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1. INTRODUCTION

We shall recall the definitions of log —convex functions and P —functions.

A function is called log —convex or multiplicatively convex on a real interval / =
[a,b], if log f is convex , or, equivalently if for all x,y € I and all & € [0, 1], one has
the inequality

Sex+(1=a)y) < [FI L. (1.D)
It is said to be log —concave if the inequality in (1.1) is reversed.

A function f : I C R — R is P—function or f belongs to the class of P([), if it
is nonnegative and for all x,y € I and « € [0, 1], satisfies the following inequality

flax+(A-a)y) < f(x)+ f(»).
For further information about log —convex functions and P —functions see [1,2,4-7,
—11].
The following inequality is called Hermite-Hadamard inequality:
Let f: 1 C R — R be a convex function on the interval I/ of real numbers and
a,b € I with a < b. Then the double inequality

a+b 1 b f(a)+ f(b)
f( : )sE/ feodx < 1OFIC)

holds.
The aim of this paper is to obtain some new integral inequalities like Hermite-
Hadamard type for twice differentiable log —convex functions and P —functions.
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In order to prove our main results we need the following Lemma from [8]:
Lemma 1. Ler f : I C R — R be differentiable on I° and a,b € I witha < b. If
f" € L([a,b)]), then

fl@+ k) 1 b
7 _b—a/; f(x)dx

b—a)*[ (! b
_( 54a) [/0 (2—t—12)f”(ta+(l—t)2a3+ )dl
! o o f.2a+D a+2b
+/0 2+t-12) f (z 3 +(1-1) 3 )df
! _ 42 //( a+2b _ ) ]

+/0 (3r—12) f" (¢ 3 +-nb)di].

2. INEQUALITIES VIA log—CONVEXITY AND P— FUNCTIONS

We shall start with the following result:

Theorem 1. Ler f : I — [0, 00) be a twice differentiable mapping on I1° such that
f" € Lla,b] where a,b € I° witha <b. If | f"]| is log—convex on [a,b] , then the

following inequality holds:

a)+ f(b 1 b

[@ 16 0
a

2
b—a)* b b
<O (B e | (52 e 17 0]

- 54

where
2 3K—-1 2-2K

K="k T (InK)? - (InK)*

2M-2 M+1 2-2M

M= +(lnM)2+(lnM)3
= N 3=N 222N
InN * (InN)?  (InN)3

and
G I )

_ /@)

In the sequel of the paper, we set K, M, N # 1
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Proof. From Lemma 1, property of the modulus and log —convexity of | f”| we
have

f@+fb) 1 [*
‘ 7 — _a/a f(x)dx

s(b;f)z{/l(z—t—tz) ”(m+(1—t)2a+b)‘dz
0
_|_/:(2—|-t—12) (2a+b (11 )a+2b)'dt
+/1(3t—t2) ”(z@ﬂl—z)b) dt%
0
t
(b ¥ | 0 b |/ ()]
< - {f (2a+ ) /0 (2z12)[—|f”(2:T+b):| dt
S (at2b)\| ! ()T
P (2+t_t2)[f//(“;b)u )

1 " % '
+|f”(b)}/0 (3t —1?) [%} dt

The proof is completed by making use of the necessary computation. g

Theorem 2. Let f : I — [0,00) be a twice differentiable mapping on 1° such that
f" € Lla,b] where a,b € 1° witha < b. If | f"'|? is log—convex on [a,b] , then the
following inequality holds for some fixed q > 1

‘ f@)+f(b)

b
> 1(1/ f(x)dx

_(b—a)? (3p+2—2p+1(p+4))‘1’ ,,(2a+b)‘(Kq—1—qan)flf
-4 (p+D(p+2) 3 (¢InK)?

(2”“ (p+4)—2p—5) ,,(a+2b)‘ ((2Mq—1)q1nM+1_Mq)é
(r+D(p+2) 3 (gInM)?

392t (ppd)\7 . (N9gInN —N9+1\#
+( (p+1(p+2) ) 7 (b”( (gInN)? )}
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where % + é = 1and K,M,N are as in the aforementioned Theorem.

Proof. From Lemma 1 and using the weighted version of Holder’s inequality, we

obtain

f@+fky 1 b
7 _b—a/a f(x)dx

(b—a)?
54

1 % 1
% _ p —
([0 1-12+1) dt) ([0 (1—1)

(/l(l—f—t)(Z—t)pdt)p (/1(1+I) f” (t2a+b +(1—t)a+2b)
0 0

3 3
g 2
f”(za+3 +(1—z)b)

+(/Olt(3—t)1’dt)p(/01t th);

If we use the log-convexity of | /|7 above and calculate the integrals we get the
n

=

£ (m+(1—z)2a3+b)

1

q q
dt)

1

q q
dt)

desired result.

Theorem 3. Let f : I — [0,00) be a twice differentiable mapping on 1° such that
f" € Lla,b] where a,b € I° witha < b. If | f"| is P—function on [a,b], then the

following inequality holds:
a)+ f(b 1 b
‘f() f( )_b_a/ Fords

2
o [T @I+ 20[ |7 (25) [+ (<522 ]+ 7170
- 54 6

Proof. Since | f”|? is P—function on [a,b], from Lemma 1 and properties of the
modulus we have

fl@+fky 1 b
> —b_a/a f(x)dx

< (b—a)? Uol(2—t—z2)[\f”(a)|+‘f”(2“;b)u

54

el el () (5]
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e[ oAl () ol

The proof is completed by making use of the necessary computation. 0

Theorem 4. Let f : I — [0, 00) be a twice differentiable mapping on I1° such that
f" € Lla,b] where a,b € 1° witha < b. If | f"|? is P—function on [a,b], then the
following inequality holds for some fixed q > 1

f@+fb)
2

l b
— /a f(x)dx

Q=

-2 | (3ot eyt | (@I (252
- 54 ( (r+D(p+2) ) 2

1=

q

rr(e2)[ + 1w

* 2

2P+ (p+4)—2p—5\7 3[f”(%)‘q+‘fﬁ(@)|q]
+( (p+D(p+2) ) 2

Q=

1 1 _
where;+6—1—1.

Proof. Since | f”| is P—function on [a, b], from Lemma | and using the weighted
version of Holder’s integral inequality, we obtain

fl@) +f®)
2

_(b a) {(/ (1—t)(2+l)pdt)

( ”(za+(1—t)2a+b)
3
( (1+t)(2—t)pdl)

( 2a (-1 )a+2b)

1 b
— /a f(x)dx

1
q q
dl)

N =

1

q
dt)

(1+t)
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1 5 1
N » g, a+2b B )
(o) ([0
_(b a) %(/ (]—t)(2+l)pdl)
2a+b
(%57

)|

X

q} dt)é

(1-1) [\f”@\q

1

()

+ (/ (1+t)(2—t)pdl)
([ woofl (52 (252 o)
([romora) ([ () o)

If we calculate the above integrals, we get the desired result. g

X

Theorem 5. Under the assumptions of above Theorem, we can write

f@+fb)
2

b
ia /a f(x)dx

Q=

b-ap | 3 _amen B | (177@I7+] 7 (222
<
- 54 ( p+1 ) k q+1

() i or )
q+1 )

+

Q

N NiGo )

p+1 q+1

Proof. Since | f”|? is P—function on [a,b], from Lemma 1 and using the Holder’s
integral inequality, we obtain

‘ f@)+f(b)

1 b
3 — [ f(x)dx
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< (b 55) {(/ (2+I)Pdt)11’ (/Ol(l_t)q [|f”(a)|q+ f,,(2a3+b) q:|dt)611
+(/01(2_z)pdt);(/01(1“)‘1[]‘"(#)(1 ”(%) q}dt);
+([01(3—1)Pdt)fl’ (/Oltq[f”(#) q+‘f//(b)’qi|d[)‘l{}‘

The proof is completed by making use of the necessary computation. O

Theorem 6. Let f : I — [0,00), be a twice differentiable mapping on 1° such
that f" € Lla,b] where a,b € 1° witha < b. If| f"|? is P—function on [a,b] , then
the following inequality holds for some fixed g > 1,

' fl@)+ f(b)

b
L[ s
_(b-ay [ " (2a+b)H 1 (3q+1_2q+1)3,
< {f() 3 oon) T
nfa+2b s (2a+Db pL | » 29+1 _q 7
() GG )
" a—|—2b)‘+ "o, ](3q+1_2q+1)a11( 1 )
Hf ( 3 7@ qg+1 (p+1)%

1,1 _
where;—ka—l.

2

Proof. Since | f”'|? is P—function on [a,b], from Lemma 1 and the weighted
version of Holder’s inequality (see [3, pp117]), we have

' f@+f(b)

1 b
: [ s
_(b a) {/ (1=1)(2+1) f”(m+(1—t) b)‘dr

+/ (1+1)2—1)dt f”( 2a+bh -y )“+2b)'d1
0

! y(,a+2
ool )
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L b-a” “) (/ (1—1)? f”(ta+(1—t) a+b)’dr)p
( f”(za—i—(l—z) a+b)‘dr)
( (1+t)P £ (2 (-t )a”b)‘dz)p
x( ooyl ( 2a+h )a+2b)‘dt)q
3 3
( £ (r“ J;Zb +(1 —t)b)‘dt)

. a+2b
(= )

X 2+n1?

+

N =

_l’_

x(/1(3—t)q dt)q
0

The proof is completed by making use of the necessary computation. U

Remark 1. One can obtain inequalities for guasi—convex functions. The details
are omitted to the interested reader.
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