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Abstract. Motivated mainly by certain interesting recent extensions of the generalized hyper-
geometric function [15], the second Appell function [6] and Srivastava’s triple hypergeometric
functions [9], we introduce here the family of incomplete Srivastava’s triple hypergeometric func-
tions yf and FAH . We then systematically investigate several properties of each of these incom-
plete Srivastava’s triple hypergeometric functions including, for example, their various integral
representations, transformation formula, reduction formula, derivative formula and recurrence
relations. Various (known or new) special cases and consequences of the results presented here
are also considered.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

The familiar incomplete Gamma functions y(s,x) and I"(s, x) defined by

X
y(s,x) = / 57V e ™ dt (%(s) > 0: x 2 0) (1.1)
0
and
o0
(s, x) ::/ 57V e ™ dt (x=0: M(s)>0 when x=0), (1.2)
X
respectively, satisfy the following decomposition formula:

y(s,x)+ '(s,x):=I(s) (R(s) >0). (1.3)

Each of these functions plays an important role in the study of the analytic solutions
of a variety of problems in diverse areas of science and engineering (see, e.g., [1,4,

,16,17,23]).
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Throughout this paper, N, Z~ and C denote the sets of positive integers, negative
integers and complex numbers, respectively,

No := NU{0} and Zy :=2Z" U{0}.

Moreover, the parameter x = 0 used above in (1.1) and (1.2) and elsewhere in this
paper is independent of 3 (z) of the complex number z € C.

Recently, Srivastava et al. [15] introduced and studied in a rather systematic man-
ner the following two families of generalized incomplete hypergeometric functions:

[ (. x).2. . 0pt ] _ o @130)n(@2)n - (@p)n 2"
P B T T o e
and
[ (%)t ] o [2asXIn(@2)n - (@p)n 2
CE] I T ] R i et TR

where, in terms of the incomplete Gamma functions y(s,x) and I'(s, x) defined by
(1.1) and (1.2), respectively, the incomplete Pochhammer symbols (A;x), and [A;x],
(A; v € C; x = 0) are defined as follows:

(k;x)v::% (A.veC: x = 0) (1.6)
and N
A:x], ::W (A.veC: x = 0), (1.7

so that, obviously, these incomplete Pochhammer symbols (4;x), and [4;x], satisfy
the following decomposition relation:

Asx), +[Ax], =), AveC;x=0). (1.8)
Here, and in what follows, (1), (A,v € C) denotes the Pochhammer symbol (or the
shifted factorial) which is defined (in general) by

ra+w |1 (v=0; A €C\ {0})

PO | 241 (dn—1) (v=neN; 1eC),

it being understood conventionally that (0)g := 1 and assumed facitly that the I"-
quotient exists (see, for details, [17, p. 21 et seq.]).

As already observed by Srivastava et al. [15], the definitions (1.4) and (1.5) readily
yield the following decomposition formula:

p)/q|: (@1,X),002,...,0p; }_i_ppq[ (@1,X),02,...,0p; ]

Ay = (1.9)

< Z
ﬂly"'9ﬂq; ﬂlv'.'vﬂq;

alvaz’ "ap;

(1.10)
=y | g
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for the familiar generalized hypergeometric function , Fy.

More recently, Cetinkaya [6] introduced and studied various properties of the fol-
lowing two families of the incomplete second Appell hypergeometric functions y,
and [5:

o0 . m P
yal(e. x). B1. Baiyi.yaiXi. xal = ) (a’x)’"”(ﬂl)m(ﬂ””x—l'x—z' (1.11)
gm0 (Ym(v2)p m! p!
and
0 . m ,.D
Dyl(.x). f1.Baiy1.yaix1 xal = [ X)m+p B B2)p X" X3 () 5y

m,p=0 YDm(y2)p m! p!’

Very recently, Choi et al. [9] introduced and studied various properties of the
following two families of the incomplete Srivastava’s triple hypergeometric functions
ygl and Féq as follows:

Ve (@, x), B1, B2: V1. V2, ¥3: X1, X2, X3]

_ i (@ X)mtp(BU)m+n (B2)ntp X7 x5 x5 (1.13)
a0 YOm(r2)n(r3)p m! n! p!
and
I [(o.x). 1. B2: 1. 2. V3: X1, X2, X3]

i [or: X+ p(BUm+n (BInp X7 25 x5 (114)
()/l)m(VZ)n(V3)p m! n! p!

m,n,p=0

(xiO; |x1] <7, |x2| <s, |x3|<t, r+s+t+2rst =1 whensz).

In a sequel to the aforementioned work by Srivastava er al. [15], Cetinkaya [6]
and Choi et al. [9] and motivated essentially by these families of incomplete hyper-
geometric functions ,y, and , Iy, incomplete second Appell functions y» and I and
incomplete Srivastava’s triple hypergeometric functions y g’ and FBH (see, for details,
[6,9, 15] and the references cited therein), we aim here at systematically investigat-
ing the family of the incomplete Srivastava’s triple hypergeometric functions y f and
FAH to present various representations and formulas, for example, various definite
and semi-definite integral representations involving the Laguerre polynomials, Bessel
and modified Bessel functions, transformation formula, reduction formula, derivative
formula and recurrence relations. For various other investigations involving general-
izations of the hypergeometric function ,F, , which were motivated essentially by
the pioneering work of Srivastava et al. [15], the interested reader may refer to recent
papers on the subject (see, for example, [8, | 9-22] and the references cited in each of
these papers).
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2. THE INCOMPLETE SRIVASTAVA’S TRIPLE HYPERGEOMETRIC FUNCTIONS

In terms of the incomplete Pochhammer symbol (A4;x), and [A;x], defined by
(1.6) and (1.7), we introduce the following incomplete Srivastava’s triple hypergeo-
metric functions )/f and FAH: Fora, B1, B2 € Cand y1, y2 € C\Z,,

Vf[(a,x),ﬂl,ﬁz;yl,yz;xl,xz,xs]

_ i (@ X)m+p(BUmtn(B2)ntp X7 X5 x5 (2.1)
YOUm(y2)n+p m! n! p!

m,n,p=0

(x =205 |x1]| <7, |x2] <s, |x3|<t, r+s+t=1+st when x =0)

and
FAH[(O{9x)v,BI’ﬁ2;y15y2;x15x2’x3]

i [ X]m+p (B1)m+n (B2)n+p ﬁﬁg (2.2)
YDm(Y2)n+p m! n! p!

m,n,p=0
(xZ0; |x1] <7, |x2| <s, |x3|<t,r+s+t=1+st when x =0).

In view of (1.8), these incomplete Srivastava’s triple hypergeometric functions
satisfy the following decomposition formula:

v (@, %), B1. B2:y1, v2: X1, X2, x3] + TE [(@, ), B1. B2 ¥1. V2: X1, X2, X3]

(2.3)
= Hylo, B1,B2; Y1, V2: X1, X2, X3],

where H 4 is the familiar Srivastava’s triple hypergeometric functions (see, for details,

[10=14,17]).

Remark 1. It is interesting to note that the special cases of (2.1) and (2.2) when
x2 = 0 reduce to the known incomplete second Appell hypergeometric functions
(1.11) and (1.12). Also, the special cases of (2.1) and (2.2) when x, = 0 and x3 =0
or x1 = 0 are seen to yield the known incomplete families of Gauss hypergeometric
functions [15].

In view of the formula (2.3), it is sufficient to discuss properties and characteristics
of one of the incomplete Srivastava’s triple hypergeometric functions y f and I AH .

3. INTEGRAL REPRESENTATIONS OF I

In this section, we apply (1.2) and (1.7) to present certain integral representations
of the incomplete Srivastava’s triple hypergeometric functions FAH . We also obtain
various integral representations involving Laguerre polynomial, Bessel and modified
Bessel functions.
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Theorem 1. The following integral representation for I' AH in (2.2) holds true:
1

L (. x), B1, B2:v1, v25 X1, X2, X3] = T@I ) (3.1)

o0 o
x/ / e ST ghi—l g (—;y1:x15t) 1 F1(B2; y2;:x28 + x3t)dtds
X 0

(x 2 0; max{M(x2),N(x3)} < 1, min{N(x),R(B1)} > 0 when x = 0).

Proof of Theorem 1. Using the integral representations of the incomplete Poch-
hammer symbol [o; x];,+ p by considering (1.2) and (1.7), the classical Pochhammer
symbol (B1)m+n and using the elementary series identity [18, p. 52, Eq. 1.6(2)]:

oo mip _mp o0 m
X X X1+x
> 2mi+my) =2 =3 2(m) Gt x)” (3.2)
mi! my! m!
mi,m>=0 m=0
in (2.2), we are led to the desired result. O

Theorem 2. The following triple integral representation for I" AH in (2.2) holds
true:
1

I(e)I(B1)T(B2)

o0 o0 o
x/ f / e STt gBi—1, Bl (3.3)
X 0 0

X oF1(—;y1;:x18t) o F1(—;y2; xous + x3ut)dt ds du

TH (@, x), B1,B2: 71, v2: X1, %2, %3] =

(x 2 0; min{N (), N(B1),R(B2)} > 0 when x = O).

Proof of Theorem 2. Using the elementary integral representation [2, p. 678,
Eq.(4)]:

1 o0 ,
VFr(Apiz) = —— / Al o Fy (—zn dt (RA)>0)  (34)
') Jo
in (3.1), we are led to the desired integral representation. U

The Laguerre polynomial L,(,a) (x) of order (index) o and degree n in x, Bessel
function J,(z) and the modified Bessel function /,,(z) are expressible in terms of
hypergeometric functions as follows (see, e.g., [2]; see also [1, p. 265, Eq. (3.2)]
and [5,23]):

L®(x) =

()"

'v+1)

(x+ 1),
n!

1Fi(—n;a+1;x), (3.5)

Jv(z) = oF1 (—;v+1;—%z2) (veC\Z) (3.6)
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and

Z\Vv
Iu(Z)=%0F1 (—;v+1;%z2) (veC\Z). (3.7)

Now, applying the relationships (3.5) to (3.1), (3.6) and (3.7) to (3.1), and (3.5),
(3.6) and (3.7) to (3.1), respectively, we can deduce certain interesting integral rep-
resentations for the incomplete Srivastava’s triple hypergeometric function in (2.2)
asserted by Corollaries 1, 2 and 3 below. Their proofs are omitted.

Corollary 1. The following integral representation for I' AH in (2.2) holds true:

m!
(y2+ Dm (@) (B1)

o0 o0
x/ / e ST ghiml R (—:y1:x181) L%Z)(xzs + x3t)dtds.
X 0

TH(a,x), B1,—m;y1,y2 + 1;x1,x2,x3] =
(3.8)

Corollary 2. Each of the following double integral representations holds true:

g2l

Fyi+1)x, 2
(@) (B1)

o o
x/ f e @ T BT (2 /x1st) | Fi(Bavai Xas + xat) dt ds
X 0

L (e, x), B1,B2iy1 + 1, y2s—x1,x2,X3] = (3.9)

and
]

I'(y1 + l)xl_7
()" (B1)

o0 o0
x/ / e_s_tt"‘_y?l_lsﬂ‘_%l_lI,,1 (2+/x15t) 1 F1(B2;v2:x28 + x3t)dt ds,
X 0

provided that the involved integrals are convergent.

T (. x). B1.B2:y1 + L y2: X1, x2.x3] = (3.10)

Corollary 3. Each of the following double integral representations holds true:
rL

m!I"(y1 + l)xl_ 2
Y2+ Dm (@) (B1)

o0 o0
x/ / e_s_’t"‘_y7]_lsﬁl_%l_IJ),1 (24/x151) L,(,ZZ)(xzs—i-xﬁ) dtds
X 0
and

(3.11)

FAH[(O‘,X)’,BI’_’"WI + 15V2+1;—x1,x2,x3] =

Y1

m!T(y1+1)x; 2
rH o,x),B1,—m;y1+ 1,2+ 1;x1,x2,x3] = 1 3.12
3w (e x), Br Y1 %) 1,X2,X3] G2 - U@ BY) (3.12)

o0 o0
x/ /0 e_s_’t"‘_%_lsﬂl_VTI_1I,,1 (2/x151) Lf,’,’Z)(xzs+x3t)dtds,
X

provided that the involved integrals are convergent.
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4. TRANSFORMATION AND REDUCTION FORMULA OF FAH

In this section, we present a transformation formula and a reduction formula for
the incomplete Srivastava’s triple hypergeometric functions I’ AH .

Theorem 3. The following transformation formula for I' AH holds true:

TH (@, x), B1.B2: 71, y2: %1, X2, %3] = (1 —x2) P2 (1 —x3) 7@ 4.1)

X1 X2 X3
x Iff [(“’X(l—x3)),ﬁ1,yz—ﬂz;yl,yz; ]

(1—)62)(1—)63)’)62—1’)63—1

Proof of Theorem 3. If we first apply Kummer’s transformation formula (see, e.g.,
[2, p. 125, Eq. (2)]):
1Fi(a;B;2) =e* 1 Fi(B—a:B;—2) (4.2)
to (3.1), we find that

FAH[(Ot,x),ﬂl,ﬂz;Vl,)/z;xl,xz,xﬂ

_ 1 /oo/Ooe—s(l—xz)—t(l—x3)ta—lsﬂ1—1 (43)
F'@)r'B) Jx Jo
X oF1(=;y1;x18t) 1 F1(y2 — B2iy1: —x25 —x3t) dt ds.

The substitution ¢ (1 —x3) = u, s(1 —x3) = v in (4.3), leads to
(1—x2) P11 —x3)™

FAH[(a’x)nBIaﬂz;ylsy2;x19x2’x3] =

I'(a)I"(B1)
—uvalﬂllF(, : X1Uv ) 44
/x(l X3)/ o\ T (1—=x2)(1—x3) @4
x1 Fi ()/2—,52;)/1; (x;cz—l) (;363_ 1)) dudv.

which, in view of (3.1), is easily seen to be the same as the right-hand side of (4.1).
O

Theorem 4. The following reduction formula for I' AH holds true:

FH(@.x). B1.B2:v1. Bai X1, x2.x3] = (1—x2) P1 (1 —x3)™®

o [ (o, x(1—x3)), B1; X1 } (4.5)
71 (1=x2)(1—x3)

Proof of Theorem 4. Setting y» = B in the integral representation (3.1), we have
L (e, x), B, B2:v1, B2i X1, X2, X3] (4.6)

= ;/oo/ooe_s(l_xZ)_t(l_x3)l‘a_1Sﬂl_1 0F1(—;y1;x1st)dtds.
Fer ) Jx Jo
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Setting (1 —x3) = u, s(1—x3) = v and using (3.4) in (4.6), we obtain
(1—x2)Pr(1—x3)™
I ()

TH[(@,x), B1,B2:v1, B2ix1, X2, x3] =

/«oo —uy o=l o (,3 X1u ) d @7
X e u 111 LY < u.
x(1—x3) (1—=x2)(1—x3)
Finally, using the known result in Srivastava et al. [15, p. 665, Eq. (3.6)]:
(a,x);b 1 /0" —t a1
I | = = t Fi1(b;c;zt)dt
21[ i I"(a)xe 1F1(b;c;zt)

in (4.7), we are led to the desired result (4.5). O

5. DERIVATIVE FORMULA AND RECURRENCE RELATIONS OF FAH

Differentiating, partially, both sides of (2.2) with respect to x1, x» and x3, m, n and
p times, respectively, we obtain a derivative formula for the incomplete Srivastava’s
triple hypergeometric function I” AH given in the following theorem.

Theorem 5. The following derivative formula for I AH holds true:

gmtntr @ m+p(B1)m+n(B2)n+
——— T H[(@,x), 1, B2:¥1, y2; X1, X2, x3] = — 2 P
axmoxtoxl A (YDm(Y2)n+p
XFAH[(a+m+P,x),ﬁl+m+”,52+n+P§V1+m,)/2+n+P§X1,X2,X3]-
5.1

Next we give recurrence relations for the incomplete Srivastava triple hypergeo-
metric function I’ AH .

Theorem 6. The following recurrence relation for I' AH holds true:

L (e, x), B, B2i v, v2; X1, %2, x3) = T{ [(00,X), B1, B2s v1 — 1, y2: X1, X2, x3]
af1xy
yi(l—=y1)
Proof of Theorem 6. Using the well-known contiguous relation for the function
oF1 (see [3, p. 12]):

oF1(—y—1Lx)— oF1(—yix)—

FAH[(W*'LX),ﬂl+1,ﬂ2;)/1+1,)/2;x1,xz,x3] (5.2)

X
———oF1(=y+1x)=0
y(y—1
in the integral representation (3.1), we are led to the desired result. U

Theorem 7. The following recurrence relation for I' AH holds true:

(y2—B2— DI (. x). B1. B2: 1. 72 (5.3)
= (y2— DI [(@.x), B1,B2:v1.v2 — 1] = B2 T [(@, %), B1. B2 + 1iy1, v2l,
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where the variables which are not explicitly mentioned are assumed to be unchanged
in value.

Proof of Theorem 7. Using the well-known contiguous relation for the function
1F1 (see [2, p. 124, Eq.(6)]):

(c=b—=1)1F1(b;c;x)=(c—1) 1F1(b;c—1;x)—b 1 F1(b+1;c:x)

in the integral representation (3.1), we are led to the desired result. g

6. CONCLUDING REMARKS AND OBSERVATIONS

In our present investigation, with the help of the incomplete Pochhammer symbols
(A;x)y and [A; x],,, we have introduced the incomplete Srivastava triple hypergeomet-
ric function ', whose special cases when x, = 0 reduces to the incomplete Appell
functions of two variables (see [0]) and when x, = 0, x3 = 0 or x; = 0 reduces to the
incomplete Gauss hypergeometric function (see [15]), respectively, and investigated
their diverse properties such mainly as integral representations, derivative formula,
reduction formula and recurrence relation. The special cases of the results presen-
ted here when x = 0 would reduce to the corresponding well-known results for the
Srivastava’s triple hypergeometric function Hy (see, for details, [10-14, 17]).
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