ¢ independent of j, which proves the lemma when 0 < a < 1. Let us consider now the

case 1 < a < 3. The function z := Sy (0) is a weak solution of —Az = az7*in Q,z =0

on 0Q) and, by Lemma 2.10, z € C (Q2). Also —Au; > auj’“ in O, uj = 0 on 9Q), and then,
2

by Lemma 2.3, uj >z in (). By Lemma 2.9, uj < cdg? for any j, with ¢ a positive constant
independent of j. Thus, from (2.19), we have

2
/Q V| < C/Q (Hallwzj"" + HC]'HOO) age. (2.20)
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2
Also, by Lemma 2.11, z > ¢ di™ in Q), for some positive constant c’. Then, from (2.20),

2 _ —L"IX %
vl <e [ (e @) a5™ + g ) di 2
_2e 2
Since 1 < a < 3, we have 2(1:’5‘ ) > _1, therefore Jadq A5 < co, and then, since {éj}j o 18
bounded in L*® (Q)), the lemma follows. O
Lemma 2.14.

i) { — S¢ () is nondecreasing on Py, for any € > 0.

ii) € — S¢ (Q) is nonincreasing on [0,00) for any { € Pe.
iii) S : Po X [0,00) — C (Q) is continuous.
iv) S : P x [0,00) — C (Q) is a compact map.

Proof. i) and ii) follow directly from Lemma 2.3. To prove iii) it is enough to show that if
(C,€) € Poo x [0,00), and {(j, ¢) }jeN C Ps x [0,00) converges to ({,€) in Ps X [0,00), then
there exists a subsequence {({j,¢;,) such that {S (., ¢;,) converges to S ({,¢) in
C(Q).

Let ({,€) € P x [0,00), and let {(;, ) }]EN
to ({,€) in Py x [0,00). For j € N, let u; := S ({j,¢;). By Lemma 2.13 {uj}].eN is bounded in
Hg (Q)), therefore there exist u € Hj (Q)), and a subsequence {u;, }, ., such that {u },
converges strongly in L? (Q) to u, and {Vu; }, . converges weakly in L? (Q,R") to Vu.
Taking a further subsequence if necessary, we can assume that {u;, }, o converges to i, a.e.
in Q).

Let us see that u = S ({,¢), i.e., thata (u+¢e) ¢ € L1 (Q) for any ¢ € H} (Q)), and

Fren Fren

C Py x [0,00) be a sequence that converges

/Q (Vu, Vo) = /Q <a (u+e) "+ §) . (2.22)

Let ¢ € H}(Q). For k € N, [(Vu;,, Vo) = [, (a(u +¢;) " +¢;)9. Now, as
{Vujk}keN converges weakly to Vu in L?(Q,R"), we have that limy_,. [ (Vu;,, Vo) =
Jo (Vu, V). Also, (¢ € L' (Q) and, applying the Lebesgue dominated convergence the-
orem, we get limy_, fQ Cip = fQ (. Therefore, to prove (2.22), it is enough to show that
a(u+e) " @eL(Q)and

lim X (uj, +¢,) "= /Qa(u—ks)_“ ®. (2.23)

k—o0

In order to prove this, we consider two cases; suppose first that 0 < « < 1. Lemma 2.7 gives
a constant ¢; > 0 such that u;, > c1dg in Q) for every k. Then, for any k, |a (u]-k + sjk)_“ q)‘ <

cy "‘Hd}{"‘aHm% and, by the Hardy inequality, % € L2(Q) c L' (Q). Taking into account that

limy_,eoa (1, +¢;,) “@=a(u+e) " ¢ae in ), Lebesgue’s dominated convergence theorem
gives a (u+¢) "¢ € L' (QO); and (2.23).

Let us now consider the case 1 < a < 3. Define z := Sg (0). Observe that u; +¢; €
HY (Q)NC(Q), A (uj, +¢j,) =a(uj, +¢;,) "+, >a(uj+e,) "inD' (Q),z€ H (Q)N
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C (ﬁ) ,—Az =az % in D' (Q), and uj, +¢&j, > z on dQ). Thus, by Lemma 2.3, u; +¢; > z

2
in Q). By Lemma 2.7, there exists a positive constant c such that z > cd5* in (). Then
—u —
‘a(ujk+£jk) (P’ <az™"|g|

_ 20 _1l-a
< fallody 5L = o I o

Since 1 < a < 3, we have —2% > —1, and so, by the Hardy inequality, d(_)%% Hl
Since limy_, e a (1), + .sjk)foé ¢ =a(u+e) "¢ ae. in Q, Lebesgue’s dominated convergence
theorem applies to get a (u+¢) " ¢ € L' (QO) and (2.23). Thus u = S, ({).

To complete the proof of iii), it only remains to prove that {u;, }, < (or some subsequence
of it) converges to u in C (Q)). Let B > 0 be such that ngkHOO < Bforallk € N. Since 0 < g, <
B we have 0 < { < B. Now, 0 < uj, =S¢, (i) < So(B). Also 0 < u =S () < So (B). Now,
So(B) € C (ﬁ) and, by Lemmas 2.6 and 2.7, there exist positive constants ¢}, ¢5 and 7/ such
that ¢jdn < Sp (B) < c/zdg in Q. Then Sy (B) = 0 on dQ) pointwise, and so, for any y > 0 there
exists 77 > 0 such that 0 < So (B) < pin Ay := {x € Q:dna (x) <y} Thus 0 < S, (g;) < p
in A forallk € N. Also 0 <S¢ ({) < So(B) < pin A;. Then

Let O := O\ Ay, and let ) be a subdomain of Q) such that O/ € Q" c 7 C Q. By
Lemmas 2.6 and 2.7 there exist positive constants c1, ¢, and T such that for all k, c1dq < uj, <
codf, in Q. Thus there exists B’ > 0 such that, for all k, < B’ and

Then, by the inner elliptic estimates in [28, Theorem 8.24], there exist B” > 0 and ¢y € (0,1)
such that, for all k, < B”. Thus, the Ascoli-Arzela theorem applies to give a

< 0.

<2u forall k € IN. (2.24)

S, (€) ~ 5. (©)

L=(Ay)

Uje o |l ooy

< B

<a (ujk + ejk) 4+ gjk) i Lo ()

il or (v
subsequence, still denoted {u;, } ren - that converges uniformly to some function v in ()'. Since
{u]-k} reN converges to u a.e. in ), we have u = v in (). Then there exists kg > 0 such that

I (uj, — u)‘o,/ HLw(Q/) < u fork > ko, ie.,

7)
and so, by (2.24) and (2.25), limy_, Se;, (i) = S (C), with convergence in C (Q)). Thus S is
continuous.
To prove iv), consider a bounded sequence {(@ ir ej)}

Se;, (i) —Se(2) <u for all k > ko, (2.25)

L*(O\A

jen Py % [0,00). Taking a subse-

quence if necessary, we can assume that {sj}]. o converges to some € € [0,00). Let {Q},

be a sequence of subdomains of Q) such that O, C ), for all 7, and Q) = Uz Q. Let

uj = S, (Z;)- Let B > 0 be such that ||{j|| . < B for all j. Since 0 < {; < B we have

0 <uj =S (¢;) < So(B). By Lemmas 2.6 and 2.7, there exist positive constants ¢}, ¢; and 7/

such that, for all j, cjdq < uj < c/zdg in ). Thus, for each r there exists a positive constant
. —K

B, > 0 such that, for all j, u]-‘QMHLW(QM) < By and ||(a (uj+¢j) " + g]»)mMHLm(Q ) < B,.

r+1

Then, by [28, Theorem 8.24], for each r there exist constants B, > 0 and 7, € (0,1) such
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that, for all j,

Ui, |l or (@) < B,. Then, for each r, the Ascoli-Arzela theorem gives a subse-

quence, still denoted by {u]}]. < Which converges uniformly in Q). Now, a Cantor diagonal

process gives a subsequence {uj, } reny Which converges uniformly on each ), to a function
u independent of r (therefore {uj, } ren converges uniformly to u on each compact subset
of ). Let us show that {uj } reny 18 @ Cauchy sequence in C (0): Since 0 < j, < B we
have 0 < S, (i) < So(B). Also So(B) € C(Q), and S (B) = 0 on 9Q) pointwise. Since
So (B) € C(Q) we have that for any u > 0 there exists 7 > 0 such that 0 < Sy (B) < p in
Ay. Thus 0 < S, (¢j,) <min A, , for all k € N. Then S (i) — S (2;,) |L°°(A ) < 2pu for all
I,;s € N. Let 0" := O\ A;. Since {uj, },_,, is uniformly convergent in ()7 then there exists
Io € N such that HSS/Z (Zi) —S(g.) HLW(W) < 2uforl > lyand s > ly. Then {ujk}keN

Cauchy sequence in C (Q2), and so {u;, },_,, converges in C (Q). O

is a

3 A priori estimates
We assume for the whole section that H1)-H5) of Theorem 1.1 are satisfied.

Remark 3.1. If v € C! (R") satisfies —Av > 0 in D’ (R"), v > 0 in R" and v (xy) > 0 for
some xp € R”, then v(x) > 0 for all x € R". Indeed, let ¢ € CZ (R") be a nonnegative
radial function with support in the unit ball B = {x € R” : |x| < 1}, and such that [, ¢ = 1.
For e > 0 let ¢ (x) := ¢ "¢ (e7'x) and let (¢;)” (x) := @ (—x). Then v ¢, € C*(R"). A
computation gives

/an(—A (v @e)) = (=Av, (@) % 9)) >0

for all nonnegative ¢ € C° (R"). Then —A (v * ¢.) > 0in R", and so u * ¢, is a C* superhar-
monic function on R”. Thus

@90 (02 o [ (e )y

forall x € R", & > 0 and r > 0. We have also (see e.g., [5], Theorem 4.22) lim, o+ (v * ¢¢) (x) =
v (x), and since 0 < (v @¢) () < ||| (5, (x) foranyy € B, (x ) r > 0and ¢ > 0, Lebesgue’s

dominated convergence theorem gives that v (x) > r” f B, ( y)dy for x € R", Now we
take r such that xp € B, (x) to obtain v (x) > 0 for any x € ]R”

The following lemma is an adaptation, suitable for our purpose here, of the blow up
method developed in [27], to obtain a priori estimates for the L* norm of solutions to subcrit-
ical superlinear elliptic problems. For the convenience of the reader, and as our statement is
somewhat different to that in Theorem 1.1 of [27], we provide a detailed proof of it.

For r > 0, and x € R", we will write B, (x) (respectively B, (x)) to denote the open (resp.
closed) ball in R” of radius r and centered at x.

Lemma 3.2. Let © be an equibounded family of nonnegative measurable functions in L (Q) , and let
G be a family of nonnegative functions in C (Q x [0,00)). Assume that there exist p € (1,42), and

]
h € C(Q), such that mingh > 0 and lim,_,c (s,, ) = h(x) uniformly on g € Gand x € Q. Then
there exists a constant C such that ||u||, < C whenever u € H} (Q) N L™ (Q) is a weak solution, for
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some 0 € ® and g € G, to the problem

—Au=0+g(,u) inQ,
u=0 onodQ),
u>0 inQ.

Proof. To prove the lemma we proceed by contradiction. Suppose that for any k € IN there
exist 0 € O, gx € G, and a weak solution u, € H} (Q) N L™ (Q) to the problem

—Aup = O + 8 (-, ur) inQ,
ur =0 on o), (3.1)
Uy >0 inQ)

such that limy_,, |ux]|, = 0. Let fx : Q x [0,00) — R be defined by f; (x,s) := 6 (x) +
gk (x,8). Since uy € L® (Q) we have fi (-, ut) € L* (Q), and so u, € W (Q) N W, (Q) for
any r € (1,00). Thus u; € C (Q), and uy is a strong solution of (3.1). Let P € Q) be such that
lluk|l o = tk (P). Taking a subsequence if necessary, we can assume that limy_,,, P, = P for
some P € Q.

_pt 2.
Case a): P € Q: Letd := 3dq (P), My := u (P;) and oy := M, 2. Then ¢/"'M; = 1 and
limy_,, 0% = 0. For k large enough we have |P, — P|| < d and 0y < 1. Thus ||oyy + Py — P|| <
lloxy|| + || P« — P|| < 2d. Then, taking a further subsequence if necessary, we can assume that

oy + Py € By (P) C Qforany y € B,-1; and k € IN. Let vy : B, 14 (0) = R be defined by

_2_

Then v, € W' (ngld (0)) f(zr any r € (1,00), and so vy € C(Bo.k—ld (0)). Also, v < o "M; =1
in ng_ld (0), and vy (0) = Uk”ij = 1. Therefore

From (3.1), a computation shows that —Avy = F; in B ol (0), with F; defined by F; (y) :=
2p

Uk”jfk (oxy + Py, ug (oxy + Py)). Also, limy_, 0y = 0, and so, for R > 0, there exists k (R) € IN
such that Byg (0) C B, (0) for k > k(R). Our assumptions on ® and G imply that there
exists a positive constant ¢ such that fi (x,s) < ¢ (s? + 1) forany (x,s) € Q x [0,00) and k € N.

Then, for y € Byg (0) and k > k (R), we have, for some positive constant ¢’ independent of y
and k,

2 2
0 < F(y) =0 " fu (oxy + Po g (oxy + Py)) < cof ™ (1+ M) <c'. (3.2)

Thus [|Fell o (pye(0)) < ¢ for k = k(R). Also [|vk||1«(p,p0) = 1. Thus, since —Avx = F
in Byg (0), the standard inner elliptic estimates (as stated, e.g., in [8, Proposition 4.1.2]), im-
ply that [|oxllyar(pyo)) < ¢ for any r > n and k > k(R), with ¢/ a positive constant in-
dependent of k. Therefore there exists a subsequence, still denoted by {vy}, ., that con-

verges in C7(Bg (0)) for some y € (0,1). Let {R;},.y be an increasing sequence such that
lim; ., R} = oo. A Cantor diagonal process gives a further subsequence, still denoted by



Multiplicity of weak solutions to singular elliptic problems 17

{vk}ren » and a function v € C! (R") such that {v;}, . converges to v, in the C' norm, on
each compact subset of R". Moreover, v > 0 in R”, v(0) = 1 and |2/« gs = 1. Note that,
for each I, and for k large enough, —Av; = F, > 0 in Bg, (0), then —Av > 0 in D’ (R"). Since
v > 0in R" and v (0) = 1, we have, by Remark 3.1, v (x) > 0 for any x € R".

From our assumptions on the family G we have f; (x,s) = 6 (x) + sPh (x) + sPyy (x,5),
with lims_eo Pk (x,5) = 0 uniformly on x € Q) and k € N. Then, for R > 0, y € Bg (0) and
k> k(R),

| /\

Fe(y) = pVM%y+HMM%y+HD
— o7 0y (1 + Be) + (06 ()" B (03 + Bo)

+v U%Gw+%%aww>

2
Now, lim e vk (y) = v (y) > 0 for any y € R”, then limy o0, "0 (y) = 00, and so, taking

into account that lims_,c Pk (x,s) = 0 uniformly on x € Q and k € IN, we get, for y € Bg (0),

_L
-1

kh_)rgo Y (oxy + Py, ug (ory + Pr)) = hm 1/Jk <Uky + Py, 0 P ok (y)> =0.

2p

Also, limy_,e0 07 60 (0ky + P) = 0. Then limy_,o0 F (y) = h (P) 07 (y) for y € Bg (0) and, from
(3.2), supy. || Fil[ 1o (B (0y) < o for k = k (R). Thus {F} e converges to 1 (P) v in D’ (R") and
so v satisfies —Av = h(P)v” in D' (R"). Also, v > 0 in R", and ||v|[;«gs) = 1. Then, by
elliptic regularity theory (see e.g., [8, Proposition 4.1.2]), v € W (R") for any r € (1,00), and
v satisfies, in strong sense, —Av = h (P)v” in R". Let 57 := (h (P))ﬁ , and let w := nv. Thus
n>0we leoz (R") for any r € (1,00), and w is a bounded positive strong solution to the
problem —Aw = w? in R". Moreover, for each open ball B C R" we have w? € C" (U) for
some y € (0,1). Then, by [28, Theorem 9.19], w € C2 (R™). But Theorem 1.2 in [27] says that
such a solution w does not exist. Contradiction.

Case b): P € 9Q): Since Q) is a C> domain, there exists an open ball B = B, (P) with radius r >
0, centered at P; and a one to one mapping ® = @ (x) = (D1 (x),..., P, (x)) from B onto a
bounded open set D C R" such thati) ® (BN Q) C R", ii) ® (BN Q) C IR" iii) ® € C>(B),
®! € C?(D); where R’ denotes the open upper halfspace {(x1,x2,...,x,) € R" : x, > 0}
(see e.g., [28, p. 94]). After compositions with a suitable translation, and with a linear endo-
morphism, we can assume @ (P) = 0, and that ®' (P) (the Jacobian matrix of ® at P) is an
orthogonal matrix. Diminishing B and D if necessary, we can also assume that ® € C? (B)
and @1 € C* (D).
Fork € Nand y € ®(BNQ), let z (y) := ux (P~ (y)). Since uxy € W (Q) for any
€ (1,00), we have zx € W?" (® (BN Q)) for 1 < r < co. From (3.1), a computation using the
chain rule shows that z; satisfies

02 a
= Y g () )+ Y b (y) =X (y)

1<i,m<n ayiai‘/m 1<m<n Ym

= fi (e W),z () foryed(BNQ), (33)
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where each 4;,, € C! <<I> (BN Q)) , A = (aj,,) is uniformly elliptic on ® (BN Q); and b =
(bi,...,by) € C(®(BNQ),R"). Moreover, a computation gives

G () =L 5 (27 W) 57 (@7 W)
=1 v i
and so, in particular, A (P) = I.
For k large enough P, € BN Q). For such k, let

(5]( := dist ((I) (Pk) ,8<I> (B N Q)) .

Note that for k sufficiently large, oy = (P (P),e,) where e, = (0,...,0,1). Then, taking

a subsequence if necessary, we can assume that P, € BN Q and & = (P (PF),e,) for all
2

k € N. Define My and oy as in case a). Then z; (O (Py)) = uy (P) = My, (Tk”fl M; =1, and
limk%oo O = 0.

For § > 0 such that [-44,46]" NRY. C ®(BNQ) and for k € N, let Qp :=
(—ots, 0,(_15)”71 x (— o716, 0,16). For k large enough oyy + @ (P) € ® (AN B) for any
y € Qy and so, taking a further subsequence, we can assume that oxy + @ () € ® (Q N B)
for any y € Q and k € N. For k € IN, let v; : Q; — R be defined by

2
-1

vk (¥) := 0 zk (oky + @ (Py)) -

_ _ 2 _
Then v, € C(Qx), vx = 0 on [ — o, '6,0, 10]" Ty { -0}, v < 0/"My = 1in Q, and
2
v (0) = 0 My = 1. Thus [0kl (@) = 1. Also, v € W27 (Qy) for 1 < r < oo. From (3.3), a
computation shows that, for y € Q; and k € N,

avk

2'0
R S TN ) PRI SR R B

1<m,i<n ayqaym 1<m<n 81/7

— ol fy <¢—1 (G + @ (P)), 0. 7 T, <y>) (34)

)

where a; k() = aim (oky + P (Px)), and Bk (v) := kb (ory + P (Py)).
Note that {U'k_ 1(5k} is bounded from above. Indeed, if sup;p 0} 15, = oo then there exists a

subsequence {O‘k_q 15kq }q N such that lim, ch_q 15kq = o0. Since Uk, 18 well defined on B 15, (0)
q "

and vy, (0) = 1, the same arguments of the case a) apply to obtain a positive and bounded
solution v € C% (R") of

ZU
Y (@(P) -2 (y) =h(P)oP(y) inR".

1<m,i<n ayqaym

Now, A (P) is a symmetric and positive matrix, and then there exists an invertible matrix B
such that BA (P) B! = I. Let T : R" — R" be defined by Ty = yB'. Thus w := (h (P))ﬁ voT
satisfies —Aw = w? in R" which contradicts Theorem 1.2 in [27].

Observe also that infien o) 18, > 0. For, if not, taking a subsequence, we can assume
limy oo 03 15y = 0 and, taking a further subsequence if necessary, we can also assume that
crk’lék <1,00,<1,and (7,:15 > 4, for any k € N. Let Ey := (—(5,5)”*1 x (0, (7,:15 + (7,:15;{) and,



Multiplicity of weak solutions to singular elliptic problems 19

fory € (—6,8)" " x [0,07 10 + (Tk_l(%-kq), let 0 (y) = vk (v — yx) with yg := (0,01 '6;) where,
as before, 0’ denotes the origin of R" 1.
From (3.4) we have, for y € Ej,

- 020y ~ JdTy
— u., ,k _|_ b ,k -
1§i’ZmSH 1,m (y) ayqaym (]/) 1§;Sn m (y) aym

(y) = o (y),

where @ (1) == &g (Y — Vi), b (¥) := Bk (v — y&), and

_L
-1

o) =] fk( o (y — i) + @ (B) 0 vk<y—yk>).

Let Q := (—4,0)" 1 x (0,4), T := (—5,6)" ' x {0}, and Q' := (—,2)""" x [0,2). Then
Q' CC QUT, and Q C E;. Let A (y) be the n x n matrix whose (i,m) entry is @, x (v).

Then Ay is uniformly elliptic on Q, HazmkHLw < cfor1l < i,m < n, with ¢ a positive

constant independent of k. Also, the elhpt1c1ty constants of A; and a modulus of conti-
nuity of its coefficients can be chosen independent of k. In addition,

m,kHLoo(Q) < C,,
10kl (@) < ¢’ for some constant ¢’ independent of k and, as in case a), there exists a pos-
itive constant ¢” independent of k such that |gk[l;~) < ¢’. Letr > n. By elliptic reg-
ularity up to the boundary (see e.g., [28, Theorem 9.13]), there exists a positive constant
¢ such that ||U¢[ly2r) < ¢ for any k. Then there exists a positive constant  such that
|0k (0) — vk(O’,—Uk’lék)\ = | (0, 0’,:15]() -7 (0,0)] < 'yak’ldk for any k, ie., 1 < 'yo'k’lék,
which contradicts limy_,e 0} 16 = 0. Then infren 0 e > 0.

Thus {0, !0} is bounded from above and from below by positive constants, and so, taking
a subsequence if necessary, we can assume lim;Hoo 0 165, = 1, for some T > 0.

For k € N, let wy : [ — (rk 16,0 10]" " x [0,0,16 + 0,7 16;) — R be given by wy (y) :=
v (Y — yi) , with g := (0,0 5k) where 0’ denotes the origin in R" 1. Thus, wy satisfies, for
ye (—U'k(S, —U'k(5>n71 X (0,0'k(s + Ul{_l(sk),

Y )2 ) Y Bk () 2 () = (),
1<m,I<n Y aym 1<m<n a]/m

where @k (v) = &k (Y — Vi), Bk () 1= B (v — yx) and

__2

7 ) =] 1fk( o (y— i) + @ (B) 0 7 o <y—yk>).

By repeating compactness arguments used in the case a), and taking into account that, for y €
R, HmMy o0 @)y (Y) = a1 (P), imy_e0 By (y) = 0, and A (P) = I we obtain a subsequence,
still denoted {wy},p , that converges in R to a function w € C? (R") such that w > 0 in
R%, w(0',7) =1, and

—Aw (y) =h(P)w’ (y) inR%. (3.5)

For R > 0, let UR := B~ (0) x (0,R), where B! (0) denotes the open ball in R"~! of radius
R and centered at the origin. Let r > n. As above, by elliptic regularity up to the bound-
ary [28, Theorem 9.13], we have [[wg||yzr(yry < ¢r for some positive constant ¢, independent
of k. Thus, taking a further subsequence, still denoted {wy}, ., We have that {wy }, . con-
verges uniformly on U. Now, by considering an increasing sequence of radius {R]-}]. o such
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that lim; , R; = oo, a Cantor diagonal process gives a further subsequence, still denoted by
{wk }ren » which converges uniformly on K, for each compact subset K C R". Then w belongs
to C2(R.) N C (R) and, since wy = 0 on dR" for each k, we also have also w = 0 on dR".
Therefore @ := h (P)ﬁ w belongs to C? (R%) N C (R™) and satisfies —Aw = @ in R, @ =0
on dR’ and w > 0 in R’ , which contradicts Theorem 1.3 in [27]. O

Next we use Lemma 3.2 to obtain a priori estimates for the L* norm of solutions to sub-
critical superlinear elliptic problems (in particular of solutions to the singular problem that
arises when ¢ = 0).

Lemma 3.3. Assume the hypothesis of Theorem 1.1. Then there exists A* > 0 such that A < A*
whenever the problem

—Au=a(u+e) “+f(A-u) nQ,
u=0 onaQ, (3.6)
u>0 inQ.

has a weak solution u € H} (Q) N L™ (Q) for some ¢ € [0, 1].

Proof. By Lemmas 2.7 and 2.12 we have u > cdq in (), with ¢ independent of A, ¢, and of the
particular solution u. Let 779, g, and b, be as in H4). Note that A < max {10, A1 (b (cd)?! )}
Indeed, if A > 5o, by H4), f (A,-,u) > Abul > Ab (ch)q*1 u in ), and so, in weak sense,
—Au = Ab(cd)"  u4pin Q, with p := a(u+e) "+ f (A, -, u) — Ab (cdn)? ' u. Observe
that 0 < p € L (Q), and that p # 0 (because a (u+¢)” " # 0). Then, by Remark 2.2 iv),

loc

A < Aq(b(cda)™"). Thus A < A* := max {0, A1 (b (cda)™ ") }. -

Lemma 3.4. Assume the hypothesis of Theorem 1.1. Then, for any Ay > 0 there exists cy, > 0 such
that ||u||, < ca, whenever A > Ag and u € H} (Q) N L*® (Q) is a weak solution, for some ¢ € [0,1],
of problem (3.6).

Proof. To prove the lemma we proceed by contradiction. Suppose that there exist sequences
{)‘f}jeN C [Ao, ), {sf}je]N c 0,1}, {uf}jeN C HY (Q)NL* (Q) such that, for all j € N,

—Au]- = a(u]-+£]-)_“+f()\]-,~,u]-) in (),
uj=0 ondQ), (3.7)
uj > 0 inQ,

and limj_m HujHoo = oco. Let A* > 0 be as given by Lemma 3.3. Thus /\j < A* for all j.
Then {/\j}j o 1s bounded and so, taking a subsequence if necessary, we can assume that
limj oo Aj = A for some A € [Ag,A*]. Since u; € L (Q)) we have f (A;,-,u;) € L®(Q), and,
since u; = S, (f (A, - uj)), we have u; € C (QQ).

Let 11 and ¢, be nonnegative functions in C®(R) such that ¢; = 1 on [—o0, 1], supp (1) C
(—0,2), P = 1 on [2,00), supp (2) C (3,00), and 91 + ¢ = 1 on R. Let w; € H} () N
L* (Q)) be the solution, provided by Lemma 2.6 when ¢ j > 0,and by Lemma 2.12 when ¢; = 0
(applied with & = ¢; and with a replaced by a (1 o u;)) to the problem

—Aw; = a (1 o uj) (w; +¢;) " in Q,
w; =0 on 00, (3.8)
w]' >0 in Q.
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From Lemma 2.10, applied with ¢ = ¢;, and with a replaced by a (1,01 o uj) , we have that
w; € C(Q). Notice that, by Lemma 2.14 i), w; < @ in Q, where w € H{j (Q) is the weak
solution, given by Lemma 2.12 (applied with a replaced by a (; o u;)), to the problem

—AWw =a (¢1 o M]) w™* in Q,
w=0 onodQ, (3.9)
w >0 inQ.

By Lemma 2.10, w € C(Q), then {wj}]. N 18 bounded in L® (Q). Also, in weak sense,
—Auj = a (u; —|—s]')7“ + f (Aj, - uj) > a(prou;) (u —|—sj)7“ in O, u; = 0 on 90}, and so, in
weak sense,

—A (uj—w)) Za(grow) ((+¢) ™" = (wj+e) ") inQ, (3.10)

uj—w; =0 on dQ).

Using (1; — w;)~ as test function in (3.10) we get — [, |V ((uj —w;) )| > 0, and then u; > w;
in Q.

We claim that a (1 o u;) (uj+¢;) " ¢ € L1 (Q) for any ¢ € H} (Q)), and that there exists
a nonnegative weak solution z; € H} () N C (Q) to the problem

— .
—Azj =a (P ouj) (uj+¢)) in Q, (3.11)
zj=0 ondQ.
To prove this, first observe that, for all j € IN,
(uj+¢;) “da € L*(Q). (3.12)

Indeed, (3.12) clearly holds when ¢; > 0. If ¢; = 0 and 0 < a < 1 then, by Lemma 2.7 there ex-
ists a positive constant ¢, independent of j, such that (u]- +8]-) do = u].”"dg < cd%l -
€ L?(Q). Ifgg =0and 1 < a < 3 then, by Lemma 2.11, we have (uj—I—s]-)*“dQ =

_
M;“dQ < cd}2 ¢ for some positive constant ¢ independent of j, and, since 1 < a < 3,
_ 2
we have 1 — % > —1, and so d}) ¢ € [2(Q)). Therefore (3.12) holds for all j. We next
prove that, for ¢ € H} (Q) and for all j, a (1 0u;) (u;+¢;) * ¢ € L' () and that the map
¢ — [oa(p1ou;) (uj+¢) " ¢ is continuous on Hf (Q2). Indeed, from (3.12) and the Hardy

inequality, we have, for some positive constant c,

- - %
[ Jetrom) (w+e) o] < el [ (r+2) " da dn\
<c||(w+e) “da| IVl
Then, by the Riesz theorem, there exists a weak solution zj € Hé (Q)) to (3.11), and, by the

weak maximum principle, z; > 0 a.e. in Q). Since u; > w; in (), from (3.8) and (3.11) we have

{—A (Z] - w]) S 0 inQ) (313)

Zj—w]‘:() OnaQ,
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and so z; < w; in Q. Also, z; > 0, and w; < @ in Q. Thus SupjeN szHoo < ||@]| o < o°. Now,
uj > cdg in Q for some positive constant ¢ independent of j, and then, for any domain
such that O C Q, a (p1ou;) (uj+¢) " € L®(QY). Using that z; € L* (), and the inner
elliptic estimates, we conclude that z; € C (Q). Since 0 < zi <wjand w; € C (ﬁ), then z; is
continuous on dQ) and so z; € C (Q)). Now,

—A(uj—zj) =0+ f (A uj—zj+2) (p20w) nQ, (3.14)
Ll]'—Z]' =0 onBQ,

with 6; € L* () defined by

0 (x) := a (x) 2 (1 () (u (¥) +5) "+ F (A, 0,0 (x) 1 (1 (x))
Let ﬁj := u; — zj. Since u; > w; > z; in (), we have L~l]' > 0in (). Forj € N let g; : Q) x [0,00) —
R be defined by g; (x,s) := f (Aj,x,5+2zj(x)) 2 (s +zj(x)). Thus &, is a weak solution in
H} (Q) N L® (Q) of the problem

—ALNl]' = 9]' +gj (-, I/NIJ') in ),
uj=0 ondQ, (3.15)

Note that 6; + g; (-, ;) is nonnegative and belongs to L' (Q). We claim that, for j large enough,
0j+gj (1) #0 inQ. (3.16)

To prove our claim we proceed by contradiction. Taking a subsequence if necessary, we can
assume that 6; + g;j (-, ;) = 0in Q for all j. Then, for all j, (3.15) gives i#; = 0 in (), and so
uj = zj. Also,

0;+8; (1)) =a(y2ouy) (uj+e) "+ f (A ) (Yrow) + £ (A ) (Y2 01y)
=a(p2ouy) (u+e) "+ f (A u),

therefore 6; + g; (-, ;) = 0 implies f (Aj,-,u;) = 0in Q. Let P; € Q be such that u; (P;) =
|4j|.- Then f (Aj, Pj,u; (P;)) = 0 for any j. Taking a further subsequence we can assume
that lim;_,,, Pj = P for some P € Q. Also im e Aj = A > Ag, and lim_,c, j (Pj) = 0. Then,
from the uniform convergence in H5), we get lim;_,, ; (P;) P (Aj, P, uj (P;)) =h(A,P) >0,
which contradicts that f (A;,-,u;) = 0 for all j. Thus (3.16) holds.

From (3.16), (3.15), and the Hopf maximum principle in Remark 2.1 ii), we conclude that
i; > 0in Q.

Finally, observe that, since supp (¢1) C (—o0,2) and 0 < ¢; < 1, then the support of i1 o u;
is included in {x € Q:u;(x) < 2}. Thus, for all j, ||6;||, < [|alle +5UP 1) aixz f- Also,
noting that

gi(x,8) = f(Aj,s+2z(x) P2 (s +z (x)),
that z; € C (Q), and that f and ¢, are continuos, we conclude that g € C (Q x [0,00)). Since
P» =1 on [2,00), taking into account that A < A%, and the uniform convergence in H5), we
get limg 005778 (x,5) = h (A, x) uniformly on j and x € Q). Then the families © := {Qf}jelN ,
and G := { g]-}]. o Satisfy the assumptions of Lemma 3.2, and so {ﬁj}j N is bounded in
L® (Q). Since Supjen HZ]'HOO < oo, and u; = u; + zj, we conclude that SUpjeN H”]'Hoo < oo,
contradiction.
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4 Proofs of the main results

We assume for the whole section that H1)-H5) of Theorem 1.1 hold. Let
P:={eC(Q):7>0inQ}, 4.1)

and for e > 0, let T; : [0,00) x P — C (Q) be defined by

Te (A, 8) :=Se (f (A, T+ 5:(0))) — S (0). (4.2)

Since 0 < f € C([0,00) x Q) x [0,00)) and, since by Lemma 2.10, S; (0) € C (Q)) then, for
g € Pwehave 0 < f(A,-,0+5:(0)) € L*(Q), therefore the definition of T, (A,{) makes
sense. Moreover, since f > 0, Lemma 2.14 i) gives T; (A, () € P.

Remark 4.1. Observe that, for e > 0, { € P, and A > 0, we have T; (A,{) = ( if and only if
Se(f(A,-,0+5S6(0))) =T+ Se(0); ie., if and only if w := { + S, (0) is a weak solution of (3.6).

Lemma 4.2. Foranye >0, T, : [0,00) x P — C (5) is a continuous and compact map.

Proof. The map (A,{) — f(A,-,{+S¢(0)) is continuous from [0,00) x C (Q) into C (Q)),
therefore the continuity of T; follows from Lemma 2.14. The compactness of T; is also given
by Lemma 2.14, by observing that if {(A;, ;) }]. < 18 a bounded sequence in [0,00) x C (Q0),

then {f (A;,-,{j+5(0)) }].E]N is bounded in C (Q). O
Lemma 4.3. For any € > 0 the following statements hold:

i) T (0,0) = 0.

i) If0< ¢ € C(Q)andif T, (0,0) =, then { = 0.

iii) There exists p > 0 such that, ifu € {{ € C(Q) :{ > 0and |||, =p} and ¢ € (1,00), then
Te (0,u) # ou.

Proof. i) is immediate from the definition of T,. If 0 < ¢ € C (Q) and T; (0,{) =  then, as
observed in Remark 4.1, w :=  + S, (0) is a solution of —Aw = a (w +¢) " in Q, w = 0 on I
and, by Lemmas 2.6 and 2.12, the unique solution to this problem is S, (0). Thus { = 0, and
so ii) holds. Finally, iii) follows from the fact that T; (0, u) = 0 for all nonnegative u € C (Q).
Let us recall the following result from [1]. O

Remark 4.4 ([1, Theorem 1.17]). Let E be an ordered Banach space, let P := {{ € E: { > 0})
be its positive cone, and let T : [0,00) X P — P be a continuous and compact map. Suppose
that T (0,0) = 0, and that zero is the only fixed point of T (0,-). Suppose, in addition, that
there exists a positive number p such that T (0,{) # o¢ forall { € S := {{ € P: ||z = p}
and all ¢ > 1. Then the set X := {(A,{) € [0,00) x P: T (A,{) = {} includes an unbounded
subcontinuum subset (i.e. an unbounded closed and connected subset) that contains (0, 0).

For € > 0, let X, be defined by
Lo :={(A{) €[0,00) x P: T: (A, 0) = C}. (4.3)

Lemma 4.5. For any € > 0, ¥, includes an unbounded closed connected subset Cyx,_ that contains
(0,0).
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Proof. Follows from Remark 4.4 and Lemmas 4.2 and 4.3. O
Lemma 4.6. Let € > 0, and let Cy, be the set given by Lemma 4.5. Then:

i) there exists A* € (0, 00) such that mt (L) C [0, A*];

ii) there exists As € (0,00) such that [0, A;) C 11 (Cx,) C [0, A,
iii) [0, Ag) C 1 () if e > 0.

Proof. Let e > 0 and (A, () € L. Let A* be as given by Lemma 3.3. Then A < A*, and so i)
holds with A* = A*,

To prove ii) observe that, from i), 711 (Cx,) is a bounded and connected subset of R. If
(0,0) € Cy, then, by Lemma 4.3 ii), { = 0. Since, by Corollary 3.5, Cy, is unbounded, we get
that 71 (Cx,) # {0}. Also, (0,0) € Cx,, and so 0 € 711 (Cyx,). Since 711 (Cx,) # {0} and 1 (Cyx,)
is a bounded and connected subset of IR, ii) follows.

To see iii), consider A € [0,A¢). By ii) there exists a weak solution € H} (Q0) N C (Q)
to the problem —Au = au *+ f(A,-,u) in Q, 4 = 0 on 0Q), u > 0 in Q. Then —Au >
a(@+e) "+ f(A,u) in Qand, since # = S (f (A, -, %)), by Lemma 2.6 there exists a positive
constant ¢ such that u > cdg in Q. For 6 € (0,1) to be determined later, let z be the weak
solution (given e.g., by Lemma 2.6 applied with a replaced by da) to the problem —Az =
Sa(z+1)"inQ,z=00n0d0, z > 0in Q. Thus —Az < éa in (), and so there exists a
positive constant c, independent of §, such that z < c'ddg in Q). Then —Az = da (z + 1)_“ >
ba(c'ddq +1)"" > ba(c diam (Q) + 1) “in O, and so z > § (¢’ diam (Q) +1) " (=A) ' (a).
Then there exists a positive constant ¢”” independent of é such z > ¢"édq in Q. Also, —Az =
ba(z+1)" <a(z+e) " <a(z+e) "+ f(A,-9z) in Q. Now we take small enough such
c’6 < c. Then z < 'ddq < cdn < 1. Thus [18, Theorem 4.9] gives a weak solution u to the
problem —Au = a(u+e¢e) "+ f(A,-,u)in Q, u = 0 on dQ, u > 0 in O, which satisfies z <
u <. Thenu =S (f (A,-,u)), and so, by Lemma 2.8, u € C (Q)). Since —Au > a(u+e) "
in Q, u =00n9dQ, u > 0in ), and since v := S, (0) satisfies —Av =a(v+¢) “inQ,v=0
on 90}, v > 0 in (), the comparison principle in Remark 2.4 gives u > v in Q). Then u > S, (0)
in Q. Thus  :==u — S, (0) € P and, by Remark 4.1, (A,{) € Z. O

Lemma 4.7. Let A be as given by Lemma 4.6 ii). Then, for any o > ||So(0)||.,, there exists
A¢ € (0, Ag) such that ||C||, # o whenever 0 < A < Ay, e € [0,1],and (A, Q) € Z..

Proof. To prove the lemma we proceed by contradiction. Assume that such a A, does not
exist. Then, for j large enough, there exist A; € [0,1], ¢; € [0,1], and a function {; € P,
such that lim; . Aj = 0, (A,{j) € ¥ and |Zi]|, = o. Taking a subsequence if necessary,
we can assume that lim; , ¢; = € for some € € [0,1]. Let w; := {; + S, (0). Then w; €
C(Q), and [|wj, <[]l +[Se; (0) [l < o+ IS0 (0)lls = M, and so [|f (4, - )|, <
max y), oy jo,m) f- Thus {f (A, - wj) }jeN is bounded in L* (Q2). Also, by Remark 4.1, w; is
a weak solution of —Aw; = a (wj+¢;) T f (Aj, -, wj) in Q, wj = 0 on 9Q), and so w; =
S, (f (Aj,-,wj)). Thus, by Lemma 2.13, {w]-}jeN is bounded in H} (Q2). Then there exists
w € H}(Q), and a subsequence {wjk}k <y such that {wjk}k oy converges to w strongly in
L% (Q), and {Vw; }, <y converges weakly to Vw in L?(Q,R"). Taking a subsequence if
necessary, we can assume that {w;, }, _,; converges to w a.e. in Q. Thus {f (A;, -, w;,) }J.GN is a
bounded sequence in L® (Q2) and converges pointwise to f (0, -, w) in Q). Then, by Lemma 2.14
iii), {Se; (f (Ajrwj,)) }en converges to S (f (0,,w)) in C (Q) , i-e., {wj, } o converges to
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Se (0) in C (Q). Then w = S¢(0), and so |[w|,, = limy_e ||wj, ||, > limy_e ||,
|1S0 (0)]|  ; which contradicts that w = Sz (0) < Sy (0).

=0 >

HOO

Lemma 4.8. Let Ag > 0, let {A]-}].E]N be a sequence in [Ag,00), and let {e]-}jeN be a sequence in
[0,1]. For j € N, let wj € H} (Q) N L™ (Q) be a weak solution of

—Aw;j = a (w; + ¢;) 4 f (Aj, - wj)  inQ,
w;=0 on 0Q),
w; >0 in Q.

Then:
i) {w]-}].eN is bounded in H} (Q));

ii) if {wj, },_p is a subsequence of{wj}je]N that converges weakly in H} (Q)) to some w € H} (Q) N
L®(Q), and if, in addition, limy_ Aj, = A and limy_,¢;, = € for some e € [0,1] and
A € [Ag,00), then w is a weak solution to (3.6) and there exists a positive constant c such that
w > cdn in Q.

Proof. Let c), be as given by Lemma 3.4. Then ||wj||_, < c),, which implies ||f (Aj, -, w;)|| <
SUP [0 A% 2% [0.cr, f, with A* given by Lemma 4.6 i). Since w; = Se; (f (Aj,-,wj)), Lemma 2.13
gives that {wj}].e]N is bounded in H} (Q).

Now suppose that {wj, }, . is a subsequence such that, for some w € Hj (Q), {wj, },
converges to w strongly in L?(Q) and {Vwj },_, converges to Vw weakly in L* (O, R").
Suppose also that limy_,,, Aj, = A and limy_, €, = €. Taking a further subsequence if neces-
sary, we can assume that {wjk}keN converges to w a.e. in Q. Now, wj, = S, (f (Ajor - wj))
and then, by Lemma 2.7, w; > cdq in Q) for some positive constant independent of k.
Thus w > cdg in Q. Note that {f (A, -,wjk)}ke]N is a bounded sequence in L® (Q) that
converges pointwise to f (A,-,w). Then, by Lemma 2.14 iv), {Sg].k (f (Ajor - wj)) }keN con-
verges to S (f (A,-,w)) in C (Q), ie, {wj }, converges to S (f (A,-,w)) in C(Q). Thus
w =S (f (A, -,w)),ie., wsolves (3.6). Finally, Lemma 2.7 says that, for some positive constant
¢, w > cdain Q. O

Proof of Theorem 1.1. Let A := sup {A > 0: (A,{) € X for some { € P }, and let Ag be given
by Lemma 4.6 ii). Thus Ag > 0 and, for any A € [0,Ag), there exists { € P such that
(A, Q) € Xo; and the function w; := 4 Sp (0) is a positive weak solution of (1.1) that belongs
to H} (Q) N L® (Q). Moreover, w; € C(Q) and, for some positive constant ¢, w; > cdq
in Q. Also, A > Ag > 0 and clearly, if (1.1) has a solution u € H} (Q) N L* (Q), then
A < A. Consider a sequence {(/\j, éj) }]. en © ¥y such that lim; ., A; = A, and a sequence
{8]~}].E]N C (0,1] such that limj , €; = 0. Let w; := {j + So (0). Then w; € Hj (Q) N L™ (Q)
and wj is a solution of (1.1) for A = A;. Thus w; is a supersolution to the following nonsingular
problem

—Az=ua(z +ej)7“ +f(Aj,-,2z) inQ,

z=0 onodQ, (44)

z>0 inQ.

Clearly v; := Se; (0) is a subsolution of (4.4) and, by Lemma 2.3, Ve, < wj in Q. Thus, by
[18, Theorem 4.9], there exists a weak solution u; € Hj (Q)) of (4.4) such that v; < u; < w;
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in Q. Since 0 < u; < w; we have also 1#; € L* (Q)). Then, by Lemma 4.8 i), {uj}].eN is
bounded in Hj (Q). Thus there exists a subsequence {u),}, ., and w € Hg (Q), such that
{1, }rep cONVerges weakly in Hj (Q) and a.e. in Q to w € Hj (Q). Also, A; > JA for j large
enough, and so, for such j, Lemma 3.4 gives ||u;|| < E%A. Then ||w||,, < E%A and so, w €
H} (Q) N L™ (Q). Now, by Lemma 4.8 ii), w is a weak solution of —Aw = aw™* + f (A, -, w) in
O, w=0o0nd), w>0in (), and, for some positive constant c, it satisfies w > cdq in Q).

Let {v]-}]. oy and {8]'}]. . be as above, and let A € [0,A); then w is a supersolution of
(4.4). Clearly v; is a subsolution to (4.4). Also, by Lemma 2.14 i), w = So (f (A, -, w)) >
Se; (f (A,-,w)) > Se; (0) = v; and so, by [18, Theorem 4.9], there exists a solution i; € H& (Q)
to problem (4.4) such that v; < #; < w. Thus #; € H} () N L* (Q), and by Lemma 3.4,
||, < €\ for all j. By Lemma 4.8 i), {ﬁf}jeN is bounded in H} (Q). Thus there exists a
subsequence {ij, }, ., and @ € Hj (Q), such that {ij, }, _\, converges weakly in Hj (Q0),
and a.e. in Q, to @ € H} (Q), which satisfies |||/, < ¢. Thus, by Lemma 4.8 ii), @ is a weak
solution to the problem —Aw = aw *+ f(A,-, @) in O, w = 0 on 9Q), @ > 0 in Q). Finally,
if u € Hé () NL*® (Q) is a weak solution of (1.1) then, by Lemmas 2.7 and 2.11, u > cdq in

2
Qif0<a<1andu > cdy" in Qif 1 < a < 3; in both cases with ¢ a positive constant
independent of A and u. O

Lemma 4.9. Let o > ||So (0)||,, and let A, be as in Lemma 4.7. Then A¢ > A, for any € € [0, 1].

oo

Proof. By way of contradiction, suppose that A < A, for some ¢ € [0,1]. Then for each
(A,) € Cs, we have A < A, and so, by Lemma 4.7, |||, # 0. Also, A < A* +1, with A*
given by Lemma 4.6 i). Let

Uy :={(AQ) € [0,A*+1) x P: ||l <},
U :={(A,Q) € [0,A"+1) xP: |||, >0}
Note that U; and U, are disjoint open subsets of [0,c0) x P, and that Cy, C U; U U,. As Cy,

is unbounded, Cs, N U, is nonempty. Also (0,0) € Cx, N Uj, therefore Cx, N U; is nonempty.
Contradiction, since Cyx, is connected. O

Lemma 4.10. For each Ay > 0 there exists cy, > 0 such that |||, < c, whenever A > Ay and

(/\, g) € 2.
Proof. (A,0) € X if and only if u := { + Sy (0) is a solution of (1.1). Since ||C||, < ||u|l. +
IS0 (0)]| o , the lemma follows from Lemma 3.4. O

Lemma 4.11. Let o > ||Sp (0)||., , and let A, be given by Lemma 4.7. Then, for each A € (0,A,), the
set {(A, ) € o :0 < A < A} is an unbounded subset of [0,00) x P.

Proof. Suppose for the sake of contradiction, that for some A € (0, A,) there exists M > 0 such
that [|{||,, < M whenever (A,{) € £pand 0 < A < A. Let ¢y be as given by Lemma 4.11. Then
Cs, C [0,A*] x {T € P:|C|lo < M+ cy}, which contradicts the fact that Cy, is unbounded.

O

Proof of Theorem 1.2. Let o > ||So (0)||, and let A, be as given by Lemma 4.7. Let A* :=
min{Ao, A, } and, for each A € (0,Ay), let c, be as given by Lemma 4.11. We claim that,
for 0 < A < A*, problem (1.1) has at least two weak solutions in P. To see this we proceed
by contradiction. Suppose, by way of contradiction, that for some A* € (0,A*) problem
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(1.1) has a unique solution u,s in P (at least one solution exists because A* < Ap). Now,
uye = So (f (A*,-,uy#)) and so, by Lemma 2.14 i), uys > So (0). Let {j# := uys — Sp (0); clearly
{a+ € P and, by Remark 4.1, (A*,Z)4) € . Also, if (A*,{) € X for some { € P, then { = {».
Now, by Lemma 4.7, ||C#|, # 0; Then either ||{x#||, < o or ||Cr#| > O

If ||{#]|, < o, consider the disjoint open sets V; and V; in IR? defined by

oo

Vi={(Mt)eR*:A< A and t >0}
and V; := Vo1 U Vi U Vo3 where

Vo= {(Mt) ER*:A> A and t < s+ 0},
Voo = {()\#,t) E]Rzit<0'},
Vs i={(Mt) eR*: A< A and t <o},

and let U; and U, be the two disjoint open sets in [0,00) x P defined, for i = 1,2, by U; :=
{(7A,0) €0,00) x P: (A, ]|C|lo) € Vi}. Let (A,0) € Cs,. If A > A* then, by Lemma 4.11,
1]l < car, and so (A, ||¢]l) € Va1- Then (A, Q) € Up. If A = A* then { = {,+, and so ||C]|, =
12x#lo < 0. Thus (A, ||¢]l) € Va2, which implies (A, ) € Up. If A < A* then, by Lemma 4.7,
il # . 16112, <  then (A, [I¢]l,) € Vaz, and s0 (A,8) € Up. It [Z], > o then (4, [¢]l) €
V1, which gives (A,{) € U;. Then Cy, C U3 UU,. Also, (0,0) € Cg, N Uy, and so Cs, N Uz
is nonempty. On the other hand, Cs, N U, C {()\, J): A€ [0, A#} and ||C]| < cy# + (7} , which
is bounded in [0,00) x P. Since Cy, is unbounded and Cys, C U; U Uy, we conclude that also
Cs, N Uj is nonempty, contradicting that Cy, is a connected set.

When ||Cy#||o, > 0 we consider the disjoint open sets Vi and V; in R? defined by V; := Va3
and V5 := Vo U Vo U V23, with V51 and V53 defined as above, and

Vi = {(A"t) eR*:o<t<cu+o},
Vs :i={(M,t) eR*: A < Afand t > 0} .

Fori = 1,2, let U; := {(A,{) € [0,00) x P : (A,||{]lo) € Vi}. Thus U; and U, are open
and disjoint sets in [0,00) x P. Let (A,{) € Cg,. If A > A* then, as before, (A, ||||) € Va1,
and so (A,() € Up. If A = A* then { = {4, and so ||{]|,, > o, also ||{]|, < cy+, and thus
(A, |1€]l) € Vaz, which implies (A,{) € Uy. If A < A* then, either |||, < o, or ¢l > 0 If
I¢]lc < o then (A,[[{]|,) € V23, and s0 (4,8) € uy. If 1€l > o then (A, [[]l) € Va3 which
gives (A, () € U,. Then Cy, C Uy U Uy. Also, (0,0) € Cg, N U, and so Cs, N Uy is nonempty.
On the other hand, Cy, N fll is bounded in [0,00) x P, and then, since Cs, is unbounded,
Cs, N Uy is nonempty, contradicting that Cyx, is connected.

The assertion that A = 0 is a bifurcation point from co for (1.1), follows from the fact that,
by Lemma 4.11, for any j € IN, there exists (A, ;) € o such that A; <3 L and 1], =/ O

Proof of Theorem 1.3. A direct inspection shows that, in each case, the corresponding function
f (A, -, s) satisfies the hypothesis of Theorems 1.1 and 1.2. O
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