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Abstract. In this paper, the authors present some new results on the oscillatory and
asymptotic behavior of solutions of the perturbed nonlinear third order functional dif-
ferential equation

(b(6) ()& (1)) + PO () = hlt, x(2), x(x(6)), (1),

In addition to other conditions, the authors assume that uf () > 0 for u # 0 and f is
increasing. Examples to illustrate the results are included.
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1 Introduction

We consider the third order nonlinear functional differential equation with a perturbation
term

(b(6) (a(O) (' (6))") + p(e)F (e(T(8))) = hlt, x(1), x(x(1)), %' (1)), (L.1)
where « > 1 is the ratio of odd positive integers, and we assume:

(H1) a,b, p, T € C([tp, o)) are positive;

(H2) f:R—Randh: [f,0) X R x R x R — R are continuous, uf(u) > 0 for u # 0, and f
is nondecreasing;

(H3) f(uv) > f(u)f(v) for uv > 0;

(H4) t(t) < tand lim;_, 7(t) = oo.

™ Corresponding author. Email: John-Graef@utc.edu


https://doi.org/10.14232/ejqtde.2018.1.21
https://www.math.u-szeged.hu/ejqtde/

2 S. R. Grace and ]. R. Graef

By a solution of (1.1) we mean a function x(t) whose quasi-derivatives a(t)(x'(t))* and
(a(t)(x'(t))*)" are continuous on [Ty, ), Ty > to, and which satisfies Eq. (1.1) on [Ty, c0). We
consider only those solutions x(t) of (1.1) that satisfy sup {|x(¢)| : t > T} > 0 for all T > Ty.
A solution of (1.1) is said to be oscillatory if it has arbitrarily large zeros, and nonoscillatory
otherwise. Equation (1.1) is said to be oscillatory if all its solutions are oscillatory.

In two very nice papers Baculikovd and DZurina studied the oscillatory and asymptotic
behavior of solutions of some third order nonlinear delay differential equations. In [1], they
considered the equation

(b(6)(x"(£)")" + p(t)f(x(z(t)) = 0

under the same covering assumptions as those above and assumed that

/ 1 —ds = o
fo b(S)E

In [2], they considered the equation

o 1 o 1
/to b = > /to = (1.2)

and

/t:o a(lt) /oob(ls) /sooq(u)duds < oo. (1.3)

They employed a new technique to obtain some interesting results on the oscillatory and
asymptotic behavior of solutions (see [2, Theorem 2.1]). They obtained another oscillation
result (see [2, Theorem 2.6]) by replacing condition (1.3) with

© 1 t 1 s
/to 0] /to (s /to q(u)dudsdt < oo. (1.4)

Notice that condition (1.3) implies that g is small in that we must have

[ee]

/ g(u)du < oo and

to to

b(ls) /sooq(u)duds < oo.

Condition (1.4) requires g to be small is some sense relative to b and a.

Our goal here is to establish oscillation results for equation (1.1) without imposing a
“smallness” condition on the perturbation term. We also present some results on the bound-
edness and oscillatory behavior of a special case of (1.1), namely,

(b(6) () (' (1)) )+ P2 (8) = e(t) + ()27 (@), (15)

where B and <y are the ratios of odd positive integers with § > o and e : [tp,0) — R is a
continuous function. As was done in [1,2], we will use a comparison approach.
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2 Oscillation of equation (1.1)

We assume that there exists a positive continuous function g : [ty, c0) — R™ such that
H5) |kt u,0,w)| < q(t)f(v) for all (t,u,v,w) € [ty,00) x R X R x R.

For any t; > t(, we set

T(t) 1 u 1 1/a
I(t;t :/ /d) du. 2.1
= (i, ) .
We also assume that there are functions ¢, 7 € C[ty, o) satisfying
T(t) < E(t) <n(t) <t foralllarget, (2.2)
and set .
a1 ON| “
v = ([ o) ([ ke 25
0= (L we) (o s 23
and
Q(t) = p(t) —q(t). (2.4)
In some of our results we will also ask that
OOLds—oo and /001ds—oo (2.5)
w BE) w ale (s T |

Our first oscillation result is contained in the following theorem.

Theorem 2.1. Let Q(t) > 0 for large t, conditions (H1)—(H5), (2.2), and (2.5) hold, and assume that
all solutions of the first order delay differential equations

y' () + Q) FUIN) f(y/*(x(t)) = 0 (2.6)

and
Z(8) + QI (D) f(Z* (5 (1)) =0 2.7)
are oscillatory. Then equation (1.1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of equation (1.1). Without loss of generality we
may assume that x(#) and x(7(t)) are positive and condition (2.2) holds for t > t; for some
t1 > to. If x(t) is eventually negative, a similar proof holds. From our assumptions and
equation (1.1), we see that

() (e (' (1)")') < —QUOF(x(x(1))) <0, 28)

forallt > t;.
It is easy to see that we need to consider the following two cases:

@ a(t)(x'(£)* > 0 and b(t) (a(t)(x'(£))*) > 0, or

(1) a(t)(x'(£))* < 0 and b(t) (a(t)(x'(£))*) > 0
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for t > t, for some t, > t1. We will first examine Case (I). For t > f,, we see that

P2 [t (OO 82 ([ 55 ) b0 0

’ 1/«

v () > (3) s )ds)w (b(0) (e (' ()

Integrating this inequality from f, to T(t) > t,, we have

x(T(t)) > (/t:(t) <a(1u) : b(ls)ds> o du) <b(t> (Ll(l‘)(xl<t))a),>1/0é

= I(t; 1)y (1), 2.9)
where y(t) = b(t) (a(t)(x'(t))*)". Using (2.9) in (2.8) and applying (H3), we obtain
y'(H) + QM fUM)f(y /" (x(1)) <O fort >t

It follows from [11, Corollary 1] that the corresponding differential equation (2.6) also has a
positive solution. This contradiction completes the proof for Case (I).
For Case (I), it is easy to see that
(t)

e @O > ([ s ) o) (aln () ()

() 1
_ < /C B (S)ds) 2(n(1)), (2.10)
for t > tp, where z(t) = b(t) (a(t)(x'())%)".

nal/a
Now x' = [@} = ull/a [a(x")*]"/* so integrating for v > u > t,, we have

or

v 1

x(v) — x(u) = / ) [a(s) (x'())%] /" ds,

u

or
4

¥(w) = x(0) = [ ey (A (5] ds = al/i(s)ds [—a(0) (x'(0))*] " ds.

Hence,

w0 = ([ ) (- (@@

Setting 1 = 7(t) and v = §(f) in the above inequality, we obtain
¢ 1 , o 1/a
we0) = ([ ) (- @@ @0 @)
From (2.10) and (2.11) we see that
AONS 101 N\ o m

x(x()) > < L, /()d> ( [ b<s)d5> () = PO 1) @12)

Using (2.12) in equation (2.8), we have
2'(1) + Q) F(I" (1) F(Z/*(5(1))) < 0.

It folows from [11, Corollary 1] that the corresponding differential equation (2.7) also has a
positive solution, which is a contradiction. This completes the proof of the theorem. O
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The next two corollaries follow immediately from known oscillation criteria for first order
delay differential equations; fo example, see [9, Theorem 2].

Corollary 2.2. Let f(x) = x%, Q(t) > 0 for all large t, and conditions (H1), (H4), (2.2), and (2.5)
hold. If

lim inf t Q(s)l"‘(s)ds>1 and liminf t Q(s) (I*(s))“ds>%, (2.13)

t—ro0 T(t) e t—ro0 n(t)

then equation (1.1) is oscillatory.

Corollary 2.3. Let f(x) = xf, B/a € (0,1), Q(t) > 0 for all large t, and conditions (H1), (H4),
(2.2), and (2.5) hold. If

t t
lim sup Q(s)IP(s)ds >0 and limsup Q(s) (I*(s))P ds > 0, (2.14)
t—o0 (t) t—o0 n(t)
then equation (1.1) is oscillatory.
The following example illustrates the above results.

Example 2.4. Consider the equation

(t P OP)) +pOx ) = g(1) i x;‘;}gt)){ﬁ)‘x, oy =zl e

Here a(t) = 13, b(t) = t, T(t) = A1t, &(
Bt x(8), x(T(), %' (1) = q(t) s
t

(
positive continuous functions with Q(

At u 1/3
I(t;l):/1 1 <ul3/ 1ds> du:%(ln/\lt)yg’

Aot 1 Ast 1 1/3 AZ /\3 1/3
I* () = / 24 / d> <1 ><1 ) .
®) <A1tss><AztSS M Ao

If both of the equations
Yy (1) + QP (Hy(Mt) =0

t) = Aot and 77(t) = Ast, where 0 < A < A, < A3 <1,
S f(x) = x% and & = 3. Let p(t) and 4(t) be
) = p(t) — q(t) positive for all large t. Now,

and

and
2(6) + Q(1) (I"(1))’ 2(Ast) = 0
are oscillatory, then equation (2.15) is oscillatory.
Instead of condition (2.2), we assume that there exists a function p(t) € C!([ty, o)) satisfy-
ing
(5 >0, p(t) >t wlt) = plo((H) <t, 2.16)

1**(t>_/p<r<t))( 1 /p<u> 1 d)“”‘d .
_.T(t) a(u) Ju b(s) ’ . '

We can then obtain the following theorem.

and we set
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Theorem 2.5. Let Q(t) > 0 for large t, conditions (H1)-(H5), (2.5), and (2.16) hold. If all solutions
of equations (2.6) and

2'(8) + Q) f(I™ () f(2!/*(w(t))) = 0 (2.18)

are oscillatory, then equation (1.1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of equation (1.1) such that x(¢) and x(t(t)) are
positive and condition (2.16) holds for t > t; for some t; > t;. Proceeding as in the proof
of Theorem 2.1 we again obtain (2.8). The proof for Case (I) holding is similar to that of
Theorem 2.1 and hence is omitted.

If Case (II) holds, it is easy to see that

_ ( /t o b(ls)ds> 2(0(H)), (2.19)

where z(t) = b(t) (a(t)(x'(t))*)'. Dividing by a(t) and integrating from 7(t) to p(t(t)), we

obtain
e (z(p(u)\ Y [ e 1\
X(T(t))z/ru) < a(u) ) </u b(S)ds> au
> I (1) *(w(t))), (2.20)

for all large t. Using (2.20) in (2.8) and proceeding as in the proof of Case (II) in Theorem 2.1,
we arrive at the desired contradiction. This completes the proof of the theorem. O

To illustrate this result we have the following example.

Example 2.6. Consider Example 2.4 with p(t) = 6t and 6 > 1. Now w(t) = 6?A;t and

OAqt ou 1/3 0At 1/3
I"(t) :/ 1 <13/ 1ds> du:/ vl <ln€u> du = (In6)*3.
At u u S At u u
If 02)1t < 1 and the equations
y' () + QP (Hy(Mt) =0

and
2/(1) + Q1) (In6)* z(w(t)) = 0

are oscillatory, then equation (2.15) is oscillatory by Theorem 2.5.

3 Boundedness and oscillation of equation (1.5)

In order to obtain our results in this section, we need the following lemma.
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Lemma 3.1 (Young’s inequality). Let X and Y be nonnegative, n > 1, and 1/n+1/m = 1. Then

XY < %X” + %Y’”, (3.1)

and equality holds if and only if Y = X"~ L.

Theorem 3.2. In addition to condition (H1), assume that

oo 1 o] 1 o] 1 u g L
- L 1 i~ v |
to b(s)ds =% /tO al/a(s)ds = to b(u) /to 1 7(5)]97 (S)deu <, (3 2)
and .
dsdu < co. 33
fo b( ) J; \ e(s)] (3.3)

Then every nonoscillatory solution of equation (1.5) is bounded.
Proof. Let x(t) be a nonoscillatory solution of equation (1.5) such that x(f) > 0 for t > t; for
some t; > ty. Applying (3.1) to [q(s)x7(s) — p(s)xP(s)] with

_F _ _ (19N g o= B
n—7>1, X(s) = x7(s), Y_ﬁ<p(s)>' d m —

we obtain

VAN
AN R ™R RI™
=
=
S
}.<
3

) a0 0 64)

From equation (1.5) we then have

(b0 e ))') < e+ (B2 [Faw)] " o007 =lecwl + ear (0770,

B
where c = (lg%) (%) o Integrating this inequality from ¢#; to t gives

(a(t)(x' (H)")' < / e(s)] ds + - / g7 (5)p 7 (s)ds,
where ¢ = b(t7) (a(tl)(x/(tl))“)/. Another integration yields

4

a(B) (2 ()" < cz+c1/tb(15>ds+c/ /q P () dsdu

+/t:b(1u)/tlu\e(s)\dsdu,
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where ¢; = a(t1)(x'(#1))*. From condition (3.2) and (3.3), there exists a constant C such that

0 < <a(ct)>1/a‘

Integrating this inequality from t; to t and using condition (3.2), we arrive at the desired
conclusion. 0

The following result is concerned with the oscillation of equation (1.5).

Theorem 3.3. If

1

(] 1 [ee] 1 u 1 o
/to a%(s)ds < 0, /to [a()/ b(s)ds} du < oo, (3.5)
IR R "
/to [a(v) /to b(u)/to gF(s)prF(s )dsdu] dov < oo, (3.6)
t 1
. . 1 v u @
l1¥gg1ft [a(v) /to b(u)/to e(s)dsdu} dv = —o0, (3.7)
and t 1
) 1 v 1 u C
hrtrLsoLlp [u(v) /to b(u)/to e(s)dsdu] dv = oo, (3.8)

to

then equation (1.5) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of equation (1.5), say x(t) > 0 for t > t; > t.
Proceeding as in the proof of Theorem 3.2, we obtain

—

i

(b (@O (1)) < e(t) + (’H) gq(t)] )
= o(t) + cqP T (1)pTR (1),

i
where ¢ = (@) (%) i Integrating this inequality from t; to ¢, we obtain

€1 t

<5y a0, O+ [T O T

—
2
—~
~~
~—
—~
=

~
—~
—~~
~—
v
v

where ¢; = b(ty) (a(t1)(x'(t1))")". Integrating one more time, we have

1 1 uoop v | u
!/ [ < _ B— —B 7/ d d
a(t) (¥ (£)* <cr4 1 e )ds—l—c/t1 b s qF7 (s)p7F (s)dsdu + L 5w o e(s)dsdu,

where ¢; = a(ty)(x'(t1))*.
Dividing by a(t) gives

O < g s a o [, O s

1

+ a(lt)/t:b(lu)/tlue(s)dsdu}a.
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Using the fact that (« +v)? < u? 4+ 07 for u, v > 0 and 0 < v < 1, and integrating again, we
have

x(t) < x(t) + tlt [QZ)] : ds + /tlt LEL) /: b(ls)ds] : du

. (i s [ o] o | o [ ]

1

Taking liminf of both sides of the above inequality as t — oo and applying conditions
(3.5)-(3.7), we obtain a contradiction to x(t) being a positive solution. The proof in case x(t)
is eventually negative is similar. O

The following examples illustrate the above results.

Example 3.4. Consider the equation

(0 @ ®P)) + 250 = 520, 1>1 (39)

All conditions of Theorem 3.2 are satisfied with e(t) = 0 and so every nonoscillatory solution
of (3.9) is bounded. One such solution is x(t) = 1/t.

Example 3.5. Consider the equation

AN 1 :
<t3 (t4(x’(t))3> ) +27() = X (1) + P sint. (3.10)
It is easy to check that all the hypotheses of Theorem 3.3 are satisfied and hence all solutions
of (3.10) are oscillatory.

Concluding Remarks. With suitable care, the nonlinearity (x')* in equation (1.1) can be
replaced with |x/|*sgn(x’). There do not appear to be any criteria to ensure the nonoscillation
of all solutions of equation (1.1). This would be an interesting topic to explore.
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