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Abstract

We provide a simple explanation and test thatemblematic function x/In(x) in prime numberdhem
estimates roughly the prime-counting as 1 for daotated primes and 1 for each twin primes, and2not
for twins as it should be. By this reason, for aenproper counting the function (x/In(x))[1+In®})should
replace x/In(x) in the prime number theorem.

Discussion

The prime number theorem (PNT) describes siyenatotic distribution of the prime numbers in et

of positive integers. The first distribution foursd
n(X)= X/In(X) (€8]

by C.F. Gauss in 1792, and later the bet@)= Li(x)= [2,(In(t))dt by P.G.L. Dirichlet in 1838, both
using the natural logarithm. Th€x) is the prime-counting function that gives thember of primes x for
any real number x, e.g(r=3.14...)= 2, n(10)= 4 orn(10°)= 78498, etc.. The PNT states that x/In(x) is a
good approximation ta(x) in the sense that the limit of the quotia()/(x/In(x)) - 1 as -, i.e. Eq.1 is
true as an asymptotic law of distribution of primembers, so the more precise notation(ig~ x/In(x).
The error f(x)-x/In(x)) by x/In(x) is larger and larger, buerror’/n(x) — 0 as X, (see curves E and H on
Figure 1). However, Eq.1 is also valid as approtiomafor “larger” x, so it is tabulated and plotted
continuously in the literature, - that is the targe comment in this work. The reason that apprexiom
(=) vs. asymptotic behavior (~) in Eq.1 must be emsi#eal is that its “error’ o also as x « (see table
below). For large enough N, the probability thaaadom integer not greater than N is prime is woge
to the integrand (In(N)) in Li(x), see also ref.[1] wherein discrete valufhction is introduced for
distribution instead of the continuous valued In(x)follows via elementary probability theory thidis
kind of probability for a twin prime is about theoguct (In(N))?, so similarly,mx(x)= [ x(In(t)) *dt, where
n,(X) denotes the number of twin primes p and p+hghat X X, e.9.1,(10)=2 being (2,3) and (5,7) the
only two twin primes under 10 or,(10°)= 8169, etc.. (More preciselyy(x)= 2, o x(In()) *dt, where
M,=0.66016... is the twin primes constant which hasemportance in the limit behavior.) Additionally,
famous ancient theorem statgso)=c0, and yet unproved conjecture statgo)=co, as well as for the'h
prime the obvious(p,)=n provides the very first approximation such gs p In(n). Primes which are not
twin primes are called isolated primes. Technigal(X)= TisoatedX)+ 212(X), SO the factor 2 is necessary.
These are the number one behaviors which can b fioutextbooks, the formulations are simple, astg
but not the theory behind. (First proofs of Eq.Yéappeared in 1896 only, using Riemann zeta fongti
but proofs were published even after 100 years alken easier ways were found.) One can also findd
even in internet (such as Wikipedia or math in \Wotf) along with large lists of primes and twin pesn



We do not even try to review the literaturevhthese expressions (i.e. fau(¥) -Li(x)| and &(x) —
x/In(x)|) are developed, becoming more and moreptexeven in the formulations itself. We mention
only one old and easy improvement: e.g. the x/{hepwith =1 strongly improves x/In(x). We emphasize
that in regard to PNM, the two most characteriititctions are the x/In(x) and Li(x), no questioroabit,
the former is more explicit what mathematician desi but the latter is more accurate. For our ialk
medias reswe say that error of x/In(x) for estimatingx) is about “error®: n,(x), because probability
1/In(N) at larger N (very visible from #1000, see table below) sees both, isolated andstasnl entity,
but it should be 2 for twin in counting fax(x), that is, x/In(x) countigaedX)+m2(X) and not the proper
Tisolated X) +212(X), this will be analyzed and supported mathenadtidelow.

We start with one simple analytic relationshipich is worth to mention immediately between Egntl
Li(x). They elementary relation comes from d(x/[)tx= (In(x)-1)/(In(x)} ~ 1/In(x) for large x, i.e. the
integrand in Li(X) is recovered asymptotically. Wdugh Li(x) cannot be integrated analytically, aa@ try
with (x+g(x))/In(x) to find which kind of g(x) yiels 1/In(x) after derivation. It yields a first orgde
inhomogeneous, ordinary differential equation witimction coefficients, and the standard way to the
solution yields g(x)=(In(x){In(x))dx, (not in contradiction that no analytic primgivunction). The back-
check provides the idea to consider (In())d(x/In(x))/dx + (In(x))*: evaluation of the derivative in it
yields triviality, but its integration (web page lfram recognizes this trick) yields the integrabiation
for a half way and a key equation for our talk as

[(In(x)) ™ dx = x/In(x) +J(In(x))dx . 2)
To the compact and exact Eq.2 the known asympwtgansion should also be mentioned: Li(x)~
N1+ (IN(X))*+ 2(In(X))%+ ...+ KI(In(x))*+...] for comparison. Eq.2 is the key expression ter
because its consequence is

7(X) - ma(X) = X/In(X) ?3)

as a very simple and powerful improvement over Ebetause it explains where the main part of “érror
comes from in x/In(x). It means that x/In(x) appiroates the number of primes minus the number twin
primes rather than the number of prime). Eq.2 explains the well known fact why Li(x)@pximates
the n(x) much better than the x/In(x) does. To the kremlgle and experience of the author, only e.g. plots
for ratiosn(x)/(x/In(x)) vs.w(X)/Li(x) are exhibited, or the three functiongX), x/In(x), Li(x)) together and
similar kind of statistics, but Eq.2 which is imnneely responsible for the difference is not redagd in
this respect, although it should be. Furthermoresidihg Eq.3 by x/In(x) yields that n(x)-
75(X))/(X/In(X)) - 1 via this limit behavior ofi(x), and as a consequencg€x)/(x/In(x)) - 0 as x- co.

Definite integral in Eq.2 on interval (2,x)tWicrudemny(x)= I(Z,X)(In(t))'zdt and the asymptotic expansion
for the more accurate(x)=~ Li(x) along with stopping at the second term, g&ethatr,(x)= x/(In(x))?, and
inserting the latter into Eq.3 yields

n(X) = x/In(x) + x/(In(X))?, 4)
a formula known in boundary analysis fofx). The error estimation/improvement by Eq.4 oyl
comes from the formx(x)= (x/In(x))[1+ (In(x))"], i.e. error 100%(In(x))". For example, at x=1Bit is
only 2.7%, but caution must be, since it is latgggauser(x) as well as x/In(x) rapidly grow with x (Figure
1.a). Beside the analytical support by Eq.2, thebability approach is as follows: 1/In(N) gives the
probability to find an isolated prime or twin prigrtaut at larger N it misses the greater (or smpfieme in
twins (p, p+2) at that N. However, 1/(In(R)jives the probability to find a twin, so the sudn(N) +
1/In(N)* count more properly (re-correct) to find the numbgall primes approximately. For example, at
N=10° then=78498 andr,=8169, i.e. x/In(x) mistakenly counts one instefdm for the 8169 twins, and
indeed, 18In(10°)= 72382.4 counts for—m,= 78498-8169= 70329, while ¥h(10°)+ 1¢F/(In(10°))%=
77621.6 counts for 78498. This is the way how Bmpgroves for any, but mainly for large x. There are
other “close packages” of primes, e.g. “cousin gstn(p, p+4) or “sexy primes” doublets, tripletsdan
quadruplets (p, p+6, p+12, p+18) even for verydapgmes p, but they have less importance thanstwin
However, no higher multiplicity than 2 with differee 2, i.e. no higher multiplicity than twins (pt3),
since one among (N, N+2, N+4) can always be divioe8; exception is at the beginning: the (2,3,5%%4
quintet. The superiority of Li(x) over x/In(x) maypme from its ability to count for these close s
better, nicely visible by the higher power terméténasymptotic expansion via k!/(In(%))

We stop at this point, but a simple fit forgraeter “a” in

m(x) = x/In(X) + ax/(In(x)¥ (5)
strongly improves Eq.4 as an empirical scaling.v€sirJ, K and L on Figure 1.b below provides aelittl
scan with computer search in the range x in [1]}elding an optimal value a=1.0595, i.e. it does



deviate much from unity, as well as in agreemeti wvin primes constant as 1€12< 2. The parameter
“a” is very sensitive in the short interval [1,Zfnpare curves J and K, as well as L exhibits sltgange),
and we note that scaling device in Eq.5 is jusery simple way to improve Eq.4. More importantlyist
optimal &1 greatly supports the idea behind Eq.4. To gd&urta more subtle theory needed, but what is
important now is that Eq.4 is a strong improvenmrdr Eq.1. We do not review and seek more accurate
forms than Eq.4, instead we are explaining the mmgaof terms in Egs.1 and 4. In relation to PNTe th
limit behavior for Eq.4 is (x/In(x) + x/(In(F)/(x/IN(x)) = 1+1/(In(x) - 1 as x- o, which includes the more
importantr(x)/(x/In(x) + x/(In(x))?) -1 as x- oo, because by this(x) ~ (x/In(x) + x/(IN(X)Y).

EqQ.2 is an exact equation, but Eqs.1 and B250mly approximations. In this way we tabulate phat
1(X), mo(X), Li(x), x/In(x) and x/(In(x)§ in different combinations for deviations and ratas functions of x
for the range [10,16] to show that Eqs.3-5 are superior over Eq.1. fAbelation is

1'g(x) (X) m(x)-[x/In(x)] 1(x)-[(x/1n(x))+(x/ (In(x))?)]
1 4 -0.34 -2.23
2 25 3.29 -1.43
3 168 23. 24 2.28
4 1229 143. 26 25. 38
5 9592 906. 11 151. 66
6 78498 6115. 59 876. 37
16 279238341033925 = 279.2*d12 7.804*d12 0.437*d12

showing that Eq.4 nicely improves Eq.1. For viszetion the plots: Figure 1.a reveal that thererere
only many primes, but many twins, and most impdlyatie genious behavior of x/In(x) is visible, batt
this resolution eye cannot distinguish curve B frointles, i.e. the effect between Eqgs.1 and 4 cahao
seen. Curve D on Figure 1.c shows the cardinaditip rhetween twins and primes. Curves on Figure 1.b
exhibit error percentages: Comparison of E and éwshthat Eq.3 is superior over Eq.1, even the sign
changes, as well as J, K and L exhibit the abowvetioreed scaling for Eq,4 via Eq.5, and J vs. F aétleat
Eq.4 is even better than Eq.3, probably via eresrcellation between the two terms in Eq.4; but G/es
that Li(x) does best for limit behavior among thedtions considered. Figure 1.c exhibits the rafiom
unity for the asymptotic behavior, and comparingves H and | reveals that the convergence is féwster
Eq.3 than in Eqg.1 with opposite sign, that is cogeace from above vs. below. In summary, curvesd a
J on Figure 1.b reveals that both, Eq.4 and Eqrfope correct asymptotic behavior, but Eq.4 is more
accurate (in£") and faster (in “~") via more precious counting.

We know that the block functions mentionedwabare well known in the theory of primes, but wanv
to emphasize that Eg.2 from calculus is not recsghienough as important one in the theory of primes
how it provides immediate improvement, as well as-a consequence of Eq.2 - the meaning of terms
(x/In(x) and x/(In(x)f) has been made clearer in Egs.3-5 to understandix) is estimated in its first well
known and emblematic step in Eg.1. We have shovan Hy.3 is more accurate than Eq.1, or with
substitutingr,(X)= (T(X)-TisotedX))/2, EQ.3 reads agX)+misoated X)= 2X/IN(X). EQ.3 tells what x/In(x) counts
in fact, and Eq.4 provides a better estimationtfior) than Eqg.1. As a final word, the more accurate4E
should replace the simpler Eq.1 in PNT for botlatiehs:= and ~ once and forever, the simplicity of Eq.4
deserves this in an emblematic theorem like PNT fdtt thern(x)=Li(x) is the best among discussed, but
its handicap is the non-existing (or lack of) atiabt primitive function.)



figure a

line B= m(x)
open circles= x/In(x)
black circles=x/In(x)+ x/(In(x)?)

Figure 1.: Plot of the cardinality of primes(X))

and twin primes 1t(x)) as well as judging
different counting as a function of x. The 10 baged
lg(x) is used for x for more compact view, as well
as only the points at x= Ig(10)=1, ...Ilg¢HE-16
are plotted and connected for sake of brevity,
the step-function nature of(x) and r(x) cannot
be seen). Notice the large difference in scple
plotted between figures a vs. b and c.
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