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Partially analytical derivation of matrix Gy vib

To speed up the evaluation of the derivative of matrix Gy i, (y) = M;,‘l,ib(y), the following

analytical formulae can be used based on the relationships My 1, (y) = CT(y)Myi, (X(y))C(y),
MVib (X(Y)) = Ml/zPVib(X(Y))Ml/z and PVib (X(Y)) =E- Ptrans_Prot(X(Y)) (See also Eqs- (24)
and Egs. (22) and (13)), wherey = (v, ..., ¥,,) " are the non-constrained set of independent in-

. T . . .
ternal coordinates and x = (xlx, X1y, X1z, ...,xNZ) are the Cartesian coordinates in the body-

fixed frame.
a(;}gv—;z(w = —Gyyin(¥) aM}é;;?(Y) Gy,vin(¥) (51)
aM};‘;?(y) _ (CT(y) M., (x(y)) a;_g(:) + its tranpose)
T iy -
dPyin(x®) _ _ dProt(x®) (S3)

dy dy



Matrices Gy, yip (y) , My, yip(y) and Prot(x(y))are symmetric, thus their partial derivatives are
also symmetric (in the row and column variables), which can also be exploited during the evalu-
ation of Egs. (51-S3). When the square root and products of matrix M are evaluated, its diagonal
structure should be exploited to avoid unnecessary multiplications with zero.
Method of Lagrange multipliers for holonomic and scleronomic constraints

The Lagrange’s multipliers method offers an easy means to determine constraint forces origi-
nating from geometric (holonomic and scleronomic) constraints. Good descriptions for the de-
termination of Lagrange multipliers in practice can be found in Refs. 1-4. For completeness, the
equations are repeated here for immediate availability for the readers.

The internal motion allowed by the n unconstrained internal coordinates (y;, ..., y,,) of the
system of reactants, can be reformulated as a 3N-dimensional motion in Cartesian coordinates
in the presence of c = f-n constraints, where f is the internal degrees of freedom of the un-
constrained system. To derive constraint forces, we introduce function vector g(X) =
(gl(X), ...,gC(X)), whose elements are the deviations of the constrained internal coordinates

Yn+i(X) (i=1,..,c) from their corresponding frozen values y,.;o at a given X =

(Xlx,le, X1z ...,XNZ)Tgeometry in a lab-fixed Cartesian coordinates. Setting them to zero ex-
presses the constraints.

gX)=0 (S4)
These type of constraints are holonomic as they depend only on the position coordinates (and
not on higher derivatives) and they are also scleronomic as they do not depend on time explicitly.
Component i of Eg. (S4) constrains the system to the 3N — 1 dimensional surface which fulfill
gi(X) = 0 and thus the corresponding constraint force FF°"' for constraint i is looked for in a

form perpendicular to the surface, consequently FFo"s™

is parallel with Vg;. They are added to
Hamilton’s equations (supplementing potential forces) for the lab-frame Cartesian momentum
Py with so-called A = (44, ..., 4.) Lagrange’s multipliers.

Py = -V, +ATA (S5)
Matrix A denotes the derivative matrix of function g(X), whose elements are A;; = dg,;/9X;.To

determine Lagrange’s multipliers A, the term PX needs to be expressed from known quantities.



Swapping the sides of Eq. (S5), rearranging it and exploiting that in Cartesian coordinates Py =
MX holds (where M is the diagonal Cartesian mass-matrix), the following is obtained.
ATA = MX + V,V (S6)
Acceleration X can be algebraically related to velocity X by differentiating Eq. (S4) twice with re-
spect to time.
g8(X) = AX+AX=0 (S7)
The time-derivative A can be expressed with known quantities: the second derivative of the con-

straints and the velocities:

i(x)=y3N iy _yan 9%y
Al](x) - 2](:1 an Xk - Zk=1 aX]_anXk' (58)

Multiplying Eq. (S6) with the diagonal inverse mass matrix G (i.e. GM gives unit matrix E) and
then with matrix A from the left, term AX appears, which can be expressed with velocities (Eq.
(S7)), which are known along a trajectory.

Ta .. _ -
AGA' A = A&MX + AGVyV = AGVy,V — AX (S9)

H E b

The obtained HA = b equation is a system of linear equations for A with a symmetric positive
definite (square) coefficient matrix H = AGAT. For such problems efficient solution can be ob-
tained via Cholesky decomposition®, which gives matrix H in the form UTU, where U is an upper
triangular matrix, whose inverse can be computed much easier. After solving Eqg. (S9), the La-
grange-multipliers and the constraint forces can be formally written as:
A = (AGAT)"1(AGV,V — AX), (510)
Feonstr = $°¢ | Feonstr = AT} = AT(AGAT)"1(AGV,V — AX). (S11)

Efficient form of constraints allowing simple analytic gradients and Hessians

Equations (S5) and (S8) require the evaluation of the first and second derivative of the con-
straints. The constraints applied in this paper can be expressed as sum of scalar (or dot) products
of vectors between coordinate vectors of atoms (see Table 1.). Such constraints can describe the
equality of ZiZ atom-atom distances (e.g. g;(X) = R%,7, —R%,7,3 =0, g,(X) = R%,,; —
R2:,; = 0) and also CZ; bond lengths (e.g. g3(X) = R%,; —R%,, =0, g4.(X) = R%,, — R%,; =
0), or that a bond length (e.g. [g3(X) = REz; — 14 = 0], [94(X) = REz, — 18 = 0], gs(X) =
RZ,; — rezq = 0) or an angle (g¢(X) = ReyRyz,73 = 0) is constant. For example, expanding the

products of constraint g¢(X) gives:



ge(X) = REYRZZZ3 = (Ry —R)"(Rz3 —Rzp) = (512)
= R\T(RZ3 - R$Rzz - RERZ3 + RERZZ-
This expression is built up from terms of the following type (i.e. for atoms i and j), for which the
derivatives, that are needed for the evaluation of A and A, can be derived analytically:
RIR; = ¥3_, X0 Xjo. (S13)
The kf component (k =1,...,N and = x,y, z) of the gradient of a single such term can be

obtained as:

aRTR))
Tkﬁj = Yo=10ap (i Xja + S Xia) = SucXjp + SjeXip- (S14)
Similarly, the (kf, ly) component of the Hessian ({ = 1, ..., N and y = x, y, z) of a single product
term is also straightforward to derive:

;S;—LT;X’; = 8py (6ix8j1 + 61 6i1). (S15)

This Hessian is independent of the geometry and has a very sparse structure, as only the diagonal
elements (i.e. f = y) of the 3x3 blocks corresponding to atoms (i, j) or (j, i) willbe 1 if i # j or 2
if i = j and the rest of the elements will be zero. Consequently, the Hessian of constraints built
from sum of dot products of atomic coordinate vectors need to be evaluated only once, at the

beginning of the simulation.
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