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Abstract

In order to be convergent, linear multistep methods must be zero stable. While constant
step size theory was established in the 1950’s, zero stability on nonuniform grids is less
well understood. Here we investigate zero stability on compact intervals and smooth
nonuniform grids. In practical computations, step size control can be implemented
using smooth (small) step size changes. The resulting grid {¢, },]1\’:0 can be modeled as
the image of an equidistant grid under a smooth deformation map, i.e., t, = @ (1),
where 7, = n/N and the map @ is monotonically increasing with @(0) = 0 and
@ (1) = 1. The model is justified for any fixed order method operating in its asymptotic
regime when applied to smooth problems, since the step size is then determined by the
(smooth) principal error function which determines @, and a tolerance requirement
which determines N. Given any strongly stable multistep method, there is an N* such
that the method is zero stable for N > N*, provided that ® € C 2[0, 1]. Thus zero
stability holds on all nonuniform grids such that adjacent step sizes satisfy h, /h,—1 =
14+ 0N~ as N — oo. The results are exemplified for BDF-type methods.
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1 Introduction

A linear multistep method, discretizing an initial value problem y = f(¢, y), is rep-
resented by a difference equation of order k,

k k
1
Ezajy"+j ZZﬂjf(tn+ijn+j)- (1.1)

j=0 j=0

Here the step size h = ;1 — th+k—1 > 0 is assumed constant. We denote the forward
shift operator by E and write the method 2™ ! p(E)y, = o (E) f(t,, yn), with generating
polynomials

k k—1
p(@) = it =@ =1 yicd =@ =1 pr(0),
j=0 j=0
k .
o(&) =) B¢’ (1.2)
=0

These are arranged to have no common factors, and coefficients are normalized by
o (1) = 1. Zero stability is necessary for convergence, and requires that all roots of
p(¢) = 0 lie inside or on the unit circle, with no multiple unimodular roots. Since
consistent methods have p(¢) = (¢ — 1) - pr(¢) as indicated above, zero stability is a
condition on the extraneous operator pr(¢). Its zeros are referred to as the extraneous
roots. Strong zero stability requires that all extraneous roots are strictly inside the unit
circle; this is a condition on the k coefficients {yj}]]‘.;(l).

Since the extraneous operator is void in Adams—Moulton and Adams—Basforth
methods, these methods are trivially zero stable for variable steps [9, p. 407]. The
most important case having a nontrivial extraneous operator is the BDF methods,
known to be zero stable for 1 < k < 6, cf. [5], [9, p. 381]. Some (nonstiff) method
suites, such as the dcBDF and IDC methods [1], are based on the BDF p operator,
and have the same zero stability properties for k > 2. Other examples of nontrivial
extraneous operators are the weakly stable explicit midpoint method (two-step method
of order 2) and the lesser used weakly stable implicit Milne methods [9, p. 363].

Adaptive computations are of particular importance for stiff problems, as widely
varying time scales call for correspondingly large variations in step size. Of the meth-
ods mentioned above, only the BDF family has unbounded stability regions specifically
designed for stiff problems. Thus the BDF methods must handle step size variations
well, in spite of its extraneous operator, explaining why studies of variable step size
zero stability mostly center on the BDF methods [9, p. 402ff].

Although there are several ways to construct multistep methods on nonuniform
grids, we shall only consider the grid-independent representation of multistep meth-
ods [2]. This represents a multistep method on any nonuniform grid using a fixed
parametrization, defining a computational process where the coefficients o ,, B »
vary along the solution and depend on k — 1 consecutive step size ratios. For simplic-

@ Springer



On the zero-stability of multistep methods on smooth...

ity, but without loss of generality, let us consider a quadrature problem y = f(¢) on
[0, 1] using variable steps. The multistep method (1.1) becomes

Za] nYn+j = Z:B] nf (tntj)s (1.3)

n+k 1 —0

where h,4x—1 = ty4k — th+k—1. Letting y € C P+l denote the exact solution, we
obtain

Za, ny(rnﬂ)—Zﬁ,nf(rnﬂ) el PV @), (14

n+k 1 =0

provided that y is sufficiently differentiable, and where ¥ € [t,, #,+«]. Subtracting
(1.4) from (1.3) gives

k

1
Za] nentj = cnhl _ y P (@), (1.5)

hn—l—k 1

where the global error atf,, is e, = y,, —y(t,). Here, the local error C”h;[;+k—l y(”+1) (%)
goes to zero if h,4r—1 — 0O (consistency), but convergence (e, — 0) in addition
requires that solutions to the homogeneous problem

Za] n€n+j =0 (1.6)

n+k1j0

remain bounded. Thus zero stability on nonuniform grids is investigated in terms of the
problem y = 0 and finding sufficient conditions on the grid partitioning of [0, 1], such
that the numerical solution f{ yn}([)V is uniformly bounded as N — oo. This problem
has been approached in several different ways, see e.g. [3,4,7,8], usually with the
aim of finding precise bounds on the step size ratios, such that the method remains
convergent. Since the method coefficients change from step to step, most analyses
become highly complicated. For example, the problem can be addressed by studying
infinite products of companion matrices associated with the recursion (1.6) [9, p. 403],
or by considering the nonuniform grid as a “perturbation” of an equidistant grid, by
letting the step size vary smoothly [6].

An overview is given in [9, p. 402ff], but the classical results focus on the existence
of local step size ratio bounds that guarantee zero stability. By constrast, our focus
is on grid smoothness. Using (near) Toeplitz operators, our aim is to develop a proof
methodology for adaptive computation, aligned with the formal convergence analysis
in the Lax—Stetter framework, cf. [15]. We let the grid points be given by a strictly
increasing sequence {tn}{)v and define the step sizes by h;, = t,,41 — t,,, requiring that
h, — 0 for every n as N — oo. If the grid is smooth enough, then any multistep
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method which is strongly zero stable on a uniform grid is also zero stable on the
nonuniform grid for N large enough.

The main result has the following structure. Every multistep method is associated
with two constants, Co and Ci, where the former only depends on constant step
size theory, and is bounded if the method is strongly zero stable on a uniform grid.
The second constant depends on the first order variation of the method’s coefficients
for infinitesimal step size variations, and is computable using a suitable computer
algebra system such as MAPLE or MATHEMATICA. Finally, grid smoothness will be
characterized in terms of a differentiable grid deformation map, requiring a bound on
a function of the form ¢’/¢. Under these conditions, the method is zero stable on the
non-uniform grid provided that

/

maxie /¢l o' /¢l -Co-Cr < 1.

N
This separates method properties and grid properties, and only requires that the total
number of steps N is large enough. The important issues are to generate a smooth step
size sequence (which automatically manages step size ratios), and using a sufficiently
small error tolerance, which determines N. Although such step size sequences can
easily be constructed in adaptive computation [12], most multistep codes still use
comparatively large step size changes, violating the smoothness conditions required
for zero stability. This has been demonstrated to be a likely cause of poor computational
stability observed in practice [13]. In production codes it is often thought that frequent,
small step size changes are not “worthwhile,” but the present paper and classical theory
only support such step size changes.

Our approach is intended as an analysis tool for deriving a rigorous convergence
proof for adaptive multistep methods, redefining practical implementation principles.
A full convergence analysis of the initial value problem y = f(, y) requires further
attention to detail, as it also involves the Lipschitz continuity of the vector field f
with respect to y, as well as (for implicit methods) the solvability of equations of
the form v = y hf (¢, v) + w. The solvability will depend on the magnitude of the
Lipschitz constant L[y i f] or the logarithmic Lipshitz constant M [y hf],seee.g.[14].
Likewise, error bounds will depend on these quantities. Here, however, we only focus
on zero stability, which can be fully characterized in the simpler setting of a quadrature
problem. We shall return to the full convergence analysis on smooth nonuniform grids
in a forthcoming study.

2 Smooth nonuniform grids

If an initial value problem has a smooth solution, then the step size sequence, keeping
the local error (nearly) constant, is also smooth [6,11]. A smooth sequence is also
known to be necessary in connection with e.g. Hamiltonian problems [10], as well as
in finite difference methods for boundary value problems. For these reasons, we shall
model nonuniform grids by a smooth deformation of an equidistant grid. We only
consider compact intervals.
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On the zero-stability of multistep methods on smooth...

Adaptive computation. The asymptotic behavior of the local error per unit step in a
multistep method is of the form /, = chZ y(P*1D . The most common step size control in
adaptive computation aims to keep ||/, || constant, equal to a given local error tolerance
. Representing the step size in terms of a step size modulation function i (t) allows
the step size at time ¢ to be expressed as & = w(t)/N, so that the “ideal” step size
sequence can be modeled by

P
c(ﬁ%ﬁ) Iy PO )]l = e.

It follows that N ~ ¢~ 1/P_ In other words, the local error tolerance determines N. By
contrast, w(t) is determined by the problem. It is smooth if y(’”‘l) (t) is smooth, since

() ~ [lyPt @ ~p.

In real adaptive computations, a step size control of the form 4,, = r,,_1h,_1 is used,
where the step ratio sequence is processed by a digital filter to generate a smooth step
size sequence [12]. This may e.g. take the form

( P )M/P( e )bz/p a
'n—1=\ 17 Ira— Th—2>
" ILn—1l 1n—2 |l n=2

where [,,_1 and [,,_» are local error estimates and (b1, b2, ay) are the filter parameters.
The controller keeps the local error close to the tolerance €. As a consequence the step
ratios will remain near 1. Further, reducing the tolerance ¢ increases N, reducing step
sizes as well as step ratios. Thus it is justified to model a nonuniform grid by a smooth
grid deformation, and such a grid can be generated using a proper filter to continually
adjust the step size. It also corresponds well to the behavior observed in computational
practice when such step size controllers are employed.

Modeling a smooth nonuniform grid. Let @ : T — ¢ be a smooth, strictly increasing
map in C 210, 11, satisfying @ (0) = 0 and @ (1) = 1. Further, let its derivative @’ =
d® /dt be denoted by ¢ and assume that ¢’/¢ € L*°[0, 1]. Now, given N, let 7, =
n/N and construct a smooth nonuniform grid {#, }rI,v:O by

th = D(1y). 2.1

Since t = @(r) we have the differential relation dr = ¢(t) dr. By a discrete corre-
spondence, mesh widths are related by At ~ ¢(7) At. Thus we model the step size
sequence {hn}ff;()l by

hp = ta1 — tn = P(Tuy1) — P(Tn) = @(Tnt1/2)/N. (2.2)
Hence h,, — 0as N — oo. This allows us to study zero stability on nonuniform grids

in terms of the single-parameter limit N — oo. This does not substantially restrict
hmax/hmin during the overall integration, although adjacent step ratios will be small.
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Step ratios. The coefficients of a multistep method on a nonuniform grid depend on
the ratio of adjacent step sizes. By (2.2) the step ratios {rn} 0 are given by

ho o 9@nr12)  ¢(@) +¢'(7)/2N) ~1 ' (tn)

~ .23
hp—1 @(Tnfl/Z) o(th) — @' (1) /(2N) No(t,)

'n—1=

Hence the step ratios approach 1 as N — o0, i.e., locally the method behaves like a
constant step size method for N large enough, since we assumed ¢’ /¢ € L*°[0, 1].

Itis also of interest to represent the step size change as a relative step size increment,
which, in view of (2.3), is defined by

w/(fn)
No(tn)

rm—1=1+v-1 = vy~ 24

Thus v,—1 — 0 as N — o0, and in practical computations the relative step size
increment is invariably small.

The assumption ¢’ /¢ € L°[0, 1] requires that logg € C'[0, 1]. By a stronger
assumption, logg € C 2[0, 1], we can also estimate the change in the step size ratios,

= ~l4+— "—"—FT"=x14+—-
Fai h2 N2 e N? dt

oo hpgiha 1 " —(¢)? 1 d (go)
= ~ — — 1,
where ¢ and its derivatives are evaluated at 7,,. Thus the ratio of successive step ratios
approach 1 even faster than the step ratios themselves. The interpretation is that step
ratios change slowly, and there may be long strings of consecutive steps where the
step size “ramps up” as the solution to the ODE gradually becomes smoother after a
transient phase. This corresponds to a gradual stretching of the mesh width.

Step sizes and ratios as a function of 7. Using r = @ (t) and df = ¢ dt, the step size
modulation function w(#) and the derivative ¢(7) satisfy the functional relation

n(t) = ¢(1). 2.5

Differentiating (2.5) with respect to ¢ and denoting time derivatives by a dot to distin-
guish them from derivatives with respect to t, we obtain zt dr = ¢’ dt. Hence

dr ¢
= —, 2.6
n=¢ - AT (2.6)

allowing us to express step sizes, step ratios, and relative step size increments along
the solution of the differential equation, as functions of 7,

m(tnt1/2) f(tn) i (tn)
_ N

hp & N ; Fn—1 ~ 1+ T; Up—1 &~ 2.7
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Obviously, the previous assumption ¢’ /¢ € L*°[0, 1] is equivalent to jz € L*°[0, 1].
Since (1) ~ [|[yP+V(1)||~1/?, the assumptions on the deformation map @ are realistic
and reflect problem regularity.

3 Deflation and operator factorization

The variable step size difference equation

Za] nYn+j =0, (3.D

n+k 1

can be rewritten in matrix—vector form as
Hy'An(p)y = Hy'Yo, (3.2)

where the vector y contains all successive approximations {y,,}f;’: 1- The vector Yy is
constructed from the initial conditions, yg, ... y—_k+1. Further, Ay(¢) isan N x N
matrix containing the method coefficients, and is associated with a nonuniform grid
characterized by the function ¢. The step sizes are represented by a diagonal matrix

Hy =@/N,

)

2|'Sz

. I .
Hy = diag(ho, h1, ... hy—1) = Ndlag(fﬂl/z, ©3/2, - - PN—1/2) =

where ¢;11/2 ~ ¢(tj4+1/2). For example, if k = 2, the matrix HIGIAN(gD) takes the
lower tridiagonal form

g 0 oo e 0 0
arp a1 O . 0
app o1p azp O 0

—1 ~—1
Hy Ay(p) =Ng 0 w3 13 23

: . 0
0 -+ 0 agn—1a,N—102N—1

We will investigate zero stability as a question of whether there exists a constant
Cy, independent of N, and an N*, such that ||AX,1 (@Hy|| < Cy forall N > N*.
As ¢(t) = 1 corresponds to a uniform grid, Ay (1) denotes the Toeplitz matrix of
method coefficients for constant step size Hy = I/N.Then zero stability is equivalent
to |[Ay' (1)/N| < C; forall N.

Justas the principal root can be factored out of p to construct the extraneous operator
PR(), satisfying p(¢) = (¢ — 1)pgr(¢), a similar factorization holds for the (near)
Toeplitz operators. Thus, due to preconsistency (p(1) = 0), the nth full row sum of
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the matrix Ay (@) is
k
D ajale) =0, (34)
j=0

even on a nonuniform grid. Denoting the nth row of nonzeros in Ay(p) by a k + 1
vector a;(ga), and letting 141 = (1 1... 1)T denote a k + 1 vector of unit elements,
preconsistency can be written

a, (¢) i1 = 0. (3.5)

Hence a} () contains a difference operator. It can therefore be written as a convolution
of a k-vector c,Tl(<p) and the backward difference operator V. = (—1 1), i.e.,

ay (@) =cp(p)* V. (3.6)

For example, for the constant step size BDF2 method, corresponding to ag = 1/2,

o1 = —2 and ap = 3/2, the convolution can be represented as
T 1 3 1 3 1 3
Jdh=(> —2 2)=(o -2 2) (== 2 o).
2 2 2 2 2 2
implying that

Ty (L3
cn(l)—< 3 2).

Thus the vector c}; (1) is the nth full row of nonzero elements of the extraneous operator,
corresponding to the coefficients yp = —1/2 and y; = 3/2 of the deflated polynomial
pr(¢). Table 1 lists the row elements a; (1) and ch,(l), respectively, for all zero stable
BDF methods of step numbers k > 2.

Unlike generating polynomials, the (near) Toeplitz operators have the advantage of
applying also to nonuniform grids. The following factorization of H 'A ~ () is then
a matrix representation of the deflation operation described above.

Theorem 3.1 Consider a linear multistep method on a nonuniform grid characterized
by @, and let Hy and ¢ be defined by (3.3). Then H,, 'A ~N (@) has a factorization

Hy'An(p) = ¢ 'Ry (p) - Dy, (3.7)
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Table1 Standard constant step size coefficients of BDFk methods denoted by a,];(l), with diagonal elements
of the Toeplitz operator Ay y (1) in boldface. The elements appear in each row of Ay y (1), to the left of
(below) the diagonal

Coefficients of Ag y (1) and Ry (1) for BDF2-BDF6 methods

BDF2  al(l) 1/2 -2 3/2
eray —1/2 3/2
BDF3  al(l) —1/3 3/2 -3 11/6
er)y 1/3 —-7/6 11/6
BDF4  al(l) 1/4 —4/3 3 —4 25/12
) —1/4 13/12 —23/12 25/12
BDF5  al(l) —1/5  5/4 —10/3 5 -5 137/60
cra 1/5 —21/20 137/60  —163/60  137/60
BDF6  al(l) 1/6  —6/5  15/4 —20/3 15/2 —6 147/60
er) —1/6  31/30  —163/60  79/20 —71/20 147/60

The corresponding coefficients of the extraneous operator Ry y (1) are denoted by c,Tl (1), also with diagonal
elements in boldface. Note that cg(l) 1, =1

where Ry (@) is the extraneous operator, dependent on the nonuniform grid, and

1 00 00
11 00

Dy=~N|0-11:--0 (3.8)
0 --- 0 —11

The simple integrator D;,l is stable, and for all N > 1 it holds that ||D]T,1 loo = 1.

Proof We only need to prove the latter statement. By induction we see that the inte-
grator is a cumulative summation operator,

10 0 00O
. 11---00
pyl=—. (11 1-—0p 3.9
N =N . (3.9
1---1 11
and it immediately follows that ||D;,1 looc = 1 forall N. O

To establish zero stability we need to show that (H, 'A N(gp))_1 = D;,] R;,l (@)@
is uniformly bounded as N — oo. We shall use the uniform norm throughout. Since
it formally holds that

ICHN An (@) oo < IDR oo - I1RY (@)oo - 1@ ]loos
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where ||¢]|o is bounded for all smooth grids, the remaining difficulty is to show that
||R;/1(§0)”oo < Cy forall N > N*, and how this depends on grid regularity. For a
unform grid, zero stability is determined by the roots of the extraneous operator; this
needs to be translated into norm conditions. A simple possibility is to use the fact that

—1
Mme[Ry(D] >0 = Ry (Dl = Moo Ry (D]’

where moo[ Ry (1)] is the lower logarithmic norm of Ry (1), see [14]. The condition
meo[Ry(1)] > 0 is equivalent to diagonal dominance. For example, by Table 1, the
BDF2 matrix N A y(1) associated with the p operator has the factorization

372 0 0 0 O

~1/23/2 -~ 0 0
NApy(h=| 0 —1/23/2 --- 0 . py =R, y(1)-Dy. (3.10)
0 - 0 —1/23/2

where the nonzero coefficients correspond to the c}(l) vector of Table 1. Since

=1>0, (3.11)

IR
R -

Moo[ Ry, n(1)] =

it follows that ||R2_’11\,(1)||Oo < 1/mo[R2,n(1)] = 1 and that the BDF2 method is zero
stable. The same technique works for the BDF3 method, since

11
Rsv(D]l=——-—-—2=->0.
Moo[R3 N (1)] 6 6 3-37
However, it fails for the BDF4 method and higher, since the extraneous operator is
then no longer diagonally dominant. By instead computing e.g. the Euclidean norm
numerically, the above technique can be extended to BDF4 and BDFS5, but it again
fails for BDF6. For this reason, we need a general result, based on sharper estimates.

Theorem 3.2 For every strongly stable k-step method on a uniform grid, there is a
constant Cy < 00, such that ||R,;11v(1)||oo < Coforall N > 1.

Proof Let Tj denote the lower triangular Toeplitz matrix Ry n(1) representing the
extraneous operator. Then TO_1 is lower triangular too, albeit full. More importantly,
TO*1 is also Toeplitz. By (1.2), pr(¢) = ZI;;(I) ng“f. Noting that oy = yx—1, and
illustrating the matrix 7y for k = 3, we have

y2 0 - 0 0 1000
VI V2 oo 0 8] 1 -+ ... 0

Toz Yo Vi Y2 - =3 80 81 L. :a3fo’
0 . e 0 .
0w nr 0 8 81 1
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where, in the general case, §; = y; /oy are the elements of the scaled matrix f"o, with
Toeplitz inverse

1 0...00
uy 1 oeeen. 0

uy ... uz up 1
Hence IIfO_1 loo < C as N — oo if and only if the sequence u = {un}fl\’:1 (Where we
defineu; = 1)isin ! ie., the sequence u must be absolute summable as N — oo. By
construction, u satisfies the difference equation pg (E)u = 0, where E is the forward

shift operator. By assumption pg(¢) satisfies the strict root condition. Therefore u is
bounded, i.e., u € [*°. Let pg(¢,) = 0 and let

max |5y < g < 1,
v

where equality applies whenever the maximum modulus root is simple. Then there is
a constant K < oo such that |u,| < K - ¢" foralln > 1. Hence u € 11, as

N 00 Kq
wm=§]m$KZh“qt;
1 1

Since ||7A"07] lloo = |lu|l1 due to the Toeplitz structure of 7&071’ we have, forall N > 1,

IR N (Dlloe = 1Ty < Co.

1
loo < i
T U-q) o

and the proof is complete. O

4 Zero stability on nonuniform grids—the BDF2 method

The general proof of variable step size zero stability is based on the operator factoriza-
tion given by Theorem 3.1. Beginning with an example, the variable step size BDF2
discretization of y = 0 is

- (r,%yn — (4 g1+ (A + 2r,,)yn+2) =0, 4.1
2hp41

where r, = hp+1/hy is the step ratio. Rearranging terms, we obtain

1
2hp1

([—Vﬁynﬂ +(1+ 2rn)yn+2] —~ [—r,?y,, + 1+ 2rn)yn+1]> —0. (42)
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Using hu41 = @n11/2/N, we can factor out the simple integrator to obtain

_ }”3 Yn+1 — Yn L+2ry Yny2 — Vg1
20p412  1/N 20n+1/2 1/N

=0. 4.3)

Introducing u, /N = y,+1 — yu, the “extraneous recursion” becomes

r2 1+2r,

n

— Up + upt+1 = 0. “4.4)
20n+172 20n+172

As the subsequent Euler integration y,+1 = y, + u, /N is stable (cf. Theorem 3.1),
the composite scheme is stable provided that the one-step recursion (4.4) is stable.
Obviously, |u,+1| < |u,| provided that

2
"n

<
142r, =

)

which holds for0 < r, <1+ +/2. This bound on the step ratio is the same as the
classical bound found in [9, pp. 405-406].

In terms of the (near) Toeplitz operators used above, the variable step size extraneous
operator is given by

1421 0 0 0 0
| —r3 142, -~ 0 0
2
RZ,N(w)ZE —}"3 1+2r3 0
0 0 —rlz\, 14+ 2ry

The operator R, }V((p) is bounded whenever the lower logarithmic max norm,

Mool Ra.n(9)] = min(1 4 2r — r?) > 0 4.5)

along the range of step ratios r. Diagonal dominance requires that 1 + 2r — > > 0,
which holds if 0 < r < 1 + «/5, so the classical bound is obtained once more. As
we assume a smooth grid in terms of (2.3), with ;1 = ¢’ /¢ € L°[0, 1], the condition
rp < 1+ +/2 is fulfilled for

_ ¢ /9lloc il

N > N* = .
V2 V2

(4.6)

In general, however, a method can be zero stable without diagonal dominance,
requiring more elaborate techniques to establish zero stability. The variable step size
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discretization (3.1) of y = 0 is factorized to obtain the difference equation corre-
sponding to the extraneous operator only,

k—1
> Vimttns; =0, “.7)
=0

where the coefficients y; , are multivariate rational functions of k — 1 consecutive step
size ratios. If the sequence u is bounded (zero stability), then the original solution y
of (3.1) is obtained by simple Euler integration, y,+1 = y, + u,/N, where h = 1/N
is a constant step size and N — oo. Since the latter integration is stable, we only need
to bound the solutions u of (4.7). Using (2.4), we write the step ratios

=14 vy,

where, for smooth grids,

/
fonl < H el
N ||l ol
Thus, the larger the value of N, the closer is |v,| to zero. Now, for v, = 0 we obtain
the classical constant step size method. The difference equation (4.7) can then be rear-
ranged as a Toeplitz system Tou = Ugy, where Tp = Ro y(1) and u = {u,,}]lv denotes
the entire solution. The vector Uy contains initial data as needed. By Theorem 3.2, we
have || Ty oo < Co forall N > 1.
With variable steps, the system will depend on the step ratios, and the overall system
matrix will no longer be Toeplitz. Nevertheless, for the BDF2 example used above,
we have seen that the extraneous system matrix can be written

. —1—-2uy—v; 342, 0 0
R2,N((P)=§ _1—21)3—1)%34—21)3 0
0 0 —1—2vy —v3 3+ 2vy

1 0 0 0O 00 0 00

-11--00 10 ---00

-1 1 0 v2 -10 ---0

=Th+V +7
0 0 —11 0O 0 -10

Thus we can write
Ron(@)=To+ VT + VT, = (1 + VT, + V2T2TO_1> Ty,  (4.8)
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where the T; are Toeplitz and V = diag(v;) is a diagonal matrix. Since TO_1 is
uniformly bounded, a sufficient condition for Ry y (¢) to be invertible is

IVlloo - IT1 Ty Moo + IV - 12Ty oo < 1, (4.9)

and we obtain the bound

. 175
1R2, N (@) Mlloo < = . (4.10)
L= 1Vlloo - IT1 Ty lloo = IVII5 - 1127y oo
Here the || T TO_1 lloo are method dependent constants, and
1 ||¢
”V”oo:_‘_ 4.11)
N o

We can now determine a sufficient condition on || V|| in general, and on N in partic-
ular, such that (4.9) is satisfied. Because w := ||V ||oc = O(N ™) if the grid is regular,
there is always an N large enough to satisfy this condition. Considering the equation

w - T Ty oo + w? - 1T Ty oo = 1, (4.12)

we find that we have to take N large enough to guarantee that

/

¢
¢

ST oo+ IT1 T 12 + 41T T oo
§ .
%0 20775 oo

1
N
The quantity on the right hand side depends only on the method coefficients, and the

left hand side depends only on the total number of steps, and the regularity of the
nonuniform grid, as measured by ||¢’/¢|| co-

5 Zero stability on nonuniform grids—higher order methods

In a k-step method using variable steps, the coefficients depend on k — 1 step ratios.
This makes the problem significantly more difficult. Without loss of generality, we
will only consider an approach linear in V below. Note that while ||V ||oc = O(N -,
it follows that higher powers of V are ||V||f§O = O(N%), implying that they are
significantly smaller than the first order term when N is large and the grid is smooth.
For example, in (4.12) above, we have w = O(N 1) implying that the w? is negligible
as N — oo; it is therefore sufficient to consider terms of order O(N 1) only. This
overcomes the added difficulty of considering k-step methods.

The procedure for a general k-step method follows the same pattern as the in the
previous examples. Neglecting quadratic and higher order terms in V, the extraneous
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operator is

k—1 k—1
Rin(@)=To+ ) ViTj=|1+) V;T;T;" | h+OWN™?).  (5.1)
j=1 j=I

The diagonal matrices V; only differ in the diagonal elements being successively
shifted down the d1ag0na1 Assume that log ¢ € C2[0, 1]. By (2.4) and the mean value
theorem,

’

ot — v = (f/’/(fn+1) B so’(rn)) L I e i
N\ @(tar1)  ¢(tn) N? 2
evaluating ¢ and its derivatives at 7,41,2. It follows that V;1; = V; + O(N ’2),
and that all V; can be replaced by a single matrix, V, while only incurring O(N —2)
perturbations. Further (4.11) holds for all V;.
Since || 7, ||oo < Co, a sufficient condition for the extraneous operator Ry y(¢)

to have a umformly bounded inverse is

1| ¢
Nie

This condition separates grid smoothness [|¢’/¢|| oo from method parameters, as rep-
resented by the Toeplitz matrices 7';. Thus, in order to prove zero stability as N — oo,
we need ||7;]| < C; for j > 1. The latter condition is easily established, once the
coefficients’ dependence on the step ratios has been established. Hence we have the
following general result.

k—1
YN Ty e < 1. (5.2)
o0 j=1

Theorem 5.1 For all smooth maps @ there exist constants N* and C,, (independent
of N) such that ||R,:Jl\,(gz))||oo < Cy for N > N*, whenever ||Rk_,,1\,(1)||OO < Co forall
N.

To illustrate the general theory, we consider the variable step size BDF3 method.
Slightly modifying the conventions set out in Sect. 2, we define

hp—1 =ty —th—1, 11 = (5.3)

where 71 = 1+wv; and r; = 1+ v, denote the step ratios that will occur in a single row
of the Toeplitz operator. Naturally, these values change from one row to the next, as
they depend on n as indicated by (5.3). Within this setting, after deflating the operator,
we obtain a recursion on a nonuniform grid corresponding to

Yo(r1, 12)zn—2 + v1(r1, r2)zn—1 + y2(r1, r2)zn = 0,
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where

driry +r2+3rir +2r + 1

v2(ra, 1) =
r + r12r2 +2rirm+r1+1
( ) r12(4r1r22 + r12r22 + 1+ 2rirp +3r + 3r22)
vilra, ry) = —
(ra+rir+2rr+r+ D+ 1)
(r1 + l)rzr3
yo(ra, r1) = 12

(n+D@rirn+ri+1)
The coefficients are normalized so that 83, = 1. [In a general analysis, they are
normalized by By , = 1, cf. (1.3)]. By writing 7; = 1 + v;, where v; = ON~D, we

obtain

11 + 8vy + 12v1 + 10v1vp + 3v3 + 3vdv,

(v2,v1) =
r2iva. 1 6+4v2+5v1+4v1v2+v%+v%v2
(1 +v1)?(14 + 21vy + 8v3 + 8vy + 14vivy + 61V + v7 + 2v3v) + v}v3)
r1(v2,v1) = — 2., 2
(6 +4vy + Svp +4vjvp +v7 +v7v2) (2 + v2)
Q@ +v) +v)*d +vp)°
yo(v2, v1) =

2+ )@ +2v + v +vv2)
Since v; = O(N ~1) we drop higher order terms to obtain

11+ 1201 +8vy _ 66+ 17v; + 4,

y2(v2, v1) &

6 + 5v; +4vy 36
144360, +21vy 42+ 73v; + l4uy
A e P YI P 36
2+ 5v; + 6vy 12 4+ 26v; + 2207
W2 V)~ e T T 36 '

We can now identify three lower triangular Toeplitz operators, with diagonal elements
in boldface,

1
To=—1[12 —42 66
0 36[ ]

1
T, =—1[26 —73 17
1 36[ ]

1
Th=—1[22 —14 4].
2 36[ ]

These correspond to the 7 matrices in (5.2), and the matrices Vi and V> are just

diagonal matrices collecting the sequences of v; and v, values along the grid.
Because v, — vy = O(N -2y, we may consider a further simplification, putting

vy = vy, o, equivalently, 7, = ry. This corresponds to “ramping up” the step size at
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an exponential rate, and is particularly challenging to zero stability. In such a case, we
may consider Ty+ V (T +T»), with elements rescaled to have a common denominator,

|
To=—1[4 —14 22
0 12[ ]
(T1—|—T2)v=%[16 —2 71

Here the diagonal dominance of 7 is sufficient to derive a condition for zero stability.
We can thus compute the lower logarithmic max norm,

224 7v— |14+ 29| — |4+ 16v] 2~ 19

T T+ T =

Mmool To + (T1 + T2)v] D G

where we have assumed that v > —1/4, allowing the removal of absolute values. Thus
Mmool To + (T1 + T2)v] > 0if v < 2/19. By requiring

2

19

[Vileo ==

1 || ¢
N

o0

the operator Ty + V - (T1 + T») has a uniformly bounded inverse. The corresponding
zero stability condition is

o
¢

N>N*=9'

2

8]

For BDF3 [9, p. 406] cite Grigorieff’s (1983) sufficient conditions for zero stability,

hi
0.836 < —— < 1.127.
hi—1

Our BDF3 bounds for ramp-up provide the conditions

1 hy, 2
O.75=1—Z< <1+ —~1.105.

hp—1 19

The differences between these results depend on the methodology, and not least on
the choice of norm. The deflation approach used here is similar to the technique used
in [7], while smooth grid maps are akin to the assumptions used in [6].

It is important to note that we do not try to determine the greatest possible step
size increase, but instead prove that every strongly stable method will be zero stable
on smooth grids. We have also seen that the complexity of determining exact stability
bounds quickly becomes overwhelming, which is why we argue that an alternative
proof, revealing the dependence on smoothness and method parameters, is sufficient.
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6 Conclusions

In this paper we have demonstrated that any linear multistep method which is strongly
stable on a uniform grid is also zero stable on any smooth nonuniform grid. Grid
smoothness is (in theory) determined by a grid map @ : [0, 1] — [0, 1], satisfying
@(0) = 0 and @ (1) = 1, and having a strictly positive derivative ¢ = @’. The grid
map transforms a uniform grid of N steps into a nonuniform grid, which is smooth if
log ¢ is continuously differentiable.

In practice, this corresponds to a smooth step size variation, where the step size
at time ¢ € [0, 1] can be represented by a continuous modulation function, so that
h(t) = u(t)/N. Here 1(t) = ¢'/@, which must remain bounded. The modulation
function w(#) is determined by the solution of the differential equation, while N is
determined by the accuracy requirement as specified by the tolerance ¢.

The main result is that every k-step method is associated with k bounded Toeplitz
operators Ty, ... Tx—1, where Ty is associated with the constant step size method.
If that method is strongly zero stable, then 7j has a bounded inverse. Smooth step
size variation is characterized locally by the function ¢’/¢, the magnitude of which
determines how many steps N that need to be taken in order to guarantee variable step
size zero stability. Thus, if

¢
¢

| k—1
5 H Y NT Ty oo < 1.
e’} j=1

the numerical solution to y = 0 is stable. Examples are given for BDF methods.

This result is also practically significant as it implies that time step adaptivity must
be implemented using smooth step size changes, such that consecutive step ratios
are r = 1 4+ O(h). This can easily be achieved, as there is a wide range of smooth
controllers available for dedicated purposes [12]. These are based on digital filter
theory, and control log 4 in small increments, changing the step size on every step.
Since & ~ ¢/N, such a controller keeps log ¢ smooth, in line with the assumptions
of Theorem 5.1. The smoothness requirement is local, and does not imply any bound
on hmax /Amin- It is therefore not a limitation in stiff computation, where overall step
size variation necessarily is large.
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