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Abstract

The existence of ovals and hyperovals is an old question in the theory of non-
Desarguesian planes. The aim of this paper is to describe when a conic of
PG(2, q) remains an arc in the Hall plane obtained by derivation. Some combi-
natorial properties of the inherited conics are obtained also in those cases when
it is not an arc. The key ingredient of the proof is an old lemma by Segre-
Korchmáros on Desargues configurations with perspective triangles inscribed in
a conic.

1. Introduction1

An arc in a projective plane is a set of points no three of which are collinear.2

An old theorem of Bose says that an arc can have at most q + 2 points if q is3

even, and at most q + 1 points if q is odd. An arc having k points is also called4

a k-arc. A k-arc is said to be complete if it is not contained in a (k + 1)-arc.5

(q + 1)-arcs are called ovals, (q + 2)-arcs are called hyperovals. It is also known6

that ovals in planes of even order are contained in a (unique) hyperoval. Arcs7

and ovals are among the most studied objects in finite geometry. A motivating8

question was the existence of ovals in any (not necessarily Desarguesian) plane.9

Several results are known for arcs in the Desarguesian plane PG(2, q), here we10

just mention some of them.11
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Theorem 1.1 (Segre, [14]). If K is a complete k-arc in PG(2, q), then k = q+212

or k ≤ q − √
q + 1 if q is even, and k = q + 1, in which case K is a conic, or13

k ≤ q − 1
4

√
q + 7

4 if q is odd.14

For a survey of results on arcs and blocking sets we refer to the book by15

Hirschfeld [4]. Relatively few results are known for (complete) arcs in non-16

Desarguesian planes. In particular, no embeddability results similar to Segre’s17

theorems are known. Instead of giving a full list of the results we just refer18

to an old survey paper by the fourth author [16] and pick some characteristic19

results about arcs. Of course, the focus was on non-Desarguesian planes which20

are close to Galois planes. This means that most results are about arcs of21

Hall planes, André planes and their duals (Moulton planes). In the early years,22

researchers wanted to find ovals and hyperovals in non-Desarguesian planes.23

There are such examples by Rosati, Bartocci, Korchmáros [16, Theorem 3.1].24

An early important result about complete arcs is due to Menichetti: there are25

complete q-arcs in Hall planes of even order (≥ 16) [10]. A similar but easier26

result is due to Szőnyi: there are complete (q − 1)-arcs in Hall planes of odd27

order [16, Theorem 4.6]. A natural idea is to start with an oval (or a conic) of28

the Desarguesian plane and study the combinatorial properties of these sets in29

the non-Desarguesian plane (obtained from the Desarguesian one by replacing30

some of the lines).31

In this paper, we shall systematically study inherited conics in Hall planes.32

In the next section some fundamental results used in the proofs are collected.33

Then we discuss old and new results about different types of conics: parabolas,34

hyperbolas, and ellipses and decide whether they yield inherited arcs or not.35

Some cases were completely known before, some were not. The precise results36

are stated in the corresponding sections.37

We should remark that Barwick and Marshall [1] found a necessary and38

sufficient condition in terms of the equation of the conic guaranteeing that it39

remains an arc in the Hall plane. The disadvantage of the result is that the40

condition is not easy to check explicitly.41

Throughout the paper conic will stand for irreducible conic.42

2. The Hall plane43

In this section, the Hall planes are described briefly by using derivation and44

also by giving the lines explicitly.45

Consider the Desarguesian projective plane PG(2, q2), let ℓ be a line and let46

D be a Baer subline of ℓ. So D ∼= PG(1, q) ⊂ PG(1, q2) = ℓ. We call ℓ= ℓ∞47

the line at infinity. The points of the affine Hall plane Hall(q2) are the points48

of PG(2, q2) \ ℓ∞. Lines whose infinite point does not belong to D remain the49

same (‘old lines’). Instead of lines intersecting ℓ∞ in a point of D we consider all50

Baer subplanes containing D. The affine part of these Baer subplanes are the51

‘new lines’. It is not difficult to show that this incidence structure is an affine52

plane (and the translations of the Desarguesian affine plane are translations in53
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the Hall plane). The projective Hall plane is the projective closure of this affine54

plane.55

For the sake of completeness, we describe the affine Hall plane Hall(q2)56

explicitly. Points are the pairs (x, y), where x, y ∈ GF(q2). Old lines have57

equation Y = mX + b, where m /∈ GF(q). New lines are {(a + λu, b + λv) :58

u, v ∈ GF(q)}, where a, b, λ are fixed elements of GF(q2). Note that the same59

Baer subplane is obtained for several a, b, λ. In this case we have the standard60

derivation set, ‘the usual PG(1, q)’:61

D = {(m) | m ∈ GF(q) ∪ {∞}} = {(x : y : 0) | x, y ∈ GF(q)}.

3. Useful facts about conics62

Let us begin with the following result by Segre and Korchmáros [15, page63

617] which plays a crucial role in our proof.64

Theorem 3.1 (Segre-Korchmáros). (a) Let K be a conic of PG(2, q), q even,65

and r be a line which is not a tangent of K. For every triple {P1, P2, P3} ⊂66

r \K there exists one and only one triangle {A1, A2, A3} inscribed in K \ r67

such that AiAj ∩ r = Pk, where i, j, k is a permutation of 1, 2, 3.68

(b) Let K be a conic of PG(2, q), q odd, and r be a line which is not a tangent69

of K. For every triple {P1, P2, P3} ⊂ r \K there exist at most two triangles70

{A1, A2, A3} inscribed in K \ r such that AiAj ∩ r = Pk, where i, j, k is a71

permutation of 1, 2, 3. Moreover, if r is a tangent to K then there is one72

and only one such triangle inscribed in K \ r.73

Actually, one can say even more for q odd, by using an observation of Ko-74

rchmáros [7, Teorema 1]. Sometimes this observation is called the axiom of75

Pasch for external/internal points.76

Proposition 3.2. Let K be a conic and r be a line of PG(2, q), q odd. If r77

is not a tangent and {P1, P2, P3} contains either three or exactly one external78

point then there are exactly two triangles {A1, A2, A3} inscribed in K \ r such79

that AiAj ∩ r = Pk, where i, j, k is a permutation of 1, 2, 3. In the other cases,80

for example, when the three points are internal, there is no {A1, A2, A3} with81

this property.82

The next result is useful when we wish to determine the intersection of a83

conic and a Baer subplane.84

Proposition 3.3. Let K be a conic in B = PG(2, q), a Baer subplane of85

PG(2, q2). Let r be line in B. Extend K and r to K ′ and r′ in the larger plane86

by using the same equation. Then if r is a tangent, then so is r′, otherwise r′87

is a secant of K ′. In other words K ′ is a parabola if the original conic K was88

a parabola, where r and r′ are the line at infinity, and it is a hyperbola if it is89

not.90
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The difference in extending a hyperbola and an ellipse is that the infinite91

points in PG(2, q2) belong to the Baer subplane or not. This observation can92

be used to determine the intersection of a Baer subplane and a conic. The only93

thing one needs is that five points determine a conic uniquely.94

Corollary 3.4. Let B be a Baer subplane and K a conic in PG(2, q2). Then95

either |B ∩K| ≤ 4 or B ∩K is a conic of B.96

4. Consequences for the number of collinear points97

Let D = {(m) | m ∈ GF(q) ∪ {∞}} = {(x : y : 0) | x, y ∈ GF(q)} be the98

standard derivation set we used to define the Hall plane in Section 2. In this99

section we look at the case that the line at infinity, ℓ∞ is not a tangent.100

We first consider the case that q is even (and at least 4).101

Proposition 4.1. If K is a hyperbola either having two points in D, or two102

conjugate points outside D, then K is defined over a subplane (containing D),103

hence in the Hall plane it has q− 1 or q+1 collinear points, and the remaining104

lines of the Hall plane intersect K in at most two points.105

Proof. Let P1, P2, and P3 be any three points on ℓ∞, and A1, A2 and A3 be the106

affine points on K described in Theorem 3.1. Notice that, {P1, P2, P3} ⊆ D iff107

all points Ai belong to a subplane containing D. In particular, we can fix three108

affine points of K contained in a subplane containing D, and they together with109

the two points at infinity determine a conic (and this is of course K), whose110

homogeneous part of degree 2, which is determined by the infinite points, can111

be given coefficients from GF(q) and therefore, K intersects this subplane in a112

subconic. If the two infinite points belong to D, then we find q − 1 collinear113

points, if they are conjugate, we find q+1 collinear points in the Hall plane.114

Theorem 4.2. For q even the following hold.115

(a) If K is a hyperbola having two non-conjugate points on ℓ∞ \D, or if K is116

an ellipse, then every line of the Hall plane intersects the affine part of K117

in at most 4 points and the number of collinear triples is
(

q+1
3

)

.118

(b) If K is a hyperbola having one point in D, then every line of the Hall plane119

intersects the affine part of K in at most 3 points and the number of collinear120

triples is
(

q
3

)

.121

Proof. By Corollary 3.4 the lines intersect K in at most 4 points, and if K has122

a point in D then at most 3, since in this case K does not intersect a Baer123

subplane containing D in a conic. If K has one point in D, then from the124

remaining q points we get
(

q
3

)

triples, and by Theorem 3.1 the same number of125

triples in the intersection of K with a subplane containing D, otherwise K has126

no points in D and we find
(

q+1
3

)

such triples.127

Next we consider the case that q is odd. In this case we have the following128

possibilities:129
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(1) All points of D\K are internal. Now we get from Proposition 3.2 that there130

are no collinear triples, so we get an inherited arc.131

(2) D contains s > 0 external points. In this case we have roughly, but definitely132

at least
(

s
3

)

+ s
(

q−1−s
2

)

collinear triples, so certainly K does not give rise to133

an arc.134

In the next section we will investigate the possible values of s.135

5. External points in the derivation set136

We consider the case that q is odd and want to determine the number of137

external/internal points of the conic in the derivation set.138

The line at infinity is the line with equation Z = 0. D is the standard139

derivation set defined above. The conic K is given by Q(X,Y, Z) = X2 +140

aXY + bY 2+ZL(X,Y, Z) = 0, or just by X2+aXY + bY 2+L(X,Y ), where of141

course L(X,Y ) = L(X,Y, 1). Note that K is an ellipse if f = X2 + aXY + bY 2
142

is irreducible over GF(q2), a parabola if f is a square, and a hyperbola if f143

factors into different linear factors. For convenience we take L so that the144

point (1 : 0 : 0) is external, and now the infinite point (u) := (1 : u : 0) is145

external/internal when 1 + au+ bu2 =✷ or 6✷.146

Remark: it is an exercise to show that if P1 and P2 are two (external) points147

on the same tangent, then either Q(Pi) is a square for both points, or a non-148

square. As a consequence Q(P ) either is a square for all external points P , or149

a non-square. This is essentially Theorem 8.17 in [4].150

To count the number of external/internal points in D, we therefore have to151

find the number of (affine) rational points (so u,w ∈ GF(q)) on the curve C152

with equation153

(1 + au+ bu2)(1 + āu+ b̄u2)− w2 = p(u)− w2 = 0.

This curve is absolutely irreducible unless the polynomial p is a square. One154

possibility for this is that 1 + au+ bu2 is a square, in which case the conic is a155

parabola. The line at infinity is a tangent in this case, so we have:156

Proposition 5.1. If K is a parabola then all points in D different from the157

infinite point of K are external.158

The other possibility if p is a square, is that 1+au+ bu2 = 1+ āu+ b̄u2 and159

now a, b ∈ GF(q), so 1 + au + bu2 factors over GF(q2). In this case the conic160

has two points at infinity so we have a hyperbola, and we have:161

Proposition 5.2. If K is a hyperbola and either both infinite points belong to162

D, or they are conjugates, (m) and (m̄), both outside D, then either all (other)163

points of D are external, or all are internal.164

If p is not a square, then we first take care of the case that p has a repeated165

factor. If 1+ au+ bu2 = (1−αu)(1−βu), then 1+ āu+ b̄u2 = (1− ᾱu)(1− β̄u)166
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and if now α = β̄ then β = ᾱ, so p is a square, and we are back in the case of a167

hyperbola with conjugate infinite points, while if α = ᾱ but β 6= β̄ then, K has168

one point in D, namely (α : 1 : 0) and one outside D namely (β : 1 : 0), and we169

now look for the number of points on the curve170

(1 + αu)2(1 + βu)(1 + β̄u)− w2,

and this is essentially a conic, possibly with some points at infinity.171

Proposition 5.3. If K is a hyperbola with exactly one infinite point in D, then172

D contains (q + 1)/2 external and (q − 1)/2 internal points, or the other way173

around, depending on the quadratic character of ββ̄ in GF(q).174

So in the case of an ellipse, or a hyperbola with two non-conjugate points175

outside D we have no repeated factor, and now by [5, Example 5.59], C has176

genus g = 1. Let Rq denote the number of points P ∈ C that lie in PG(2, q).177

On the one hand, [5, Theorem 9.57(i)] implies178

|Rq − (q + 1)| ≤ 2
√
q + 2.

On the other hand, C has a unique point at infinity and all GF(q)-rational affine179

points C have the form (u,±w) with w 6= 0. That is, for (Rq − 1)/2 values180

u ∈ GF(q), p(u) is a square. We get:181

Proposition 5.4. If K is an ellipse, or a hyperbola with two non-conjugate182

infinite points outside D, then the number of internal (external) points on D is183

at least q/2− 1−√
q (at most q/2 + 1 +

√
q).184

6. Inherited parabolas185

The complete solution to the problem of inherited parabolas was given in a186

sequence of papers. The story began with the results of Korchmáros [8, Theorem187

1 and 2].188

Theorem 6.1. Let K be a parabola in PG(2, q) where q is odd. If K is an arc189

in a translation plane having the same translation group as the Desarguesian190

plane, then the plane must be the Desarguesian one. For q even, there is a191

parabola which remains an arc in the Hall plane obtained by derivation.192

In the case q odd more information is given about parabolas as subsets of193

the Hall plane in the paper [17]. Namely, it is shown that they are sets having194

an internal nucleus set that is much larger than a subset of the Desarguesian195

plane can have (P ∈ S is an internal nucleus if every line through P contains196

at most one other point of S [19]). This happens in the case when the infinite197

point of the parabola belongs to the derivation set.198

If the infinite point of K is not in D, then we can use Theorem 3.1, which199

gives that for any {P1, P2, P3} ⊆ D there are A1, A2, A3 ∈ K that are collinear200

in Hall(q2). By Proposition 3.3 and Corollary 3.4 it also follows that every new201

line intersects K in at most 4 points.202
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Lemma 6.2. Let q be odd, and let K be a parabola whose infinite point does203

not belong to D. Then every line of Hall(q2) meets K in at most four points.204

Proof. Consider a new line of the affine Hall plane Hall(q2). This Baer subplane205

cannot meet K in a subconic, because the infinite point of K does not belong206

to D. Five points in a Baer subplane determine a subconic, hence the Baer207

subplane can meet K in at most four points.208

Moreover the number of collinear triples is
(

q+1
3

)

. Counting collinear triples209

in the Hall plane we get a3 +4a4 =
(

q+1
3

)

, where ai denotes the number of lines210

meeting K in i points. We prove below that the number of lines in the Hall211

plane interesecting K in exactly 3 points does not depend on the choice of K.212

Let K ′ be another parabola with D∩K ′ 6= ∅. There is a projectivity ϕ that213

maps K ′ to K and the infinite point of K ′ to the infinite point of K. Then ϕ214

maps ℓ∞ to itself and D to another Baer subline, say r. The Baer subplanes215

containing D are mapped to the Baer subplanes containing r. It is enough to216

show that there is a projectivity ψ which fixes K and maps r to D because then217

the product ψϕ will map the 3-secant new lines to K ′ to the 3-secant new lines218

to K. Denote by I the infinite point of K. Let G be the group of projectivities219

fixing K, and H be the stabilizer of I in G. The group G ∼= PGL(2, q2), which220

is sharply 3-transitive on the points of K. Thus H is sharply 2-transitive on221

K \ {I}, implying that it acts doubly transitively on the tangents of K distinct222

from ℓ∞, and hence also on the points in ℓ∞\{I}. When we identify ℓ∞\{I} with223

GF(q2), then H acts as the set of maps z 7→ az + b, a ∈ GF (q2)∗, b ∈ GF(q2)224

and Baer subplanes not containing I are circles (z− c)(z̄− c̄) = r so we see that225

H contains a projectivity ψ that maps the first pair to the second. Clearly, ψ226

will map r to D, and by this we showed that the number of lines in the Hall227

plane interesecting K in exactly 3 points does not depend on the choice of K.228

Lemma 6.3. Let q be odd, and P1, P2 and P3 be three affine points on a new229

line ℓ of the Hall plane. Then there are exactly 3(q−1) parabolas whose infinite230

points are not in D and which intersect ℓ in exactly P1, P2 and P3.231

Proof. Let us write Pi = (ai, bi) for i = 1, 2, 3. The translation (x, y) 7→ (x, y)−232

(a1, b1) maps ℓ to a new line through the point (0, 0), and therefore, the affine233

points of the latter new line form the set {(λx, λy) | x, y ∈ GF(q)} for some234

λ ∈ GF(q2)∗. There exists a non-singular matrix A with entries in GF(q) such235

that (a2 − a1, b2 − b1)A = λ(−1, 0) and (a3 − a1, b3 − b1)A = λ(0,−1). Let ϕ236

be the automorphism of AG(q2) defined by ϕ : (x, y) 7→ λ−1(x − a1, y − b1)A.237

This extends naturally to a projectivity of PG(2, q), which fixes ℓ∞ setwise, and238

maps D to itself. The image ϕ(ℓ) is the new line for which239

ϕ(ℓ) \ ℓ∞ = {(x, y) | x, y ∈ GF(q)}.

We are done if we show that there are exactly 3(q−1) parabolas whose infinite240

points are not in D and which intersect ϕ(ℓ) in exactly the points (0, 0), (−1, 0)241

and (0,−1).242
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For u ∈ GF(q2)\GF(q), denote by Ku be the unique parabola that contains243

the points (0, 0), (−1, 0) and (0,−1) and the infinite point (−u : 1 : 0). Then244

Ku has affine equation245

f(X,Y ) = (X + uY )2 +X + u2Y = 0.

We find next all GF(q)-rational points of Ku. If P = (a, b) is such a point,246

then we compute247

f(a, b)− f(a, b) = (u− ū)b(2a+ (u+ ū)(b+ 1)) = 0,

−ū2f(a, b) + u2f(a, b) = (u− ū)a((u+ ū)(a+ 1) + 2uūb) = 0.

Since u − ū 6= 0, these show that a = 0 or b = 0 (and in this case (a, b) ∈248

{(0, 0), (−1, 0), (0,−1)}), or (a, b) can be obtained as the unique solution of a249

system of linear equations, which then yields250

P =
( (u+ ū)(2uū− u− ū)

(u− ū)2
,
(u+ ū)(2− u− ū)

(u− ū)2

)

.

It is clear that P is GF(q)-rational, and we leave for the reader to check that it251

lies on Ku.252

We conclude that |ϕ(ℓ) ∩ Ku| ∈ {3, 4}, and |ϕ(ℓ) ∩ Ku| = 3 iff P is equal253

to one of the points (0, 0), (−1, 0) and (0,−1). A quick computation gives that254

this occurs iff u + ū ∈ {0, 2} or 1/u + 1/ū = 2. It can be easily checked that255

u satisfies one of the latter conditions iff u ∈ GF(q)∗ω or u ∈ GF(q)∗ω + 1 or256

u ∈ (GF(q)∗ω + 1)−1, where ω ∈ GF(q2) is any element such that ω2 is a non-257

square in GF(q). This implies that there are 3(q− 1) parabolas Ku intersecting258

ϕ(ℓ) in exactly the points (0, 0), (−1, 0) and (0,−1), and this completes the259

proof of the lemma.260

Theorem 6.4. Let D be a derivation set on ℓ∞ of AG(2, q2) with q odd. Let261

K be a parabola whose infinite point does not belong to D. Then there are262

a3 = (q2 − 1)/2 and a4 = (q− 3)(q2 − 1)/24 lines of Hall(q2) meeting K in 3 or263

4 points, respectively.264

Proof. Let U be the set of parabolas whose infinite point does not belong to D.265

Any element of U has a uniquely defined equation of the form266

Y = α(X − uY )2 + β(X − uY ) + γ,

with u ∈ GF(q2) \GF(q), α ∈ GF(q2)∗, β, γ ∈ GF(q2). Hence,267

|U | = (q − 1)(q2 − 1)q5.

We showed above that for any K ∈ U , the number of 3-secant new lines is a268

constant a3.269

Let V be the set of new lines; |V | = (q + 1)q2. For the set270

W = {(K,B,P1, P2, P3) | K ∈ U,B ∈ V,K ∩B = {P1, P2, P3}},
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one has271

|W | = 6|U |a3 = |V |q2(q2 − 1)(q2 − q) · 3(q − 1)

by Lemma 6.3. The value for a4 follows from a3 + 4a4 =
(

q+1
3

)

.272

The case when q is even is more interesting. The four cases are treated by273

O’Keefe, Pascasio [12], O’Keefe, Pascasio, and Penttila [13] and Glynn, Steinke274

[3].275

Theorem 6.5 ([12], [13], [3]). Let D be a derivation set on ℓ∞ of AG(2, q2),276

with q ≥ 4 even, and K a parabola with infinite point I and nucleus N .277

(i) If I ∈ D and N ∈ D, then K is not an arc in the Hall plane.278

(ii) If I 6∈ D and N ∈ D, then K is a translation q2-arc in the derived plane279

and it can be extended to a hyperoval. Any two hyperovals of the Hall280

plane arising from this construction are equivalent under the automor-281

phism group of the Hall plane.282

(iii) If I ∈ D and N 6∈ D, then K is a translation q2-arc in the derived plane283

and it can be extended to a hyperoval. Any two hyperovals of the Hall284

plane arising from this construction are equivalent under the automor-285

phism group of the Hall plane. The two cases give inequivalent hyperovals286

in the Hall plane.287

(iv) If I 6∈ D and N 6∈ D, then K ∪ {I} is a translation oval if and only if q is288

a square, and I and N are conjugate with respect to D.289

Also in the case q even, we know something about the combinatorial struc-290

ture of K in Hall(q2) if I,N ∈ D. In this case we may assume that the parabola291

has equation K : Y = X2 and D is the standard derivation set. Points of K292

whose coordinates are in GF(q) are collinear in Hall(q2) and the same is true293

for points whose first coordinate is in an additive coset of GF(q). So the points294

of K are on q parallel lines. Other triples are not collinear.295

In the general Glynn–Steinke case I,N 6∈ D, we can show that each line296

meets K in 0, 1, 2 or 4 points.297

Lemma 6.6. Let q be a power of 2 and β ∈ GF(q2)∗. Let Nβ be the number of298

GF(q)-rational roots of299

f(T ) = T 3 + ββ̄T + ββ̄(β + β̄).

(a) If q is a square then300

Nβ =

{

3 for β ∈ GF(q),

1 for β ∈ GF(q2) \GF(q).

(b) If q is not a square then301

Nβ =

{

3 if β is a cube in GF(q2)∗,

0 otherwise.
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Proof. If β = β̄ then the roots of f(T ) are 0, β, β, in accordance with (a) and
(b). For the remaining part, we assume β 6= β̄. Let ε, d be elements of GF(q)
such that ε2 + ε+1 = 0 and d3 = β. Then, the three different roots of f(T ) are

t1 = dq+1(d+ dq),

t2 = dq+1(ε2d+ εdq),

t3 = dq+1(εd+ ε2dq).

(β 6= β̄ implies ti 6= tj for i 6= j.)302

Assume that q is not a square. Then εq = ε2, and thus if β is a cube in303

GF(q2), then d ∈ GF(q2), and t1, t2, t3 ∈ GF(q). If d 6∈ GF(q2) then the three304

cubic roots of β are d, dq
2

, dq
4

, and we have dq
2

= εd. This implies tq1 = t2,305

tq2 = t3 and tq3 = t1, showing that no root of f(T ) lies in GF(q). This proves306

(b).307

Now, let q be a square. Then εq = ε, and we obtain that tq1 = t1, t
q
2 = t3 and308

tq3 = t2 when β is a cube in GF(q2), and tq3 = t3, t
q
1 = t2 and tq2 = t1 when β is309

not a cube. In either case f(T ) has one root in GF(q), as claimed in (a).310

Theorem 6.7. Let D be a derivation set on ℓ∞ of AG(2, q2), with q ≥ 4 even,311

and K a parabola with infinite point I and nucleus N . Assume that I 6∈ D and312

N 6∈ D. Then the following holds:313

(i) Each line of the Hall plane intersects K in 0, 1, 2 or 4 points.314

(ii) If I and N are conjugate with respect to D, and q is not a square, then each315

point P ∈ K is contained in (q + 1)/3 4-secant new lines and 2(q + 1)/3316

1-secant new lines. In particular, the Hall plane has no 2-secant new lines.317

Proof. Let I and N be the points (u : 1 : 0) and (v : 1 : 0) of the line at infinity;318

u, v ∈ GF(q2) \GF(q). Then, the homogeneous equation of K has the form319

X2 + u2Y 2 + β0Z(X + vY ) + β1Z
2 = 0,

where β0 ∈ GF(q2)∗ and β1 ∈ GF(q2). Let ℓ be a new line of the Hall plane and320

assume K ∩ ℓ 6= ∅. W.l.o.g. we can assume that (0, 0) ∈ K ∩ ℓ. Then β1 = 0321

and322

ℓ \ ℓ∞ = {(λx, λy, 1) | x, y ∈ GF(q)}
for some λ ∈ GF(q2)∗. In order to compute K ∩ ℓ, we substitute X = λx,323

Y = λy, Z = 1 in the equation of K. We obtain324

C : x2 + u2y2 + β(x+ vy) = 0,

where β = β0/λ ∈ GF(q2)∗. The GF(q)-rational points of C are contained in325

C ∩ C̄.326

Assume β = β̄ ∈ GF(q)∗. Then C + C̄ : (u2 + ū2)y2 + β(v + v̄)y = 0, giving327

two GF(q)-rational roots y1 = 0 and y2 = β(v+v̄)
u2+ū2 = γ ∈ GF(q)∗. For y1 = 0,328

we get x1 = 0 or x2 = β, two rational points. For y2 = γ, we get two different329

10



roots x3, x4 of x2 + βx+ u2γ2 + βvγ. This means 2 or 4 GF(q)-rational points330

on C.331

Assume now β 6= β̄ and compute the resultant332

RC,C̄(y) = (u+ū)4y4+[(u+ū)2ββ̄+(u+v̄)2β̄2+(v+ū)2β2]y2+ββ̄(β+β̄)(v+v̄)y.

As the derivative is a nonzero constant, this resultant has four different roots.333

Clearly, if three of them sit in GF(q) then so does the fourth. If y = γ is a334

rational root of the resultant, then335

x2 + βx+ u2γ2 + βvγ, x2 + β̄x+ ū2γ2 + β̄v̄γ

have a unique rational common root, giving rise to a unique GF(q)-rational336

point of C. In particular, ℓ intersects K in 0, 1, 2 or 4 points, and this together337

with the previous paragraph shows that (i) holds.338

We turn now to the statement in (ii), and assume that q is not a square and339

I and N are conjugate w.r.t. D. This means u = v̄ and the resultant RC,C̄(y)340

becomes341

r(T ) = T 4 + ββ̄T 2 + ββ̄(β + β̄)T,

where T = (u + ū)y. By Lemma 6.6, r(T ) has 1 or 4 GF(q)-rational roots,342

depending whether β is a cube or not in GF(q2)∗. Moreover, these roots are343

different for β 6= β̄, and hence ℓ is a 1- or a 4-secant of K depending whether344

β is a cube or not. If β = β̄, then a straightforward calculation shows, that in345

this case, the four points of C ∩ C̄ are346

(0, 0), (0, β),

(

uβ

u+ ū
+ εβ,

β

u+ ū

)

,

(

uβ

u+ ū
+ ε2β,

β

u+ ū

)

,

where ε2 + ε + 1 = 0. The last two points are GF(q)-rational iff ε + εq = 1,347

which holds iff q is not a square. The multiplicative group GF(q2)∗ is a cyclic348

group of order q2 − 1, let K and L be its unique subgroups of order q − 1 and349

(q2−1)/3, resp. As q is not a square, (q−1) divides (q2−1)/3, and thus K < L.350

Our above discussion shows that the new line ℓ is a 1- or a 4-secant of K, and351

that it is a 4-secant is equivalent to say that β ∈ L.352

Recall that, β = β0/λ, where β0 is some fixed element in GF(q2)∗, and353

λ ∈ GF(q2)∗ defines the new line ℓ. The q+1 new lines through the affine point354

(0, 0) can be listed by letting λ run over any complete set of coset representatives355

of K in GF(q2)∗. Now, denoting by Λ such a set of coset representatives, the356

number of 4-secants through (0, 0) is equal to357

|{λ ∈ Λ : β0/λ ∈ L}| = |Λ ∩ Lβ0|.

Consider the canonical projection η : GF(q2)∗ → GF(q2)∗/K. It follows that358

η(Λ) = GF (q2)∗/K, and η induces a bijection from Λ ∩ Lβ0 to η(Λ ∩ Lβ0) =359

GF (q2)∗/K ∩ L/K (Kβ0) = L/K (Kβ0) (here Kβ0 is regarded as an element in360

GF(q2)∗/K). This gives |Λ ∩ Lβ0| = |L/K| = (q + 1)/3, and (ii) follows.361

11



Part (i) of the last proposition also follows from the proof of Glynn–Steinke,362

see [3, Section 4].363

Part (ii) implies that if I,N are conjugate w.r.t. D and q is not a square,364

then the number of i-secant new lines of the Hall plane is a0 = 1
4q

2(q + 1),365

a1 = 2
3q

2(q + 1) and a4 = 1
12q

2(q + 1) for i = 0, 1, 4.366

7. Inherited hyperbolas367

A surprising phenomenon occurs in this case. When the infinite points of368

a hyperbola belong to the derivation set, then it is possible that although the369

affine points of the hyperbola form an inherited arc, this arc is complete. This370

was pointed out in [17] and the possible configurations were fully described371

by O’Keefe and Pascasio. Note that in Galois planes there are no complete372

(q − 1)-arcs by the theorems of Segre mentioned in the introduction.373

Theorem 7.1 (O’Keefe-Pascasio, [12]). Suppose that the line at infinity is a374

secant of a hyperbola K whose infinite points belong to the derivation set D.375

Assume that q > 3 is odd and D is the standard derivation set. Then either we376

have K equivalent to the hyperbola XY = 1 which does not give an inherited377

arc, or to the hyperbola XY = −d with d a non-square in GF(q2) and we get378

a complete (q2 − 1)-arc in Hall(q2). For q > 2 even, and D standard, K is379

equivalent to the hyperbola XY = 1 and does not give an inherited arc.380

Note that the odd case of the above theorem essentially is (one part of)381

Proposition 5.2.382

O’Keefe and Pascasio [12] give a complete description of the resulting con-383

figurations in the Hall plane for q = 3.384

The next case we consider is that the line at infinity is a secant of the385

hyperbola K with two conjugate infinite points outside the derivation set.386

Theorem 7.2. Suppose that the line at infinity is a secant of a hyperbola K387

whose infinite points are conjugate, so outside of the (standard) derivation set388

D. Assume that q > 3 is odd. Then either all points of D are internal, and K389

(together with the two infinite points) is an inherited oval in the Hall plane, or390

all points of D are external and now we find (two) lines containing q+1 points391

of K.392

The first case is just Proposition 5.2 together with Proposition 3.2. If all393

points are external, then again by Proposition 3.2, for every triple of points in394

D, there are two corresponding triangles in K, and these together form two395

ellipses in two Baer subplanes on D.396

Remark: if q is even, and the two infinite points of K are conjugate, then we397

find exactly one line in the Hall plane with q + 1 points of K as a consequence398

of Proposition 4.1.399

The third case to consider is that the line at infinity is a secant of the400

hyperbola K with one point in the derivation set, and one outside.401
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The following proposition makes more precise what we already mentioned402

in the section about consequences of the theorem by Segre and Korchmáros,403

together with Proposition 5.3.404

Theorem 7.3. If q > 5 is odd and K is a hyperbola with one point in the405

derivation set, and one point outside of it, then the affine part of K does not406

give an arc in the Hall plane, moreover, lines of the Hall plane intersect it in at407

most three points. If s = 1
2 (q± 1) denotes the number of external points on our408

derivation set D, then the total number of collinear triples in the Hall plane is409

2s
(

q−s
2

)

+ 2
(

s
3

)

, which for q large enough is roughly 7q3/48, so small.410

The final case to consider is where both infinite points of the hyperbola K411

are outside the derivation set D and are not conjugate. From Proposition 5.4 we412

know that the number of internal/external points in D is at most q/2− 1−√
q.413

If s denotes the number of external points in our derivation set D, then the414

total number of collinear triples in the Hall plane is 2s
(

q+1−s
2

)

+ 2
(

s
3

)

, roughly415

7q3/48, using the above bound on s. Note also that we do not have collinear416

sets of size 5 or more, since 5 points of our Baer subplanes extend to a conic417

with points at infinity. We will return to this case in section 9 where the case q418

even is studied in more detail.419

8. Inherited ellipses for q odd420

The last case to consider is an ellipse K in the affine plane AG(2, q2), so a421

conic without points on the line at infinity. Let q be odd. Then, on the line at422

infinity ℓ∞ we have (q2 + 1)/2 external and (q2 + 1)/2 internal points. If D is423

a Baer subline of ℓ∞ then K is again an oval in the derived plane if and only424

if the derivation set D is disjoint from the set of external points (on ℓ∞), as425

a consequence of Proposition 3.2. In Proposition 5.4 we have seen that this is426

impossible for q > 7. The following combinatorial proof works for all q.427

Theorem 8.1. Let q be odd, K an ellipse in AG(2, q2), then K does not remain428

an oval in Hall(q2).429

Proof. Here we essentially just count. Consider the line ℓ∞ together with the430

partition E ∪ I into external and internal points. The subgroup of PGL(2, q2)431

stabilizing this partition has order 2(q2 + 1), there is a dihedral group of order432

q2+1 fixing the set E and an extra factor 2 because we may interchange E and433

I. Now how does this group act on the set of Baer-sublines, or better, how large434

are the orbits? The stabilizer of a Baer-subline has order (q + 1)q(q − 1), and435

the greatest common divisor of (q2+1) and (q+1)q(q− 1) is 2, this means that436

if we find a Baer-subline contained in E, we find (q2 + 1)/2, and an additional437

set of this size in I. Now let us count the number N of triples (Pe, Pi, B), of an438

external point Pe, an internal point Pi and a Baer-subline B containing them.439

Since every pair of points is contained in (q2−1)/(q−1) = (q+1) Baer-sublines,440

we find N = 1
4 (q

2+1)2(q+1). Now we count in the other way, the total number441

of Baer-sublines is (q2 + 1)q2(q2 − 1)/((q + 1)q(q − 1)) = (q2 + 1)q, but if we442
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assume that there is a Baer-subline contained in E, then at least (q2 + 1) of443

them do not contribute to our counts, so we find N ≤ 1
4 (q

2+1)(q−1)(q+1)2 <444

1
4 (q

2 + 1)2(q + 1), contradiction.445

Remark 8.2. (i) If s denotes the number of external points in our derivation446

set D, then as in the hyperbola case the total number of collinear triples447

in the Hall plane is 2s
(

q+1−s
2

)

+ 2
(

s
3

)

, roughly 7q3/48, using the bound on448

s from Proposition 5.4.449

(ii) Also, we do not have collinear sets of size 5 or more, since 5 points in of450

our Baer-subplanes extend to a conic with points at infinity.451

We finish this section with an open problem concerning the exact number of452

3-secant new lines.453

Question 8.3. Let q be odd, K an ellipse or a hyperbola with non-conjugate454

infinite points in AG(2, q2). Let s denote the number of external points of K in455

the derivation set D. Find a formula for the number a3 of 3-secant new lines456

in terms of q and s.457

In the last section, we answer this question for the even q case.458

9. Inherited ellipses and hyperbolas for q even459

In Theorem 4.2, we showed that if q is even and K is either an ellipse or a460

hyperbola having two non-conjugate infinite points, then in the Hall plane K461

has
(

q+1
3

)

collinear triples. In this section, we give an explicit formula for the462

number a3 of 3-secant new lines. By a3 + 4a4 =
(

q+1
3

)

this also determines the463

number a4 of 4-secant new lines.464

Theorem 9.1. Let q be even, and D a derivation set on ℓ∞ of AG(2, q2). Let465

K be either an ellipse or a hyperbola such that the infinite points of K are non-466

conjugate and none of them is contained in D. Then, the number of 3-secant467

new lines is a3 = q(q − 1)/2.468

Lemma 9.2. Let u1, u2 ∈ GF(q4) be the roots of the quadratic polynomial469

f(X) = X2+βX+γ ∈ GF(q2)[X] and assume ui 6∈ {uqi , uj , uqj}, where {i, j} =470

{1, 2}. Then there is a GF(q)-rational map z 7→ az+b
cz+d which brings f(X) to the471

form X2 +X + w with some w ∈ GF(q2) \GF(q).472

Proof. The fact ui 6= uj implies β 6= 0. Straightforward calculation shows473

f(u(z)) =
(a2 + βac+ γc2)z2 + β(cb+ ad)z + b2 + βdb+ γd2

(cz + d)2
.

Assume first that β ∈ GF(q2) \ GF(q). If γ = tβ with t ∈ GF(q) then474

u(z) = t/z brings f(Z) to the form X2 +X + t/β. If γ/β 6∈ GF(q), then β, γ475
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forms a GF(q)-basis of GF(q2) and there are unique elements t1, t2 ∈ GF(q),476

t2 6= 0, such that477

1 = t1β + t2γ.

Define a = b = 1, c =
√
t2, d = 1 +

√
t2. Then

a2 + βac+ γc2 = (t1 +
√
t2)β, (1)

β(cb+ ad) = β, (2)

b2 + βbd+ γd2 = β(1 + t1 +
√
t2) + γ. (3)

By (1), t1+
√
t2 = 0 implies that c/a =

√
t2 is a root of f(X), which contradicts478

to ui 6= uqi . Hence, u brings f(X) to the form f0(X) = X2 + β0X + γ0, with479

β0 =
1

t1 +
√
t2

∈ GF (q)∗.

Now, v(z) = β0z brings f0(X) to the desired form X2+X+w, where w 6∈ GF(q)480

follows from ui 6= uqj .481

Lemma 9.2 implies that AG(2, q2) has an affine coordinate frame in which482

D = {(x, y, 0) | x, y ∈ GF(q)} and the equation of K has the form483

K : X2 +XY + cY 2 + uX + vY + w,

with c ∈ GF(q2) \ GF(q), u, v, w ∈ GF(q2). All dilations (=translations and484

homotheties) preserve D and the quadratic component X2 +XY + cY 2 of K.485

We use the notation tP for the tangent line of K at the point P ∈ K.486

Lemma 9.3. Let B be a new line.487

(i) If |B ∩K| = 3 then there is a unique P ∈ B ∩K such that the tangent tP488

intersects D.489

(ii) If tP intersects D for an element P ∈ B ∩K then |B ∩K| ≤ 3.490

Proof. Up to dilatations we can assume that B = {(x, y) | x, y ∈ GF(q)}, which491

means that B ∩ K consists of the GF(q)-rational points of K. Equivalently,492

B ∩K = K ∩ K̄, where493

K̄ : X2 +XY + cqY 2 + uqX + vqY + wq

is the conjugate of K. Counting with multiplicities, K and K̄ have 4 points494

in common over the algebraic closure of GF(q). (Cf. Bézout’s Theorem [5,495

Theorem 3.14]). If |B ∩K| = 3 then there is a unique P ∈ B ∩K such that K496

and K̄ have intersection multiplicity 2. In particular, K and K̄ have a common497

tangent t at P (see [5, Proposition 3.6]). This means that t is defined over GF(q)498

and the infinite point of t is in D. This proves (i).499

Conversely, if tP ∩D 6= ∅ for some P ∈ B ∩K, then tP is a common tangent500

of K and K̄. Hence, K and K̄ have a common tangent at P , which implies an501

intersection multiplicity at least 2. Thus, (ii) follows.502
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Proof of Theorem 9.1. Fix a point A = (u, v, 0) ∈ D. Let t be the tangent from503

A toK, with tangent point T ∈ K. We want to determine the 3-secant new lines504

through T . Lemma 9.3 shows that if A runs through D, then this enumerates505

all 3-secant new lines for K.506

Up to dilations, we can have T = (0, 0) and let K have equation507

K : X2 +XY + cY 2 + vX + uY.

Moreover, any new line through T has the form508

Bλ = {(λ−1x, λ−1y) | x, y ∈ GF(q)}

for some λ ∈ GF(q2). More precisely, since λ is given up to a nonzero GF(q)-509

rational scalar multiple, w.l.o.g. λ = 1 or λ = λ0 + c with λ0 ∈ GF(q). By510

substituting the generic point of Bλ in the equation of K, we find a 1 − 1511

correspondence between Bλ ∩ K and the set of GF(q)-rational points of the512

conic513

Kλ : X2 +XY + cY 2 + vλX + uλY.

Case 1: λ = 1. ThenKλ+K̄λ : Y 2 = 0, This implies Y = 0 andX2+vX = 0.514

The only rational points of Kλ are (0, 0) and (v, 0). Thus, |Bλ ∩K| ≤ 2.515

Case 2: λ 6= 1 and (u, v) = (1, 0). As λ = λ0 + c, we have λ + λq = c + cq516

and Kλ + K̄λ : (c + cq)(Y 2 + Y ) = 0. If Y = 0 then X = 0. In order to517

have |Bλ ∩ K| = 3, we need two more rational points, which holds if Y = 1518

and X2 +X + λ0 has two distinct roots in GF(q). This happens if and only if519

TrGF(q)/GF(2)(λ0) = 0. Therefore, we found exactly q/2 new lines Bλ through520

T = (0, 0) such that |Bλ ∩K| = 3.521

Case 3: λ 6= 1 and v = 1. Again, λ = λ0 + c and522

Kλ + K̄λ : (c+ cq)(Y 2 +X + uY ) = 0.

Substituting X = Y 2 + uY into Kλ, we have523

Y 2(Y 2 + Y + u2 + u+ λ0) = 0.

If Y = 0 then X = 0. If524

TrGF(q)/GF(2)(u
2 + u+ λ0) = TrGF(q)/GF(2)(λ0) = 1

then Bλ ∩K = {(0, 0)}. If λ0 = u2 + u then Y = 0 or Y = 1, and Bλ ∩K =525

{(0, 0), (u + 1, 1)}. Finally, if TrGF(q)/GF(2)(λ0) = 0 and λ0 6= u2 + u, then526

Y 2 +Y +u2 +u+λ0 has two roots in GF(q) \ {0, 1}, giving rise to two rational527

points ofKλ, different from (0, 0). Hence, we found q/2−1 new lines Bλ through528

T = (0, 0) such that |Bλ ∩K| = 3.529

Resuming the results, we found q/2+q(q/2−1) = q(q−1)/2 new lines which530

intersect K in exactly 3 points.531
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[8] G. Korchmáros, Inherited arcs in finite affine planes, J. Combin. Theory A549

42 (1986), 140–143.550

[9] D.J. Marshall, Conics, Unitals and Net Replacement, PhD thesis, Adelaide551

(2010).552

[10] G. Menichetti, q-archi completi nei piani di Hall di ordine q = 2k,553

Rend. dell’Accad. Naz. Lincei 56 (1974), 518–525.554
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