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Abstract The ionosphere is the ionized part of the upper region of the atmosphere

extending from 60 to 1500 km above the earth’s surface. In this layer, free electrons are

produced during the interaction of extreme ultra violet and x-ray radiation with the upper

neutral atmosphere. Knowledge of the ionospheric electron density distribution is impor-

tant for scientific studies and practical applications. In this paper, a new computerized

ionospheric tomography reconstruction technique is developed to estimate electron density

profiles over Iran. In this method, a functional based model is used to represent the electron

density in space. The functional based model uses empirical orthogonal functions and

spherical cap harmonics to describe the vertical and horizontal distribution of the electron

density, respectively. The degree and the number of basis functions are chosen so that, the

relative error of results is minimized. For this purpose, ionosonde observations

(Lat. = 35.73�, Lon. = 51.38�) at 2007.04.03 is used. To apply the method for con-

structing a 3D-image of the electron density, GPS measurements of the Iranian permanent

GPS network (at 2012/08/11) has been used. The modeling region is between 24 to 40 N

and 44 to 64 W. The result of 3D-model has been compared to that of the international

reference ionosphere model 2012 (IRI-2012). The analysis conducted in this paper indi-

cates that the choice of spherical cap harmonics to 3 (Kmax = 3) and empirical orthogonal

function in 3 (Q = 3), the regional reconstructed error is less than 36 %. The results show

the advantages of this method in modeling of the ionosphere electron density on local and

regional scales.
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1 Introduction

The ionosphere is the ionized part of the atmosphere extending from 60 km to 1500 km

above the earth’s surface. It is very important to know ionospheric electron density dis-

tribution for scientific studies and practical applications. A global navigation satellite

system measurement utilizing global positioning system (GPS) is an effective and valuable

tool to study the physical properties of the ionosphere. Due to the large spatial coverage of

satellite networks, as well as the availability of permanent measurements, it is possible

using observations of these networks to conduct investigations of the ionosphere. Using

dual-frequency GPS receivers, slant total electron content (STEC) is computed. STEC

contains valuable information about the ionosphere (Seeber 2003). It is a very important

quantity used for ionospheric processes.

Since the deactivation of selective availability (SA), the accuracy of the differential

positioning with GPS is mostly dominated by the refraction delay of the GPS carrier waves

in the ionosphere. That is proportional with STEC. The total electron content represents the

number of free electrons between the receiver and the satellite in line of sight. When the

STEC is known, it enables computation of ionospheric delay in GPS signals (Zhang et al.

2012). In single-frequency GPS receivers for the removal of ionospheric refraction, TEC

values should be determined. TEC can be calculated utilizing ionospheric models. Some of

these models provide global coverage while some are regional. Regional models are

usually divided into two main categories: one is a grid-based model, such as the satellite-

based augmentation system (SBAS), while the other is based on mathematical functions,

e.g., the polynomial model (Komjathy 1997), the triangle series model (Georgiadou 1994;

Georgiadou and Kleusberg 1988), and the low-degree spherical function model (Wilson

et al. 1995). Usually, ionosphere models represent average conditions and often are defined

for low altitude ionosphere.

In recent years the idea of using the tomography method to determine the physical

properties of the ionosphere is studied. In fact, ionospheric tomography is a reconstruction

method using TEC measurements as an input parameter. This technology was first suc-

cessfully used in medical science and then extended to other applications. The application

of the tomographic reconstruction to 3-D modeling of the electron density using radio

waves was proposed for the first time by Austen et al. (1988) and applied by Andreeva

et al. (1990). So far, many algorithms and methods provided for ionospheric tomography

(Hansen et al. 1997; Hernández-Pajares et al. 2000; Colombo et al. 2000; Mitchell and

Spencer 2003; Saito et al. 2007; Erturk et al. 2009; Amerian et al. 2010; Wen and Liu

2010, Ghaffari et al. 2015).

Spherical harmonic analysis is a very powerful tool to process complex phenomena

over a sphere, such as the ionosphere. To show the electron density profiles with short

wavelength (high frequency), high degrees and orders of spherical harmonics will be

required. With increasing degree and order of harmonic functions, the number of

unknown coefficients will also increase. This leads to an increased demand of compu-

tational memory and mathematical calculations. Also the high order of spherical har-

monics leads to instability in parameter estimation. In this paper, a method for

localization of spherical harmonics has been developed for regional modeling of iono-

sphere electron density. This model is more accurate for regional modeling and is known

as a spherical cap harmonic model (Haines 1988). Spherical cap harmonic analysis has

been used in a wide range of applications involving spherical cap geometries, including,

for example, mapping electrostatic potential, geomagnetic fields, and ionospheric current
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systems (De Santis et al. 1991, 1992; De Franceschi et al. 1994; Liu et al. 2014). As the

basis functions of the spherical harmonics are no longer orthogonal in the local area, the

spherical cap harmonic function is introduced. Since the associated Legendre function

(where n and m are integers) is orthogonal only over the entire sphere, another set of

orthogonal functions must be used instead. The new functions that are still Legendre

functions of integer order m but non-integer degree n. The new non-integer Legendre

functions and their derivatives have, alternatively, zero value at the edge of a cap with

half-angle. Therefore, the new Legendre functions divided into two sets: ‘‘even’’ and

‘‘odd’’. Legendre functions of the odd set are not all orthogonal to those of the even set,

but the two sets are separately orthogonal and together provide the basis for a uniformly

convergent series for the ionospheric local modeling and its gradient.

The paper is organized as follows: in Sect. 2, the methodology for computation of

ionospheric information from GPS observations is presented. Spherical cap harmonic and

empirical orthogonal functions are studied in Sect. 3. Parameter estimation and error

analysis is explained Sect. 4. Finally, in Sect. 5, the procedure is applied to real GPS data,

which were collected from observation sites in Iran.

2 STEC observations

The geometry-free linear combination of GPS observations is used to derive the STEC

observable. The geometric range, clock-offsets and tropospheric delay are frequency

independent and can be eliminated using this combination. The geometry-free linear

combinations for pseudorange and carrier phase observations are given as (Kleusberg and

Teunissen 1998):

P4 ¼ P1 � P2 ¼ I1 � I2 þ bPr þ bPs þ eP12 ð1Þ

U4 ¼ U1 � U2 ¼ I1 � I2 þ k1N1 � k1N2 þ bUr þ bUs þ eU12 ð2Þ

I1 and I2 are ionospheric delays on L1 and L2 pseudorange (m), k1 and k2 are the carrier

wavelengths, N1 and N2 are the carrier phase ambiguities, br
P and bs

P are the receiver and

the satellite code-delay inter-frequency bias (IFB) (m) respectively, br
U and bs

U are the

receiver and the satellite phase-delay IFB (m) respectively, e12
P is the combination of

multipath and measurement noise on P1 and P2 (m), e12
U is the combination of multipath and

measurement noise on U1 and U2 (m). Using (1) and (2) STEC can be calculated as

follows:

STECP ¼ P4

b
¼ STEC þ BP

r þ BP
s þ eP4 ð3Þ

STECU ¼ U4

b
¼ �STEC þ Narc þ BU

r þ BU
s þ eU4 ð4Þ

Br
P and Bs

P is the receiver and satellite code-delay IFB in TECU respectively, eP4 is the

combination of multipath and measurement noise on P1 and P2 in TECU, Br
U and Bs

U is

the receiver and satellite phase-delay IFB in TECU respectively, eU4 is the combination

of multipath and measurement noise on U1 and U2 in TECU. Pseudorange measurements

are subject to high noise and multipath effects. As a result, the code-derived STECP

observation is noisy. To reduce the multipath and noise level in the STECP observables,
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the carrier phase measurements are used to compute a more precise relative STEC

observable. To obtain ambiguity independent and high precision STEC values, code

pseudo-ranges are smoothed using ‘‘carrier to code leveling process’’ (Ciraolo et al.

2007). In this approach, the continuous arcs of STECU are adjusted to the mean value of

the corresponding code STECP value. The mean value is computed for every continuous

arc using:

STECP þ STECUh i ¼ 1

N

XN

i¼1

STECP þ STECUð Þ ð5Þ

where N is the number of continuous measurements contained in the arc. Subtracting

Eq. (4) from (5), the smoothed STEC can be derived:

STECsmoothed ¼ STECP þ STECUh i � STECU ¼ STEC þ BP
r þ BP

s

� �
þ eP4 ð6Þ

3 Model development

For the local reconstruction of ionosphere electron density, we can use spherical cap

harmonics and empirical orthogonal functions as base functions.

3.1 Spherical cap harmonics (SCHs)

For applications where data are limited to a certain area such as a cap or a small part of the

sphere, Legendre polynomials do not provide a good fit. These basis functions are of a

global nature and for a specific area they are not suitable. Therefore, spherical harmonics

are not suitable for high-resolution modeling and are only used in long-wavelength

modeling applications. Legendre polynomials are orthogonal on a sphere but not for a

specific area. The bias introduced through the data cut-off at the boundaries (Gibbs phe-

nomenon) is another weakness in the regional modeling of the ionosphere using spherical

harmonic functions (Schmidt 2007).

Haines (1988) introduced a technique called spherical cap harmonic analysis (SCHA) to

solve this particular problem. The technique can be used to model a general function on a

cap-like region by new functions that are still Legendre functions of integer order m but

non-integer degree n. A spherical cap is a part of the sphere with a co-latitude range from

zero to h0, as shown in Fig. 1.

Fig. 1 A spherical cap with a
radius (a) and a half angle (h0)
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The spherical cap harmonic model for mapping the regional TEC can be expressed as:

f k; hð Þ ¼
XKmax

k¼0

Xk

m¼0

amk cosðmkÞ þ bmk sinðmkÞ
� �

Pm
nk

cos hð Þ ð7Þ

which corresponds to a spherical expansion developed over a cap-like region in a new

reference system with the north pole at the centre of the spherical cap. Kmax is the max-

imum degree at which the expansion is truncated. The first step in SCH analysis is to

convert the geographic colatitudes (h) and longitudes (k) of the data from old values in the

normal geographic system to new values relative to the new pole (spherical cap coordinate

system). The spherical cap coordinate system is an earth-centered coordinate system. The

pole of the spherical cap is chosen to define the coordinate system. Figure 2 illustrates the

relationship between the geographic coordinate system and spherical cap coordinate sys-

tem (Liu et al. 2009).

If the geographic coordinates of the new pole in the old system are h0 and k0 then the

new coordinates (hC, kC) of any point Q (h, k) can be computed using the following:

cos hcð Þ ¼ cos h0ð Þ cos hð Þ þ sin h0ð Þ sin hð Þ cos k� k0ð Þ ð8Þ

tan p� kcð Þ ¼ sin hð Þ sin k� k0ð Þ
sin k0ð Þ cos hð Þ � cos h0ð Þ sin hð Þ cos k� k0ð Þ ð9Þ

3.2 Empirical orthogonal functions (EOFs)

The vertical resolution in ionospheric tomography is generally not very good. Therefore,

a priori information is necessary to form the vertical basis functions that span the entire

space in the vertical direction. This is accomplished using empirical orthogonal functions

(EOFs). EOFs analysis is a powerful tool for data analysis and reduction of data

dimensions. EOFs are derived from empirical data of the ionospheric electron density,

such as the international reference ionosphere (IRI) model. Using such functions, the

vertical profiles of electron density are obtained. Having the samples of the density

profile obtained at different times and heights, the matrix of electron density profile

could be formed as:

Fig. 2 Coordinate
transformation between
geographic coordinate system
and spherical cap coordinate
system
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GM�N ¼
Ne k1;/1; h1; t1ð Þ � � � Ne k1;/1; h1; tNð Þ

..

. . .
. ..

.

Ne ki;/j; hk; t1
� �

� � � Ne ki;/j; hk; tN
� �

2
64

3
75 ð10Þ

where M = i 9 j 9 k is the number of voxels, and N is the number of times series. To

obtain the required EOFs, singular value decomposition (SVD) can be used:

GM�N ¼ UM�MSM�NV
T
N�N ð11Þ

where U and V are orthogonal matrices with columns that span the data and model spaces

respectively, and S is a diagonal matrix. If the singular values of the matrix S will be sorted

in descending order, the eigen-vector corresponding to the largest singular value is a first

EOF. Figure 3 shows the first 3 EOFs extracted from electron density profiles obtained

from IRI-2012 for April 3rd, 2007.

According to these results, the first three eigenvalues of matrix G contain 98 percent of

the total variations of the electron density. Therefore, the first three EOFs have been used

for modeling the vertical variations of the electron density in this research.

3.3 Development of 3-D model

The total electron content represents the total number of electrons in a column along the

direction of a satellite (sv) to a receiver (rx) (Coster et al. 2003). It can be expressed as:

STEC ¼
Zsv

rx

Neðk;/; hÞds ð12Þ

Combining spherical cap harmonic functions and the EOFs, the electron density dis-

tribution Ne(k, u, h) can be expressed as follows:

Ne k;/; hð Þ ¼
XQ

q¼1

XKmax

k¼0

Xk

m¼0

amkq cosðmkÞ þ bmkq sinðmkÞ
h i

Pm
nk

cos hð ÞZq hð Þ ð13Þ

where Zq(h) represents the empirical orthogonal function, Q is the order of EOFs, amkq and

bmkq are the tomography model coefficients that characterize the field of the ionosphere and

Fig. 3 First three EOFs derived from IRI-2012 model
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the unknowns to be estimated in the model. Combining Eq. (12) and (13) results in the

fundamental observation equation in the function based 3-D reconstruction of the electron

density as:

STECsmoothed ¼
Zsv

rx

XQ

q¼1

XKmax

k¼0

Xk

m¼0

amkq cosðmkÞ þ bmkq sinðmkÞ
h i

Pm
nk

cos hð ÞZq hð Þds ð14Þ

Equation (14) is expressed in a matrix form as:

d
*

¼ G:m~ þ v~ ð15Þ

where d is the observation vector, G contains the basis functions generated using EOFs and

SCH expansion, m contains the tomography model coefficients and v is the observation

noise vector.

4 Parameter estimation

The design matrix G in Eq. (15) is nearly singular (large condition number with respect to

singular values). It is difficult to invert it without round-off errors affecting the solution and

even causing it to converge to the wrong solution. Therefore, ionospheric tomography is

part of the family of inverse problems. The ionospheric tomography inverse problem is

often ill-posed, which is characterized by instability, non-uniqueness and even non-exis-

tence of the solution. Therefore, ordinary inversion techniques are not efficient and special

inversion techniques must be considered in ionospheric tomography. Generalized Tikho-

nov regularization is one of the most common methods for regularization that satisfies the

following (Mead 2007):

Fig. 4 The L-curve
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min V~
�� ��2

Pd
þ V~X

�� ��2

Pm

� �
¼ min d~�Gm~

�� ��2

Pd
þa2 m̂�m~0ð Þk k2

Pm

� �
ð16Þ

where Pd and Pm are the inverse of the variance–covariance matrix of the observations, the

initial parameter estimates m~0 and a regularization parameter, respectively. Using (16), the

unknown parameters can be obtained as follows:

m̂ ¼ m~0 þ GTPdGþ a2Pm

� ��1
GTPd d~�Gm~0

� �
ð17Þ

4.1 Selection of regularization parameter

In regularized solutions the selection of the regularization parameter is very important. If

this parameter is very small, estimated unknowns are affected by noise, and also if the

regularization parameter is chosen too large, the solution will be too smooth. The L-curve

method is one of the most common tools for selecting a regularization parameter. The

regularization parameter which corresponds to the corner point of the curve is an optimum

estimate for this parameter. Figure 4 shows the generic form of the L-curve.
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Fig. 5 Reconstruction error (Re) for 03-march of years 2007 at different UT time intervals. a Reconstruc-
tion error (Re) for 03-March 2007 at UT 02:00. b Reconstruction error (Re) for 03-March 2007 at UT 08:00.
c Reconstruction error (Re) for 03-March 2007 at UT 14:00. d Reconstruction error (Re) for 03-March 2007
at UT 20:00
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4.2 Error evaluation

In this paper, to evaluate the results of the proposed method, reconstructed electron den-

sities are compared with electron densities obtained from an ionosonde station

(Lat. = 35.73�, Lon. = 51.38�). This station is located at the Tehran Institute of Geo-

physics. A relative and absolute error is used to evaluate results accuracy as follows:

Re ¼
NEstimated
e � NTruth

e

�� ��
NTruth
e

�� �� ð18Þ

where Ne
Estimated is the estimated electron density using proposed method and Ne

Truth is

electron density obtained from ionosonde measurements.

Table 1 Error statistics using different Kmax and Q

Kmax

and
Q

Relative error (%) Condition number Number of
unknown

UT =
02:00

UT =
08:00

UT =
14:00

UT =
20:00

UT =
02:00

UT =
08:00

UT =
14:00

UT =
20:00

(2, 2) 78 69 75 81 876 912 821 978 18

(3, 3) 36 41 39 28 973 1054 984 901 48

(4, 4) 29 32 24 25 4698 5137 4238 4312 100

(5, 5) 18 12 11 10 8231 8129 8024 7897 216

(6, 6) 7 9 6 9 12,349 12,798 12,276 12,694 343

Fig. 6 Spatial distribution of the GPS stations used in this study
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Fig. 7 Comparison of horizontal variations of the electron density for four different time intervals during
2012.08.11, IRI2012 model (left panel) and reconstructed model (right panel). a comparison of horizontal
variations of the electron density at 02 UT in 2012.08.11, IRI2012 model (left) and reconstructed model
(right). b comparison of horizontal variations of the electron density at 08 UT in 2012.08.11, IRI2012 model
(left) and reconstructed model (right). c comparison of horizontal variations of the electron density at 14 UT
in 2012.08.11, IRI2012 model (left) and reconstructed model (right). d comparison of horizontal variations
of the electron density at 20 UT in 2012.08.11, IRI2012 model (left) and reconstructed model (right)
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4.3 Parameter optimization

The number of unknown parameters in ionosphere modeling using tomography method is

determined by the degree of the spherical cap harmonics (Kmax) and the number of empirical

orthogonal functions (Q). The values of Kmax and Q are proportional to the number of

unknown parameters. Figure 5 shows plots of error analysis at different UT time intervals.

The results confirm the fact that the electron density profiles can be described more

accurately if higher Kmax and Q are used. The first EOF, which is the most dominant

function, represents a mean electron density profile. The higher order EOF’s allow the

variation of the profile from the mean. However, their significance decreases gradually to a

point where including additional EOF does not add any significant information. The higher

order EOF’s will increase the condition number of the design matrix and make the

inversion technique unstable. This is demonstrated in Table 1.

Different Kmax and Q values are used and the statistics of the errors corresponding to

the solution using these values are listed. As the number of EOF increases the condition

number of the design matrix increases and as a result the errors become larger. Therefore,

the minimum optimum values for both Kmax and Q over the Iran region for this investi-

gation are chosen as 3.

5 Numerical results

Iran geodynamic studies started in 1998 to monitor the variations in the Earth’s crust and

tectonic movements. A permanent GPS network was designed and implemented gradually

since 2004 to investigate the mechanisms of active faults in Iran. This network currently

has 120 permanent GPS stations in the initial phase. Average distance between dense parts

is about 25 to 30 km. From these 120 stations, 37 stations are selected for modeling

ionospheric tomography over Iran since August 11, 2012. Figure 6 shows the spatial

distribution of these stations. In this figure, black triangles indicate stations used in this

study.

Fig. 7 continued
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To analyze the behavior of the ionosphere electron density, GPS observations in one-

hour intervals is used. In this period, ionosphere electron density will be varying in both

horizontal and vertical directions. A very important point is that, the purpose of this paper

is to evaluate the ability of proposed method in modeling of ionosphere spatial variations.

Therefore, ionosphere time variation will not be considered. As a result of all analyzes

performed in this section is to describe the spatial variability of the ionosphere. In this

paper, spherical cap model is centered at latitude 32� and longitude 54� with a half-cap

angle of 15�. The model estimates of the electron density for four different times (02, 08,

14 and 20 UT) at altitude h = 350 km are shown in Fig. 7. All results obtained from our

reconstruction method were compared with the IRI2012 model values.

Fig. 8 The model estimates of electron density at six height layer in four times (02, 08, 14 and 20 UT) at
2012.08.11. a The model estimates of electron density at six height layer in 2012.08.11 and 02 UT. b The
model estimates of electron density at six height layer in 2012.08.11 and 08 UT. c The model estimates of
electron density at six height layer in 2012.08.11 and 14 UT. d The model estimates of electron density at
six height layer in 2012.08.11 and 20 UT
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It is essential that the IRI model uses the ionosonde measurements to determine the

electron density profiles. In a region like Iran, there is only one ionosonde station.

Therefore, in these areas, the IRI model uses interpolation methods to show electron

density variations resulting in model values to exhibit large uncertainties. Hence the need

to development a model based on GPS measurements from local networks in areas like

Iran is absolutely essential.

When using the current model, it is possible to estimate the ionosphere electron density

at different heights. Figure 8 shows results from this model at six altitude layers in

2012.08.11. Figures have been drawn at four times (02, 08, 14 and 20 UT). According to

the results in Fig. 8, ionosphere electron density variations are the highest value in the

range of 300–400 km. Unlike 2-D ionosphere models with a fixed height for ionospheric

variations, a 3-D model is able to determine electron density variations at different

altitudes.

The height profile of the electron density at the position of the Iranian ionosonde

(Lat. = 35.73�, Lon. = 51.38�) is given in Fig. 9. In this figure, circles are the IRI2012

extracted data in 10 km intervals. Illustrated dash-line at this figure gives the tomographic

estimate of electron density.

6 Conclusions

Due to the characteristics of spherical harmonics including their definition on the sphere

and also the orthogonally of Legendre polynomials, they are not suitable for regional

modeling applications. For this purpose, a new 3-D computerized ionosphere tomography

(CIT) technique using GPS measurements has been developed. The technique uses a

combination of spherical cap harmonics (SCH) and empirical orthogonal functions (EOF)

to describe the electron density distribution. The spherical cap harmonics describe the

electron distribution horizontally while the empirical orthogonal functions describe and

constrain the electron density distribution vertically. The analysis for GPS network pre-

sented in this paper, shows that using Kmax = 3, Q = 3 (48 parameters) ionospheric

parameters can model the ionosphere layers. The data analysis shows that the latitudinal
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sections of the electron density in ionosphere obtained from the 3-D technique support the

expected time and height variations in the electron density. Moreover, these findings show

that the height of maximum electron density changes during the day and night. This

confirms the efficiency of the developed multi-layer model in comparison to the traditional

single-layer ones.
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