arXiv:1711.04099v2 [math.PR] 18 Jan 2018

On aggregation of multitype Galton—Watson
branching processes with immigration

MATYAS BARCZY*®, FANNI K. NEDENYI, GYULA PAp™

* MTA-SZTE Analysis and Stochastics Research Group, Bolyai Institute, University of Szeged,
Aradi vértanik tere 1, H-6720 Szeged, Hungary.

** Bolyai Institute, University of Szeged, Aradi vértanik tere 1, H-6720 Szeged, Hungary.

e-mails: barczy@math.u-szeged.hu (M. Barczy), nfanni@math.u-szeged.hu (F. K. Nedényi),
papgy@math.u-szeged.hu (G. Pap).

¢ Corresponding author.

Abstract

Limit behaviour of temporal and contemporaneous aggregations of independent copies
of a stationary multitype Galton—Watson branching process with immigration is studied
in the so-called iterated and simultaneous cases, respectively. In both cases, the limit
process is a zero mean Brownian motion with the same covariance function under third
order moment conditions on the branching and immigration distributions. We specialize
our results for generalized integer-valued autoregressive processes and single-type Galton—
Watson processes with immigration as well.

1 Introduction

The field of temporal and contemporaneous aggregations of independent stationary stochastic
processes is an important and very active research area in the empirical and theoretical statis-
tics and in other areas as well. The scheme of contemporaneous (also called cross-sectional)
aggregation of random-coefficient autoregressive processes of order 1 was firstly proposed by
Robinson [16] and Granger [4] in order to obtain the long memory phenomena in aggregated
time series. For surveys on papers dealing with the aggregation of different kinds of stochastic
processes, see, e.g., Pilipauskaité and Surgailis [13], Jirak [8, page 512] or the arXiv version of
Barczy et al. [2].

In this paper we study the limit behaviour of temporal (time) and contemporaneous (space)
aggregations of independent copies of a strictly stationary multitype Galton—Watson branching
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process with immigration in the so-called iterated and simultaneous cases, respectively. Accord-
ing to our knowledge, the aggregation of general multitype Galton—Watson branching processes
with immigration has not been considered in the literature so far. To motivate the fact that the
aggregation of branching processes could be an important topic, now we present an interesting
and relevant example, where the phenomena of aggregation of this kind of processes may come
into play. A usual Integer-valued AutoRegressive (INAR) process of order 1, (Xj)g=0, can be
used to model migration, which is quite a big issue nowadays all over the world. More precisely,
given a camp, for all k& > 0, the random variable X, can be interpreted as the number of
migrants to be present in the camp at time k, and every migrant will stay in the camp with
probability « € (0,1) indepedently of each other (i.e., with probability 1 — « each migrant
leaves the camp) and at any time &k > 1 new migrants may come to the camp. Given several
camps in a country, we may suppose that the corresponding INAR processes of order 1 share
the same parameter « and they are independent. So, the temporal and contemporaneous
aggregations of these INAR processes of order 1 is the total usage of the camps in terms of
the number of migrants in the given country in a given time period, and this quantity may be
worth studying.

The present paper is organized as follows. In Section Pl we formulate our main results,
namely the iterated and simultaneous limit behaviour of time- and space-aggregated inde-
pendent stationary p-type Galton-Watson branching processes with immigration is described
(where p > 1), see Theorems and [Z71 The limit distributions in these limit theorems
coincide, namely, it is a p-dimensional zero mean Brownian motion with a covariance function
depending on the expectations and covariances of the offspring and immigration distributions.
In the course of the proofs of our results, in Lemma 2.3, we prove that for a subcritical, pos-
itively regular multitype Galton-Watson branching process with nontrivial immigration, its
unique stationary distribution admits finite o™ moments provided that the branching and
immigration distributions have finite o™ moments, where o € {1,2,3}. In case of o € {1,2},
Quine [14] contains this result, however in case of a =3, we have not found any precise proof
in the literature for it, it is something like a folklore, so we decided to write down a detailed
proof. As a by-product, we obtain an explicit formula for the third moment in question. Sec-
tion [ is devoted to the special case of generalized INAR processes, especially to single-type
Galton—Watson branching processes with immigration. All of the proofs can be found in Section

2]

2 Aggregation of multitype Galton—Watson branching
processes with immigration

Let Z,, N, R, R,, and C denote the set of non-negative integers, positive integers, real
numbers, non-negative real numbers, and complex numbers, respectively. For all d € N, the
dx d identity matrix is denoted by I;. The standard basis in R? is denoted by {ei,...,eq}.
For v € R? the Euclidean norm is denoted by |[|v||, and for A € R¥?  the induced matrix



norm is denoted by ||A|l as well (with a little abuse of notation). All the random variables
will be defined on a probability space (€2, F,P).

Let (X) = [Xp1,.--, Xkp Jrez, be a p-type Galton-Watson branching process with
immigration. For each k,¢ € Z, and i,j € {1,...,p}, the number of j-type individuals in
the k'™ generation will be denoted by X j, the number of j-type offsprings produced by the

(™ individual belonging to type i of the (k— 1) generation will be denoted by glbd h z , and

the number of immigrants of type 4 in the k™™ generation will be denoted by 5,2). Then we

have
1,1 1 1
Xg-1,1 gl(f,f ) Xi—1,p f;(fg ) El(e) p Xe_1i
(2.1) X, = Z R Z + Z éi(gl)g‘i‘gk
=1 (1,p) =1 (p.p) (p) i=1 (=
gk,f gk,f €k

for every k € N, where we define 22:1 := 0. Here {Xo,é,(i)é,sk ck0eNed{l,... ,p}}
are supposed to be independent ZF -valued random vectors. Note that we do not assume
independence among the components of these vectors. Moreover, for all ¢ € {1,...,p},
{£9), ,(;)Z :k,0 € N} and {e,e : k € N} are supposed to consist of identically distributed
random vectors, respectively.

Let us introduce the notations m. :=E(e) € RE, M, = E([g(l), o ’E(p)}) € RY? and
V(ij) = [Cov(g ) 5(1] ) COV(ﬁ(I” gzw')), COV(E(i)7g(j))}T c R(p+1)x1

for 4,5 € {1, ...,p}, provided that the expectations and covariances in question are finite. Let
o(M¢) denote the spectral radius of My, i.e., the maximum of the modulus of the eigenvalues
of M. The process (Xj)rez, is called subcritical, critical or supercritical if o(Myg) is
smaller than 1, equal to 1 orlarger than 1, respectively. The matrix M is called primitive
if there is a positive integer n € N such that all the entries of M7y are positive. The process
(Xk)kez, is called positively regular if M is primitive. In what follows, we suppose that

02) E(D)eR?, ic{l,....p}, m.cR\ {0},
2.2
p(M¢) <1, M is primitive.

For further application, we define the matrix

p
I,— M) "'m.
ij=1

provided that the covariances in question are finite.

2.1 Remark. Note that the matrix (I, — M¢)~', which appears in (2:3) and throughout the
paper, exists. Indeed, A € C is an eigenvalue of I, — M, if and only if 1 — A is that of
M. Therefore, since p(Myg) < 1, all eigenvalues of I, — M, are non-zero. This means
that det(I, — M¢) #0, so (I,— Mg¢)~" does exist. One could also refer to Corollary 5.6.16
and Lemma 5.6.10 in Horn and Johnson [6]. O



2.2 Remark. Note that V is symmetric and positive semidefinite, since v ;) = vy,
i,7 €{1l,...,p}, and for all « € RP,

P P P P I, — M) 'm,
' V= ZZVZ-J:CZ-:CJ» = <ZZ$Z‘%”U&J—)> [( P 15) m ] ’

i=1 j=1 i=1 j=1

where

P P

Z inxjfvg,j) = [z’ Cov(€W ez, 2" Cov(€® €z 2 Cov(e, e)x].

i=1 j=1

Here x' Cov(¢®, ¢z >0, i {1,...,p}, =" Cov(e,e)x >0, and (I, — M) 'm. € R
due to the fact that (I, — M¢) 'm, is nothing else but the expectation vector of the unique
stationary distribution of (X} )rez,, see the discussion below and formula (£.4]). O

Under (2.2), by the Theorem in Quine [I4], there is a unique stationary distribution 7 for
(Xk)kez, - Indeed, under (Z2), M, is irreducible following from the primitivity of My, see
Definition 8.5.0 and Theorem 8.5.2 in Horn and Johnson [6]. For the definition of irreducibility,
see Horn and Johnson [6, Definitions 6.2.21 and 6.2.22]. Further, M is aperiodic, since this
is equivalent to the primitivity of M, see Kesten and Stigum [I0], page 314] and Kesten and
Stigum [9, Section 3]. For the definition of aperiodicity (also called acyclicity), see, e.g., the
Introduction of Danka and Pap [3]. Finally, since m. € RE \ {0}, the probability generator
function of € at 0 isless than 1, and

p p p p
E(log (Z a(i)> IL{E;AO}) < E(Z €(i):ﬂ.{57§0}> <E (Z €(i)> = ZE(E(i)) < o9,
i=1 i=1 i=1

i=1

so one can apply the Theorem in Quine [14].

h

For each a € N, we say that the o™ moment of a random vector is finite if all of its

mixed moments of order « are finite.

2.3 Lemma. Let us assume (22). For each o € {1,2,3}, the unique stationary distribution

h

7 has a finite o™ moment, provided that the o™ moments of €9, i€ {1,...,p}, and €

are finite.

In what follows, we suppose (2.2) and that the distribution of X is the unique stationary
distribution 7, hence the Markov chain (X )iez, is strictly stationary. Recall that, by (2.1) in
Quine and Durham [I5], for any measurable function f: R — R satisfying E(|f(X,)|) < oo,
we have

(2.4) %Z F(X0) 2S5 E(f(Xo)  as n— oo



First we consider a simple aggregation procedure. For each N € N, consider the stochastic
process SV = (,S',(jv))kez+ given by
N
N : :
SV =Y (x) -E(XY), ke,

j=1

where XU = (X ;(gj))kezw 7 € N, is a sequence of independent copies of the strictly stationary
p-type Galton-Watson process (Xj)iez, with immigration. Here we point out that we consider
so-called idiosyncratic immigrations, i.e., the immigrations belonging to X, j € N, are
independent.

We will use —5 or Dy¢-lim  for weak convergence of finite dimensional distributions, and
Py for weak convergence in D(R,,RP) of stochastic processes with cadlag sample paths,
where D(R,,RP) denotes the space of RP-valued cadlag functions defined on R,.

2.4 Proposition. If all entries of the vectors £(i), ie{l,...,p}, and € have finite second
moments, then

N-:SW™) Py as N — oo,

where X = (Xj)kez, 1S a stationary p-dimensional zero mean Gaussian process with covari-

ances

(2.5) E(X,X,) = Cov(Xo, X ) = Var(X,)(M{ )", keZ,,
where

(2.6) Var(X ) = ZMg

We note that using formula (£6) presented later on, one could give an explicit formula for
Var(X) (not containing an infinite series).

2.5 Proposition. If all entries of the vectors €9, i e {1,...,p}, and e have finite third
moments, then

[nt) [nt]
() = (Xl BE)) B MaTB w0,
k=1 teR4

k=1 teR4

where B = (By)icr, is a p-dimensional zero mean Brownian motion satisfying Var(B,) = V.

Note that Propositions 2.4] and are about the scalings of the space-aggregated process

S™) and the time-aggregated process (ZWJ S(1 ) respectively.

teR4 )

For each N,n € N, consider the stochastic process S = (SEN’"))teR . given by

N | .
NSO (XY -E(XY),  teR,.

Jj=1 k=1

[nt



2.6 Theorem. If all entries of the vectors €7, i€ {1,...,p}, and e have finite second
moments, then

(2.7) Di-lim Dy-lim (nN)" 28V = (I, — M,)"'B,

im
n—00 N—o00
where B = (By)icr, is a p-dimensional zero mean Brownian motion satisfying Var(B;) = V.
If all entries of the vectors €9, i€ {1,...,p}, and e have finite third moments, then
(2.8) Di-lim D-lim (nN)"2 8™ — (I, — M) "' B,
—00

n—o0

where B = (By)er, is a p-dimensional zero mean Brownian motion satisfying Var(B;) = V.

2.7 Theorem. If all entries of the vectors €9, i e {1,...,p}, and e have finite third
moments, then

(2.9) (nN)"2 8™ 2y (1, — M,)'B,

if both m and N converge to infinity (at any rate), where B = (By)er, is a p-dimensional
zero mean Brownian motion satisfying Var(B;) = V.

A key ingredient of the proofs is the fact that (X, —E(X))rez, can be rewritten as a stable
first order vector autoregressive process with coefficient matrix M, and with heteroscedastic
innovations, see (EI4]).

3 A special case: aggregation of GINAR processes

We devote this section to the analysis of aggregation of Generalized Integer-Valued Autore-
gressive processes of order p € N (GINAR(p) processes), which are special cases of p-type
Galton—Watson branching processes with immigration introduced in (Z1I). For historical fi-
delity, we note that it was Latour [I1] who introduced GINAR(p) processes as generalizations
of INAR(p) processes. This class of processes became popular in modelling integer-valued time
series data such as the daily number of claims at an insurance company. In fact, a GINAR(1)
process is a (general) single type Galton—Watson branching processes with immigration.

Let (Z)k>—p+1 be a GINAR(p) process. Namely, for each k¢ € Z, and i€ {1,...,p},
the number of individuals in the k" generation will be denoted by Z;, the number of offsprings
produced by the ¢ individual belonging to the (k—14)" generation will be denoted by & ,(:7’51),

and the number of immigrants in the k™ generation will be denoted by 519- Here the 1-s

in the supercripts of 5,(3’41) and 5,(61) are displayed in order to have a better comparison with

(21). Then we have

Z—1 Zg—p
Zo=>Y &+ -+ > gtV +e), kel

)

=1 /=1

~



Here {ZO, Z_4ye iy Zpia, ,if’gl), 5121) ck,teNjied{l,... ,p}} are supposed to be independent
nonnegative integer-valued random variables. Moreover, for all i € {1,...,p}, {£®Y, f,(;;’zl) :
k,¢ € N} and {5(1),5,(:) : k € N} are supposed to consist of identically distributed random
variables, respectively.

A GINAR(p) process can be embedded in a p-type Galton—Watson branching process with

immigration (X5 = [Zk, ..., Zk_pr1] rez . with the corresponding p-dimensional random
vectors
e(1,1)7 e (p—1,1)7 ()7 ()7
k,t k¢ k.t k
1 0 0
51217% = 0 sy T ](gzjé_l) = ) 51(52 = 0 , Ep =
: 0
0 | 1] | 0 | | 0

for any k,¢ € N.

In what follows, we reformulate the classification of GINAR(p) processes in terms of the
expectations of the offspring distributions.

3.1 Remark. In case of a GINAR(p) process, one can show that ¢, the characteristic poly-
nomial of the matrix My, has the form

©(\) i=det(\I, — M¢) = X —E(T)\P=1 ... _E(eP-L)\ —E(¢PD) NeC.

Recall that o(M¢) denotes the spectral radius of My, i.e., the maximum of the modulus of
the eigenvalues of M. If E(£®V) > 0, then, by the proof of Proposition 2.2 in Barczy et al.
[1], the characteristic polynomial ¢ has just one positive root, o(M¢) > 0, the nonnegative
matrix Mg is irreducible, o(M¢) is an eigenvalue of Mg, and >0 E(£0D)o(Mg)™ = 1.
Further,
< , <
oMe) 4= 1 = > EE){= 1

i=1

> > 0

Next, we specialize the matrix V', defined in ([23), in case of a subcritical GINAR(p)
process.

3.2 Remark. In case of a GINAR(p) process, the vectors
V(i) = [COV(S(M), g(l,j))’ o Cov(g(p’i), g(p,j))’ Cov(g(i)’ E(J'))]T e RP+1)x1

for 4,7 € {1,...,p} are all zero vectors except for the case i = j = 1. Therefore, in case of
o(M¢) <1, the matrix V, defined in (Z3]), reduces to

(I, — M) E(eW)e;

(3.1) V = 'U(Tu) '

(elef)-



O

Finally, we specialize the limit distribution in Theorems and 2.7 in case of a subcritical
GINAR(p) process.

3.3 Remark. Let us note that in case of p = 1 and E((3Y) < 1 (yielding that the
corresponding GINAR(1) process is subcritical), the limit process in Theorems and 2.7 can
be written as

w,

1 E(eM) Var(€0D) + (1 — E(0.D)) Var(eM)
T—E(g0D) 1= E(€0)

where W = (W})er, is a standard 1-dimensional Brownian motion. Indeed, this holds, since
in this special case Mg = E(¢MV) yielding that (I, — M¢)™! = (1 — E(ED))7L and, by
B,

~ Var(¢"Y) E(eM)

(1)
= Ean) + Var(e'”).

Tr EEe®
v [Cove. 0] [
Cov(e® M) 1

4 Proofs

Proof of Lemma 23] Let (Zj)icz, bea p-type Galton-Watson branching process without

immigration, with the same offspring distribution as (Xj)kez,, and with Z 2 . Then the
stationary distribution 7 of (Xj)rez, admits the representation

2 iZY),

r=0

where (Z,(cn))kez ., n € Zy, are independent copies of (Zj)rez,. This is a consequence of
formula (16) for the probability generating function of 7 in Quine [I4]. It is convenient to
calculate moments of Kronecker powers of random vectors. We will use the notation A ® B
for the Kronecker product of the matrices A and B, and we put A®? == A® A and
A% .= A® A® A. Foreach a € {1,2,3}, by the monotone convergence theorem, we have

0 ®a n—1 ®a
o) -l
r=0

r=0

/ z® 7(dx) = E
Rp

For each n € Z,;, we have

[y

n—

I

zZ"
r=0

Yn>

where (Y)rez, is a Galton-Watson branching process with the same offspring and immi-
gration distributions as (Xj)rez,, and with Y, = 0. This can be checked comparing

8



their probability generating functions taking into account formula (3) in Quine [14] as well.
Consequently, we conclude

(4.1) /Rp % m(de) = lim E(Y5?).

n—oo

For each n € N, using [21]), we obtain

p Yn 1,7

ZZ nj| 1 +E€n| ZY 12 ‘I'E()

i=1 j=1

(4.2)
p .
= Z E(ﬁ(l))e;ryn—l +me = M§Yn—1 + mg,
i=1
where FY :=0(Y¢,..., Y, 1), n€N, and Y,_;,:=¢€/Y,_1, i € {1,...,p}. Taking the
expectation, we get

(4.3) E(Y,) = M¢E(Y, 1) +me, neN.

Taking into account Yo = 0, we obtain
Y, = ZMZ‘kmE ZMgme, n € N.

For each n € N, we have (I, — M¢) > /) Mé = I, — M. By the condition o(M¢) <1,
the matrix I, — M is invertible and Y ,°, Mé = (I, — M¢)™!, see Corollary 5.6.16 and
Lemma 5.6.10 in Horn and Johnson [6]. Consequently, by (1), the first moment of 7 is finite,
and

(4.4) /Rp zr(de) = (I, — M¢) 'm,.

Now we suppose that the second moments of &9, i e {1,...,p}, and e are finite. For
each n € N, using again (2.1]), we obtain

;Dynlzp nlz

EYPIF )= 3 Y Y EE el | FY)

i=1 j=1 /=1 j5'=1

P Yn 1,2

+3° S B ©e, e, @D | FY ) + B2 FY)

=1 j=1

p p
ZZYH 17, n— 12’E(£( ®E +ZY 12 12_1)[ (é(l))]®2
i=1 i'=1
i’ i
p .
+ZY L E[(E™)®2 +ZY LEEY @e+e®ED) +E(E®?)



P P

=3 VY s E(ED) @ E(E +2Yn LAE[(E)®?] - [E(69))*%}

i=1 /=1
p . .
+ Z Yn_Li{E(ﬁ(l)) QMg+ Mme ® E(é(l))} + E(e%?)
=1
= (MgYn_1)®2 + A271Yn_1 + E(€®2).

with
Az, —Z{E )% + E(EY) @ m. + m. @ E(ED) — [E(ED)]*?)e] € RF*P,

Indeed, using the mixed-product property (A ® B)(C ® D) = (AC)® (BD) for matrices of
such size that one can form the matrix products AC and BD, we have

YY1y =Y 1, QY 10 = (e;’rYn—l) & (e;I/—Yn—l) (6 ® e, /)Y®2

n—1°

hence

p P P P

DY VY v BED) QEED) =YY [EED) @ B(EW)] (6] @ €)Y,
=1 i'=1

i=1 ¢'=1

= ZZ (E(ED)e]) @ (B(ED)e))] Y32, = (ZE(&“’)«J ) Ye?,

i=1 i'=1
= (MPYE, = (MY, )™
Consequently, we obtain
E(Y? | F) ) = MEPY 2 + Az 1Y 1 + E(e%?), neN.
Taking the expectation, we get
(4.5) E(Y?) = MP?E(Y (%) + Ay E(Y 1) + E(e®%), neN.

Using also (£3)), we obtain

E(Y,) E(Y,..1) m,
any | = A2 o2 \| T @2y’ n €N,

E(Y.,") E(Y, 2] |[E(E™)

with
A, = Me 0 R@+p*) % (p+p?)
Asy ME?
Taking into account Y, = 0, we obtain
, n € N.
E Y®2 ] kz E®2 ZO E®2

10



We have o(Ay) = max{o(My¢), (M®2)} where Q(M®2) [o(M¢)]?. Taking into account
o(M¢) < 1, we conclude p(Ay) = o(M¢) < 1, and, by (41, the second moment of 7 is
finite, and

pr x 7(dx) o L 1| mMe
Y e = [
Since
(I+2—A2)_1: [ (Ip_Mﬁ)_l 0 ]
o (Ip2 - M?z)_lAZl(Ip - MS)_l (Ip2 - M?z)_l ’

we have
/ e rw(da) = (I — MZ?) " Ay (I, — M) 'm + (I — M%) E(e%?).
RP

Now we suppose that the third moments of &%, i e {1,...,p}, and e are finite. For
each n € N, using again (ZT]), we obtain

E(YE | FY ) = Sp1 + Sno+ Sns +EE | FY )

with

St = E¢, 0el) @) | FY),

p Yn-1,
S = B, @ +e, 08, @e, +e5 @€ | FY ).
We have
S = ZZ S Vi Voas Yo EED) @ BEY) 0 EE)
i=1 /=1 4¢'=1
i £ z‘"gz{i,i/}
p p
+ Z Z Yn_lvl(y 14 — 1)Yn—l,i’
i=1 i'=1
i #i

x {[E(ED)]*? @ E(¢W)) + E(¢Y) @ E(¢")) @ E(€Y) + E(€W))  [E(E@))*?}

+ ) Vo Yaor o {B[(ED)* @ E(EW) + E(EY 0 £ @ £9) + E(€W)) @ E[(6W)®]}
i=1 i'=1
il i

11



+> Yo (Vas = D(Yaors — 2)[BED) + > Vo 1 E[(€7)%]

p
+ > Vo1i(Vaors — D{E(ED)®? @ E(€V) + E(£)) ® £} @ €1)) + E(€Y) @ E[(£9)*2)},
which can be written in the form

p p p
Sn,l = Z Z Z Yn—l,iYn—l,i’Yn—l,i” E(ﬁ(l)) ® E(ﬁ(l )) ® E(ﬁ(l ))

i=1 i'=14"=1

i=1 /=1
+E(E") @ E[(€7)%%] — [E(EY)]** @ E(€")
~E(EY) 9 EE") o EEY) - E(€") @ [E(EY)**}

+ 2 Y {BIED)™] ~ E[(€") ] @ E(€Y) ~ E(E]) ® €1 @ €1))
i=1

~ (V) @ E[(€9)) + 2(E(€))*).

Hence
(4.7) Sur = MEY S + ALY + AY)Y,
with
Al = (E[(D)*? @ E(€™) +E(¢Y 067 0 ¢9) + E(¢)) 2 E[(£9)%?]
i=1 /=1
— [EED)*2 @EE) —E(¢Y) @ E€Y)) 9 E(¢Y) — E(¢Y)) ® [E(¢7)]*?}
x (e ®e;) € RFP,
AL = ST{E[(ED)%] — E[(€D)*) @ E(6Y) — E(e) @ €1, @ €) — E(£Y) @ E[(€7)%?]
=1

+2[E(ED))® e € RP*P,

12



Moreover,

Sua = 303 Vo Vo s {E(ET) @ E(ED) & m, + B(E®) 0 m, o B(E)
i=1 i'=1
i i

+m. ®E(EY) @ E(ED)}
+ 3 Va1 i(Yars — D{EED)* @ me + EED) @ m. 9 E(EY)

i=1

+m. ® [E(EW))*?}

+ZYn LAEI(ED) @ me + E(EY @ e @ €Y) + m. @ E[(€7)]},

where E(£9 @ e ® £7) is finite, since there exists a permutation matrix P € RP*?* such

that u®@ v = P(v®@u) for all u,v € R? (see, e.g., Henderson and Searle [5, formula (6)]),
hence

E€"0ewe")=E(Pe®t") ") =E([P(e®€")] @ (I,67))
=E(Pe1L,)(c2€" @¢)) = (P®I,)(m. E[(£")*]).

Thus

i=1 i'=1

+m. @EEY)®EE™)}
+) Y L {E[(€D)*] @ m. + E(€Y @ e ® €9) + m. @ E[(£7)®7]
i=1
— B @ m. —E(¢Y) @ m. @ E(€Y) — m. @ [E(6Y)]**}.

Hence
(4-8) Sn 2 = A§22Y®21 + A:(J,?Yn—l
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with

AP _ZZ{E ) @E(E") @ m. +E(EY) @ m. 9 E(EW)

=1 /=1

+m. 9EED) 9EED)} (e ®ej) € R,

AR} = Y {EIE) ™ @ me + BV e 0 €9) + m, 9 E[(€0)™
— [EE)]” @ me —E(EY) @ me @ E(EY) —me © [BE)]? el e R

Further,

p
Snz = Vi1 {E(ED) @ E(e®) + E(e ® £ @ €) + E(e®*) @ E(¢W)} = ALY,

i=1

with

bS]

AP =N {EED) @ E(E®) + E(e @ £V ®e) + E(e™) @ E(€W) }e] € R7?,
i=1

where E(e @ €9 ®€) is finite, since
Ele ¢ @e) =E(P(E" @e)@e) =E([P(EY ®e) @ (Ie))
—E((Po )" 9e®e) = (Po L) (EE?) o E)).
Consequently, we have
E(Y? | FY ) = MY + AgpoY 32 + A Y + E(e®)
with Az, = Ai(),l% + Ai(f% and Aj, = Ag}l + Ai(f% + Aési. Taking the expectation, we get
(4.9) E(Y3%) = MPE(Y ) + Az B(Y2) + Asi E(Y 1) + E(e%°).

Summarizing, we obtain

E(Y, E(Y 1) me
E(Y®)| = As |E(YE2)| + |E(e®?)]|, neN,
E(Y) E(Y:E)|  [E(e®)

with
Mg 0 0
Ag = | Ay, M?2 0 e Re+P*+0°)x(p+p°+p%)
Az Aszp, M ?3

14



Taking into account Yo = 0, we obtain

E(Y, . me _ me
E(YS?)| =) Ay |E(e®? AL |E(e52) neN.
E(YS) | M IE(s®3) =0 IE(s®3)

We have o(A;) = max{o(Mc), o(M¢?), o(M¢®)}, where o(M¢*) = [o(M¢)]* and
g(M?g) = [0(M¢)]?. Taking into account o(M¢) < 1, we conclude o(A3) = o(Myg) < 1,
and, by (4I)), the third moment of 7 is finite, and

pr x m(dx) m.
(4.10) pr x? m(de) | = Lpipeip — A3)_1 E(e#?)
Jgp % (da) E(e%3)
Since
(Ip — Mg)_l 0 0
(Ip+p2+p3 — A3)_1 = B, (Ipz — M?2)_1 0 )
B3, B3, (I3 — M?3)_1
where
Byy = (I, — M)Ay (I, — M),
By = (I — MZ*) " (As1(I, — M)~ + A3Ba ),
By = (Is — Mg®) " Asp(I e — ME*)™"
we have

/ z® n(dx) = B3 1me + B3 E(e¥?) + (I3 — M?ij’)_1 E(e®%).
RP

Proof of Proposition 2.4 Similarly as (4.2]), we have
E(Xy|FX) =MeX;_1+m., k€N,

where FX :=o0(Xo,...,Xy), k€ Z,. Consequently,

(4.11) E(X)) = M E(X 1) + me, ke N,
and, by (£4),

(4.12) B(X,) = (I, - M¢) 'm..

Put

U,: =X, —E(X,|FX) =Xy — (McX )1 +m,)

I
—
i
e
~

I

&=
—
i
oaaney
i~

")+ (ex —E(ey)), keN.
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Then E(U,|F¥,) =0, k € N, and using the independence of {f,(j’)z,sk c kot e Nie
{1,... ,p}}, we have

P
i j i j X1
(413)  E(UkiUis | FED) =D Xio1g Cov(€5, €157 + Cov(el, &) va,j>[ 1 ]
q=1

for i,5 € {1,...,p} and k€N, where [Up1,...,Usp|" := Uy, k€ N. Foreach ke N,
using Xy = M¢ X1 +m.+ Uy and (AII]), we obtain

(4.14) Xy —E(Xy) = M( X1 —E(Xy1)) + Uy, k e N.
Consequently,
E(( Xk — E(X1))(X) —E(Xy) " | FEY)
= E(M¢(Xpo1 — E(X4m1)) + Up) (M (X — E(X 1)) + Up) | FEY)
=EUWU, | FXy) + Me(X o — E(X-1)) (X1 — E(X 1)) T M
for all k£ € N. Taking the expectation, by (£I2) and (£I3]), we conclude
Var(X ;) = E(UU, ) + Mg Var(X, )M/} =V + M Var(X,1)M],  keN.

Under the conditions of the proposition, by Lemma 2.3 the unique stationary distribution =
has a finite second moment, hence, using again the stationarity of (Xj)rez,, for each N € N,
we get

=2

(4.15)  Var(X,) =V + M Var(Xo)M{ = > MV (M;)" + M{ Var(Xo)(M{)".
0
Here limy_ o Mév Var(Xo)(MgT)N = 0 € R?*?. Indeed, by the Gelfand formula o(M¢) =

limy 00 HM’§||1/’“, see, e.g., Horn and Johnson [0, Corollary 5.6.14]. Hence there exists ko € N
such that

B
Il

(4.16) I MEVF < o(Me) + <1  forall k> ko,

1—o(M¢) 1+ o(My)
2 2
since o(M¢) < 1. Thus, for all N > ko,

IV Var(Xo) (M )Y < [[ME ||| Var(Xo) [ (Mg )] = [|Mg[[[| Var(Xo)|[[|M¢ |

< (FEMN) T v,

hence ||Mév Var(Xo)(MgT)NH - 0 as N — oo Consequently,  Var(X,) =
Yoo M’gV(Mg)k, yielding (2.6). Moreover, by (EI4),

E((Xo —E(X0)(Xk —E(X3)" [ Fily) = (Xo — E(X0)) E(X 1, — (X)) " | Fi2))

= (X0 - E(X0))( X1 - E(X1)) ' M, kel
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Taking the expectation, we conclude
Cov(Xg, X1) = Cov(Xo, Xjo1)M{, keN.

Hence, by induction, we obtain the formula for Cov(Xg, X;). The statement will follow
from the multidimensional central limit theorem. Due to the continuous mapping theorem, it
is sufficient to show the convergence N_l/z(SgN), S’gN), . .,S,(CN)) N (X, Xq,..., X)) as
N — oo forall k€ Z,. Forall ke Z,, therandom vectors ((X(()j) - E(Xéj)))T, (ng) -
E(ng)))T, e (X]gj) - E(X,ij)))T)T, j € N, are independent, identically distributed having
zero mean vector and covariances

Cov(XY), X)) = Cov(Xy), X, ) = Var(Xo)(M{ )"

for 7 €N, 61,0, €{0,1,...,k}, ¢ </l following from the strict stationarity of XY and
from (23). O

Proof of Proposition [2.5] It is known that
U,=X;, - E(X,|FX) =Xy — McX) 1 —m,, keN,

are martingale differences with respect to the filtration (F{¥)rez,. The functional martingale
central limit theorem can be applied, see, e.g., Jacod and Shiryaev [7l Theorem VIII.3.33].
Indeed, using (4I3) and the fact that the first moment of X, exists and is finite, by (2.4,
for each t € Ry, and 4,5 € {1,...,p}, we have

[nt]

]_ a.s.

- g E(Uk,iUk,ju:lil) } ’U&j)
k=1

E(Xo)

) t="V,t as n — 00,

and hence the convergence holds in probability as well. Moreover, the conditional Lindeberg
condition holds, namely, for all § > 0,

[nt| [nt|
1 1
- > E(IU*Lgusovm | Fs) < 537 > E(UL | FE)
k=1

k=1
X1
1

with Cs := max{E(||¢?—E(&D)|]?), i € {1,...,p}, E(|le—E(e)|]*)}, where the last inequality
follows by Proposition 3.3 of Nedényi [12], and the almost sure convergence is a consequence of
(24), since, under the third order moment assumptions in Proposition 28] by Lemma and

@),
X1 Xo
1 1

(4.17) .

a.s. O

[nt)

< Cs(p+1)3 Z

5n3/2

k=1

3 3

|
-2

k=1

as n — Q.

% tE H

17



Hence we obtain

1 D
S Uk> — B as n — 00,
<\/ﬁ Z teR4

where B = (By)cr, isa p-dimensional zero mean Brownian motion satisfying Var(B;) = V.
Using ({.14]), we have

k
X, - E(X)) = M{(X,-E(Xo)+ > M ’U;,  keN

j=1
Consequently, for each n € N and t € Ry,
(4 18)
thi
— ) (X — E(X}))
vn &

[nt] [nt] k&
R

k=1 j=1

i [nt] /|nt]
:% (Ip_MS)_l(Mg—MéntJ-i-l)(X —E XO —|—Z<ZMk J) ]
- [t
— % (Ip_Mg)_l(ME_Mén“—i_l)(XO_]E(XO))‘I'(IP—Mg)_l Z(Ip_ ntJ j+1 ]

implying the statement using Slutsky’s lemma since p(M¢) < 1. Indeed, lim, M i+l —

by (£I6]), hence

1 n a.s.

%(Ip — M) N(M¢ -~ M) (X - E(X)) 250 as n— oo

Moreover, n~Y2(I, — M)t S A" =17 converges in L, and hence in probability
P 13 j=1 ¢ J

to 0 as n — oo, since by (I3,

E(Xo) .
(4.19)  E(|Ug)) < \/E(UE;) = | v(i) L= VViie o je{l,....p}, keN,
and hence
[nt] 1 [nt]
1 o 2| itk 1
n + n +
< NG 1M IE(ULI) < ZHM I|ZE |Uk.41)
k=1
1 LnJ
(4.20) <= M ’f“HZM Vi;—0 as n— oo,
k:l

18



since, applying ([AI6]) for |nt] > ko, we have

|nt] |nt] ko—1 [nt]
nt|—k+1
Z M = Z |ME| = Z Mg+ > Mg
k=ko
ko—1 |_ntJ ko—1 k
1+ o(My) 1+ o(My¢)
N 3 e e N e
k= k:() k= k()

Consequently, by Slutsky’s lemma,

[nt]
(n D) (X - E(Xk))) L2y (I, -~ Mg 'B  as n— oo,
teR4

k=1

where B = (By);cr, isa p-dimensional zero mean Brownian motion satisfying Var(B;) =V,
as desired. O

Proof of Theorem 2.6l First, we prove ([Z8). For all N,m € N and all ¢,...,t,, € Ry,
by Proposition and the continuity theorem, we have

L
NG

t1

N
Nymn Nymn 0)
(S SNy 2y (1, - M) Y (B, BY)
/=1

as n — oo, where B = (BEZ))teR ., Le{l,...,N}, areindependent p-dimensional zero
mean Brownian motions satisfying Var(Bgé)) =V, te{l,...,p}. Since

N
1
ZB“ ...B"hYZ2(B,,....B,), NeN, meN,

we obtain the convergence (2.8]).

Now, we turn to prove (2.7)). For all n € N and for all ty,...,t, € Ry with t; < ... <t,,
m € N, by Proposition 2.4] and by the continuous mapping theorem, we have

|nt1 | [ntm |
1 TL n
T«SW DT, (S (Z Xl Z n)

ENpm<0,Var<<§"‘k’“ %JX’“> >>

as N — oo, where (Xj)rez, is the p-dimensional zero mean stationary Gaussian process
given in Proposition Z4] and, by (2.5,

((EJX %Jxk> >: c(§x§x>

ij=1
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[nt; \_nth
= COV(Xk, Xg)
1 /=1

[

=
Il

ij=1
[nti] (k—1)A[nt;]
= Z Z Mlg_z Var(Xy) + (|nt:] A [nt;]|) Var(X,)

k=1 /=1
[nt;| [nt;] m
+ Var(X) Z Z M£ ) ,
k=1 f=k+1 ij=1

where Zgzqu =0 forall ¢ < q1, q1,¢92 € N. By the continuity theorem, for all 8¢,...,8,, €

RP m € N, we conclude

: : T, —1/2a7—1/2 g(N,n)
A}l_I)nOOE<eXp{1Z(9jn 2N /Stj })

j=1
1 m m [nt;] [nt;]
o d L3S0 | Covlan x| 6,
n i=1 j=1 k=1 (=1
1 m m
— exp{—§ Z (ti Nt;)0) [Mg(Ip — M¢) ' Var(X,) + Var(X,)
i=1 j=1

—I—Var(Xo)(Ip—MgT)_lMﬂBj} as n — 0.

Indeed, for all s,t € R, with s <t, we have

[ns] |nt]

1
— ZZCOV(Xk, Xg)
n k=1 (=1
1 [ns] k—1 L’N,SJ 1 |ns] |nt]
k—¢ T\ —k
= g ZZMﬁ Var(Xo) + TV&I(X()) + gval"(X()) Z Z (Mg)
k=1 (=1 k=1 (=k+1
1™ . o [ns]
== D (M — Mg)(I, — M)~ Var(X,) + - Var(X)
k=1
. |ns)
T\— T TN |nt]|—
+ EVar(XO)(Ip - M,) 1Z(Mg - (]V—’g)L H=key
k=1

= 2 (Ins) M~ Me(T, — ME(T, ~ Mo™) (T, ~ M)~ Var(Xo) + X var(x,)

+ %Var(Xo)(Ip — Mg)_1<LnsJM£T — (I, — Mg)_l(Ip — (MgT)LMJ)(MgT)LntJ—LnsJH)
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— ZSJ (Mg(Ip — M¢) ' Var(X,) + Var(X) + Var(Xo) (I, — Mg)—lMg>

1 ns _
(Me(T, - M), — Me)™ Var(Xo)

n
+ Var(X)(I, — M/)(I, — (Mg)LnsJ)(Mg)LntJ—LnsHl)
— s(Mg(Ip — M)~ Var(X) + Var(X,) + Var(X)(I, — MET)_lMgT) as n — oo,

since lim,,_ oo ME"SJ =0, lilrnn_m(MgT)L”SJ =0 and limn_mo(Mz)WJ_VLSJJr1 =0 by ([EIG).
It remains to show that

M¢(I, — M¢)™! Var(X,) + Var(X,) + Var(Xo) (I, — Mg)‘lMgT

(4.21)
= (I, - M) 'V(I, - M{)™!
We have
(4.22) Me(I, — Mg)™ = (I, — (I, = M¢))(I, — M¢)™ = (I, - M¢)™' — I,

and hence (I, — MET)‘IMgT = (I, — MET)‘1 — I, thus the left-hand side of equation (4.21))
can be written as

(I, — M¢)™" — I,) Var(Xg) + Var(Xo) + Var(Xo)((I, — M{)™' —I,)
= (I, — M¢)™" Var(X,) — Var(X,) + Var(Xo)(I, — M{)™"

By (£I5), we have V = Var(X,) — M Var(XO)MgT, hence, by ([£22]), the right-hand side
of the equation ([.21]) can be written as

(I, — M)~ (Var(Xy) — M Var(Xo) Mg )(I, — M¢)™

(
(I, — M¢) ' Var(Xo)(I, — M{)™" — (I, — M¢)""M¢ Var(Xo)M¢ (I, — M)
(I, — M)~ Var(Xo)(I, — M{) ™" — (I, - M¢)™" — I,,) Var(Xo) (I, - M) ™' — I,,)

(I, — M) Var(X,) — Var(X,) + Var(X,) (I, — M{)™",
and we conclude (£2I]). This implies the convergence (Z.1). O

Proof of Theorem 2.7 As n and N converge to infinity simultaneously, ([2.9)) is equivalent
to (nN,) z8Wnm SN (I,— M¢) ' B as n — oo for any sequence (N,)nen of positive
integers such that lim,_,., N, = co. As we have seen in the proof of Proposition 2.5, for each
JeN,

UY = x0 _m(x9 |75 = X9 - M XY —m.,  keN,

are martingale differences with respect to the filtration (FX (J))kez .. We are going to apply

the functional martingale central limit theorem, see, e.g., Jacod and Shiryaev [7, Theorem
VIII.3.33], for the triangular array consisting of the random vectors

(ViMen == (nN,) 2 (UV, ..o o, o o), o)
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in the n™ row for each n € N with the filtration (F\")gez, given by F¥ = F¥"™ —
oYM . Y™, where

(Y ez, = (X7, ., X)), x P  x ™ x$0 o x ) ).
Hence ]-"é") = O’(X((]l), . .,X(()N")), and for each k = (N, +r with £ € Z, and r € {1,..., N},

we have
n () ®)
A = (70 7))
where U;y:”NnH := (. Moreover, Y0 = (Xé1 ,...,X(()N” ), and for k = ¢N,,+r with (€ Z,
and re{l,...,N,}, wehave Y = Xéfr)l and V" = (nNn)_%Ug_zl.

Next we check that for each n € N, (V,i"))keN is a sequence of martingale differences
with respect to (.7:,5"))%@. We will use that E(&|o(G) UGy)) = E(£]G)) for a random
vector & and for o-algebras G; C F and Gy C F such that o(c(§) UG;) and Gy
are independent and E(||£||) < o00. Foreach k = (N, +1 with ¢ € Z,, we have
E(V | FM) = (nN,) IE(UEJrl | FXV) =0, since

n ®) )
EU | FD) = EUL, oG 7)) = EU, | 767 =o.
In a similar way, for each k& = (N, +r with ¢ € Z, and r € {2,...,N,}, we have
E(VY [ FM) = (nN,) 2 E(UY), | FXT) =0, since
n U () X (")
EUL | FO) = EUL [ o(ULFE) 0 (UnFX)) =B, | 7X7) =o.

We want to obtain a functional central limit theorem for the sequence

(LntJNn [nt] N,
> i) (i) o oeen
k=1 tER nin teRy

/=1 r=1

First, we calculate the conditional variance matrix of Vlg"). If k=(N,+1 with (€ Z,,
then

E(VI(VIT | FY) = (aN) T EU L UE)T |o(U FET))
= (nN,) B )T FXY).
In a similar way, if & =/¢N, +r with £ €Z, and r € {2,...,N,}, then
E(V (V)T IFY) = (aN) T EUEL U)o (G FEY) U (0 FX7))
= () EULL O T FE).

Consequently, for each n € N and t € R;, we have

[nt] Nn Lnt] Nn
(n T (n (n) (n) T )
Z E(V (V “Fk 1 ZZE V(z 1) Ny +r V(z an—l—r) ‘f(Z—I)Nn+r—1>
k=1 (=1 r=1
1 Lt Nn .
= 2 D BUSWU)|FED),
" op=1 r=1
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Next, we show that for each ¢ € Ry and 4,5 € {1,...,p}, we have

Int] N, X(T) lnt] Nn () P+ |E(X)
TN LUAL AR 9 S el BT b

(=1 r=1 /=1 r=1

t — ‘/Z'Jt

as n — oo. Indeed, the equality follows by ([AI3]), and for the convergence in probability, note

that lim,,_ . L’ZL—tJ =t, t € R,, and, by Cauchy-Schwarz inequality,

2
’I’LtJ N’n r
350, | X~ B
N (ZJ 0
/=1 r=1
1 [nt] N, r1) (Xo) [nt] N, r2) Xo) T
. by — bt —
- ([ zz[ . >y
n l1=17r1=1 lo=17r2=1

[nt] [nt] Nn Nn

Lnt N2 (w ZZZZ

l1=14l2=1r1=1r2=1

0 0

XV, E(X0))(X)?, — E(X,))T) o]
V(i.j)

[nt] |nt]

W 6D 2

l1=142=1 0 0

E((X¢-1 —E(X0)) (X1 —E(X))") O] V(i)

[nt| |nt]

vapl® D D E (X1 — E(X0)) (X -1 — E(X0)) ")

S —5—
|— J l1=142=1

[nt] |nt] p

S —= |_ U(i,5) H Z Z Z Z X€1—17m1 - E(XO,mJ)(XZz—Lmz - E(XO,mz))D

l1=142=1 m1=1ma=1

[nt] |nt] p

< —— ] vl ZZ Z Z \/Var (Xey—1,m) Var(Xe,—1m,)

l1=142=1 m1=1ma=1

HU(ZJ ||2 Z Z \/V&f (Xo.m,) Var(Xom,) — 0 as n — 0o,

mi1=1meo=1

where we used that [|Q| <>V 2" [g;;| for every matrix Q = (¢i;)},—, € RP*.

Moreover, in a similar way, the condltlonal Lindeberg condition holds, namely, for all § > 0,

> E(vil L essy [ Fem1) = N > S E(ITY) Lo ssvammy | Fim1 )
k=1 "og=1 r=1
1 [nt] "
- X a.s.
S SN & ZE |TV 1P| FET) =50 as n— oo,
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where the almost sure convergence follows by (£I7). Hence we obtain

|nt] N, [nt|Np
U ) V(" 2. B as m — 00,
(amxser), -(Zvw)

/=1 r=1

where B = (By)cr, isa p-dimensional zero mean Brownian motion satisfying Var(B;) = V.
Using ({.18), for each n € N and t € R, we have

1 [nt] N,
—=>_ > (X[ -E(X]"))
NiNn /=1 r=1
1 N7L
_ n 1 r r
=—dm—Maww—MH*J—ZX* ;%ﬁ
” r=1
1 |_ntJ LtJ o ntJ Ny,
— I M M” m U M U
ﬁ[< 0y 7z Ay

implying the statement using Slutsky’s lemma, since p(M¢) < 1. Indeed, lim, . M é"tHl =

0 by (EI6), thus

lim (I, — M¢) ™' (Mg — MJ"") = (I, — M¢)™ M,

n—o0

and, by Proposition 2.4]

—E(XT) 25 N, (0, Var(Xy))  as n— oo,

where N, (0, Var(X,)) denotes a p-dimensional normal distribution with zero mean and with
covariance matrix Var(X,), and then Slutsky’s lemma yields that

N,
1 — n 1 ~ r T P
ﬁ[(Ip—Mg) WM — M \/_nEI: (x{ - xg>>>] 250 as n— .
Further,

ntJ

(HM [nt|]-m+1 1

)

M%§Wwﬁ%§“ﬁ

nt| Ny
1
\/_ VN, =

[nt] ) p
nt|—m
1M R
1 j=1

u;

T

)

(7’

!

OJ— 2.Un

Si-

m=
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[nt)

P Nn 2
_ 1
METTNTE( (=Y U),
—~ || £ || — /—Nn — m,j

m=

1
< ——
~ \/ﬁ
[nt)

P
1M S TV E(US))2)
=1 j=1

m=

1
=7
[nt]

1 nt]—mtl )
<7{HMM'W§Mm%O as n — 0o,
n
m=1 j=1

by (A20), where for the last inequality we used (£I9). This completes the proof. O
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