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Abstract

We consider a special iterated quantum protocol with measurement-induced nonlinearity for qubits,
where all pure initial states on the Bloch sphere can be considered chaotic. The dynamics is ergodic
with no attractive fixed cycles. We show that initial noise radically changes this behavior. The
completely mixed state is an attractive fixed point of the dynamics induced by the protocol. Our
numerical simulations strongly indicate that initially mixed states all converge to the completely mixed
state. The presented protocol is an example, where gaining information from measurements and
employing it to control an ensemble of quantum systems enables us to create ergodicity, which in turn
is destroyed by any initial noise.
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1 Introduction

József Janszky’s interest was attracted towards quantum optics by studying the interplay of nonlinear
dynamics and noise in crystals. We share his enthusiasm for nonlinearities as they can be the source of
many interesting effects. We consider here the interplay of nonlinear dynamics and noise within a scheme
motivated by iterated quantum information protocols.

Ergodicity in quantum physics usually refers to systems featuring quantum chaos, where the cor-
responding classical system is chaotic and the energy eigenstates spread all over the phase space. In
such closed systems, however, two initially close pure quantum states will remain close throughout the
dynamics [1]. Only in open quantum systems it is possible that initial states evolve with decreasing
overlap.

In quantum information theory, the combination of unitary evolution, postselection based on mea-
surement results, and subsequent further manipulation provides a useful tool, e.g. for entanglement
distillation. An entangling gate and a subsequent measurement applied on a pair of qubits leads to a
nonlinear transformation as originally suggested by Bechmann-Pasquinucci, Huttner and Gisin [2]. Re-
peating the above procedure can lead to entanglement distillation [3–5]. The same scheme acting pairwise
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on an ensemble of identically prepared systems in a pure quantum state may result in a postselected en-
semble in a nonlinearly transformed pure state, providing a possible physical realization of nonlinear
quantum channels [6, 7]. Iterating such nonlinear quantum state transformations may result in strong
dependence on the initial conditions and in complex chaos [8]. Chaotic evolution of pure quantum states
has consequences for the time-dependence of entanglement as well, in the case of applying the iterative
dynamics on systems consisting of qubit pairs. Entanglement itself can evolve chaotically [9].

The above described iterative dynamics of qubits is effectively described by an iterated quadratic
rational map on complex numbers. In turn, given any quadratic (or higher order) rational map on
complex numbers, one can construct a quantum gate and a corresponding protocol, which realizes the
map with qubits [10]. Representing pure initial states on the Bloch sphere, it can be divided into
two complementary sets: initial states from the Fatou set converge to an attractive fixed cycle of the
dynamics, while the remaining states, forming the Julia set, are considered chaotic in the mathematical
literature [11]. The Julia set is a fractal in most cases, with measure zero on the surface of the Bloch
sphere. In an exceptionally interesting case, the whole Bloch sphere forms the Julia set and the Fatou
set is empty. For such cases the corresponding so-called Lattès-type of map has no attractive fixed cycle
and all initial states are chaotic. Such a map can be ergodic int the sense that it is exponentially mixing
for pure initial states, which means tiny uncertainty about the initial state evolves exponentially fast to
a complete uncertainty [10].

In this paper, we study how initially present noise affects the dynamics. We show that in this case
there is no purification, all noisy initial states will eventually converge to the completely mixed state.
This implies that arbitrarily small initial noise will destroy ergodicity.

The paper is organized as follows. In Sec. 2 we introduce a Lattès-type of nonlinear quantum protocol.
We give its generalization for noisy (i.e., mixed) inputs in Sec. 3. In Sec. 4 we analyze the dynamics for
initially noisy inputs and show that any infinitesimally small initial noise in the input state eventually
destroys the chaotic behaviour as the output will converge to the maximally mixed state. We conclude
in Sec. 5.

2 Ergodic nonlinear map for pure initial states

We consider the following quantum protocol. As inputs of a CNOT quantum gate [12] let us have
two independent identical copies of the pure qubit state

|ψ0〉 =
|0〉+ z|1〉√

1 + |z|2
, z ∈ Ĉ = C ∪∞. (1)

It can be easily seen that after the CNOT operation, the resulting two-qubit state is given by

UCNOT (|ψ0〉 ⊗ |ψ0〉) =
1

1 + |z|2
(
|00〉+ z|01〉+ z|10〉+ z2|11〉

)
(2)

If we make a projective measurement on the target qubit and the result is 0, then the state of the other
qubit is given by

|ψ1〉 = (1⊗ |0〉〈0|)UCNOT (|ψ0〉 ⊗ |ψ0〉) =
|0〉+ z2|1〉√

1 + |z|4
. (3)

261



(If the measurement result is 1 we discard the control qubit). Thus, in possession of the measurement
result being 0, we can know that the state of the remaining qubit is transformed in a nonlinear way by
the map f0(z) = z2.

If we have more copies of the same initial state |ψ0〉, i.e., an ensemble, then this protocol may be
iterated by forming new pairs of the remaining qubits and repeating the protocol on them. The above
quantum protocol is the simplest one which results in the nonlinear transformation of the initial qubit
state. However, one can think of augmenting this protocol by a single-qubit unitary transformation U in
each step, i.e., before the next application of the CNOT gate and the post-selection, we can transform
|ψn〉 into U |ψn〉. It turns out that this leads to a large variety of nonlinear maps (more precisely complex
quadratic rational maps) which, when iterated, leads to a very rich variety of dynamics [10], where sets
of states which evolve chaotically may appear.

In the special case when the single-qubit unitary is

UL =
1√
2

(
1 i

i 1

)
, (4)

then the corresponding nonlinear map is given by

fL(z) =
z2 + i

iz2 + 1
. (5)

The fixed cycles of fL can be determined from the condition f◦nL (z) = z. In Table 1 the analytically
determined fixed cycles are shown up to length two. It can be shown that all of these cycles are repelling.

Fixed cycles up to length 2 of fL

c1 1

c2

√
i− 2

2
− i+ 1

2

c3 −
√
i− 2

2
− i+ 1

2

c4

√
−i− 2

2
+
i− 1

2
↔ −

√
−i− 2

2
+
i− 1

2

Table 1: Fixed cycles up to length two of the map fL.

fL is one of a few special so-called Lattès maps [13] and as such has gained a lot of attention in
the theory of complex dynamical systems [11]. Its peculiarity lies in the fact that it does not have any
attractive fixed cycles, therefore, when iterated, the resulting values do not converge for any initial z, or
with other words, its so-called Fatou set is empty [11]. On the other hand, its so-called Julia set [11]
(which is the closure of its repelling fixed cycles) is identical to C. Since the points of the Julia set are
known to exhibit chaotic dynamics, this means that all initial (pure) qubit states will evolve chaotically.
Moreover, it has been shown that such a nonlinear quantum protocol has exponential sensitivity to the
initial conditions and can act as the so-called ”Schrödinger’s microscope” [14].
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3 Generalization of the nonlinear map for noisy initial states

In order to investigate the effect of initial noise on the dynamics, we need to generalize the transfor-
mation fL for mixed-state inputs.

Let us consider two independent, identical qubits each in the mixed initial state

ρ0 =
1

ρ11 + ρ22

(
ρ11 ρ12

ρ∗12 ρ22

)
. (6)

Then, it can be easily shown that after the application of the CNOT gate and the projection of the target
qubit to |0〉, the control qubit will be left in the state

ρ1 =
1

ρ211 + ρ222

(
ρ211 ρ212

(ρ∗12)
2 ρ222

)
. (7)

It can be seen that the elements of ρ0 are squared (apart from normalization) due to this elementary
nonlinear protocol. Let us denote the squaring operation by S (i.e., ρ1 = S (ρ0)). If, similarly to the
pure-state case, we augment the protocol with the single-qubit unitary UL after S in each step, then the
resulting density matrix after the nth step will be

ρn =
(
ULS (ρ0)U

†
L

)◦n
= (ML(ρ0))

◦n , (8)

where ◦n means that the operation is executed n times, and ML denotes the overall transformation of
one step of the protocol.

Let us parametrize ρ0 with its Bloch-sphere coordinates u, v, w ∈ R as

ρ0 =
1

2
(1 + uσx + vσy + wσz) =

1

2

(
1 + w u− iv
u+ iv 1− w

)
, (9)

where σi (i = x, y, z) are the Pauli matrices, and u2 + v2 + w2 ≤ 1, and the purity of ρ0 is given by
P =

(
u2 + v2 + w2 + 1

)
/2. Then, after one step of the protocol, we find that the map ML transforms

(u, v, w) into

U =
u2 − v2

1 + w2
, V =

2w

1 + w2
, W = − 2uv

1 + w2
. (10)

One can also determine the fixed cycles of the transformationML up to length two (see Table 2), and
these can be proven to be equal to those of fL apart from the single fixed point C0, which corresponds
to the maximally mixed state. The other cycles Cj (j = 1..4) each correspond to the repelling pure-state
cycles cj . The analytical determination of longer fixed cycles is very hard, therefore, in what follows we
will rely on numerical methods to show that the map ML does not have any other mixed-state fixed
cycle apart from C0. Furthermore, by performing a Taylor-series expansion of the map up to order three
around the fixed point C0, it can be shown that C0 is an attractive fixed point of the map from all
directions.
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Bloch-sphere coordinates of fixed cycles up to length 2 of ML

C0 (0, 0, 0)

C1 (1, 0, 0)

C2 (−0.382, 0.786, 0.486)

C3 (−0.382,−0.786,−0.486)

C4 (−0.382,−0.786, 0.486)↔ (−0.382, 0.786,−0.486)

Table 2: Fixed cycles up to length two of the map ML. Values are rounded to three decimal places.

4 Dynamics for noisy inputs

In order to study the dynamics for noisy initial states, we performed the numerical iteration of the
nonlinear map ML for randomly chosen input density matrices (uniformly distributed according to the
volume of the Bloch sphere) and counted how many iterations are needed for them to converge to the
(maximally mixed) fixed point C0. We found that any such randomly chosen density matrix approaches
the maximally mixed state (with a predefined precision) after a finite number of iterations. The smaller
the initial noise, the larger number of iterations are needed, but eventually, all initially mixed states get
close to the maximally mixed state. This can be seen in Fig. 1 which shows the number of random initial
states which reach C0 with a given precision, after a certain number of iterations. The number of steps is
finite for any randomly chosen initial state, which also proves the fact that there are no other attractive
mixed fixed cycles of the map inside the Bloch sphere. This method, however, does not unambiguously
reveal whether there are any repelling fixed cycles which could have an effect on the dynamics.
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Figure 1: Number of random initial states that reach C0 with a precision of ε = 10−3 after a certain
number of iterations. The total number of random initial states was 1.6× 106, and they were randomly
chosen from a sphere of radius 1− ε within the Bloch sphere.

Nonlinear pure-state dynamics of qubits are described by complex quadratic rational maps (see Sec.2).
The repelling fixed cycles of such maps (which are all contained in the Julia set) can be found by
performing the backwards iteration of the map, i.e., the iteration of its two inverses (quadratic rational
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functions have two inverse transformations). This is due to the property that repelling cycles become
attractive under the effect of the inverse transformation [11]. In the case of fL backwards iteration can
be used to determine the Julia set itself.

In order to find whether the nonlinear mapML has repelling fixed cycles among mixed states, we use
a similar approach: we determine the inverse transformations of the map and apply backwards iteration
to see whether there is convergence to some points inside the Bloch sphere. Using Eq. (10) and the
condition that −1 ≤ U ,V,W ≤ 1, one can determine (u, v, w) as a function of (U ,V,W):

u+,− = ±
√

1 + w2

2

(
U +

√
U2 +W2

)
, v+,− = −

W
(
1 + w2

)
2u+,−

, w =
1−
√

1− V2
V

. (11)

Thus,ML has two inverses corresponding to the two transformations given by (u+, v+, w) and (u−, v−, w),
which we denote by m+

L and m−L . This means that every point has two pre-images in every step which
can be determined by the two inverse transformations m+

L and m−L . There are two special branches of
backwards iteration:

(
m+

L

)◦n
and

(
m−L
)◦n

. It can be shown numerically that by the application of the

special branch
(
m+

L

)◦n
every initial state converges to the pure fixed point C1, while by

(
m−L
)◦n

initial
states are mapped to one of the pure fixed cycles C2, C3, and C4, and in this case the convergence is
substantially slower.

0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

 0  20  40  60  80  100

N
um

be
r 

of
 p

oi
nt

s 
(x

 1
05 )

Number of iterations

Figure 2: Number of random initial states which, when backwards iterating the map, converge to some
pure state, i.e., their purity becomes P ≥ 0.99. Uniformly distributed initial points were chosen from the
spherical volume of radius ε = 10−2 around the center of the Bloch sphere (C0). In each iteration, we
randomly chose m+

L or m−L to determine the pre-image of the point.

In order to find out whether there exist fixed cycles inside the Bloch sphere which behave attractively
when backwards iterating the map, we have randomly chosen points from the close neighborhood of the
center of the Bloch sphere, i.e., C0, which is repelling under the application of the inverse maps. Then,
in each step, we have randomly chosen m+

L or m−L to determine the pre-image of the point. We continued
this process until states converged with a given precision to some pure state (i.e., to the Julia set of the
pure map). Fig. 2 shows the number of random initial states which reached a pure state after a certain
number of iterations. We have not found any initial states that would not reach some pure state after a
finite number of steps. Furthermore, increasing the radius of the spherical volume of initial states around
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C0 did not indicate otherwise. Therefore we may assume that the nonlinear map ML does not have any
repelling fixed point inside the Bloch sphere.

From a practical point of view, our results show that the nonlinear protocol of the Lattès map is very
sensitive to initial noise. Even though for pure states, the transformation results in chaotic dynamics, this
property is eventually destroyed by the presence of noise in the ensemble state. However, our numerical
results indicate (see Fig. 1) that there may be initial states which need more than 1000 steps to converge
to the maximally mixed state, and that these originate from the close vicinity of pure states (i.e., only very
small noise is present in the ensembe state). It is an open question whether the property of exponential
sensitivity, which was proven for the pure-state dynamics, remains valid in the case of these close-to-pure
states up to a certain number of iterations.

5 Summary

We have shown that the property of chaotic evolution which is present in the case of pure states
under the application of the nonlinear quantum protocol described a Lattès-type of map, is sensitive to
noise in the initial ensemble. This property is so far unlike to other nonlinear protocols where the most
relevant characteristics of the dynamics are clearly preserved in the presence of some initial noise [9,15–17].
Moreover, although the so-far studied nonlinear protocols can be used for quantum state purification [9,17]
or even quantum state discrimination [15, 16] this Lattès-type of protocol does not possess any such
property. It is plausible to assume that the sensitivity to initial noise is a general property of Lattès-type
of maps, where the Julia set is identical to the set of all pure states.
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