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ABSTRACT. We derive minimal periods of non-constant periodic solutions for semi-
linear damped wave equations on Hilbert spaces. Similar estimates are obtained for
symmetric nonconstant periodic solutions of Zp,-symmetric autonomous ordinary
differential equations.
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1. INTRODUCTION

In this note, we present some estimates, lower bounds, concerning periods of non-
trivial periodic orbits for certain differential equations. First, in Section 2, we study
damped semilinear wave equations on Hilbert spaces. Here we are inspired by [14],
where semilinear parabolic equations are studied. We apply our method to the equa-
tion of a damped buckled beam [9] and also to the equation of a buckled elastic panel
excited by a fluid flow over its upper surface [3, 10].

Then, in Sections 3 and 4, we investigate Z ,-symmetric autonomous ordinary dif-
ferential equations which are generalizations of odd systems and related antiperiodic
solutions (see [1]).

We note that recent results on minimal periods are also derived in [5, 12, 13, 15],
where discrete, continuous and delay dynamical systems are considered. Minimal
periods for ordinary differential equations on one-dimensional lattices are studied in
[6, 7]. Finally, we refer the reader to [14, 15] for the history of these topics.

2. SEMILINEAR DAMPED WAVE EQUATIONS

Let H be a Hilbert space with a norm || - || and inner product (-,-). Let 4 be an
unbounded linear self-adjoint operator on H with an orthonormal basis of eigenvec-
tors {wj }j>1 on H and with corresponding eigenvalues A;, Aw; = Ajw); such that
Aj — 400 as j — oo (see [16]).
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Let0) <a < 1. Weput

HY .= {x = Zx]-wj | Z(K}a + l)xj2 < o0
j=1 j=1

with an inner product (-, -)¢ and corresponding norm || - ||, defined by the formulae

5, P)e =) R+ Dy, xlle = Vix, X

jz1
forany x =} ;> xjwjand y = ) ;> yjw;. Here, we consider ka.“ = ()\Jg)“ =
|2 12
Let /' : H* — H be globally Lipschitz continuous, i. e., 3L > 0 such that

If 1) = fu)ll = Lluy —uzlle VYui, € H”.
We consider a damped abstract wave equation
i+ o0u+ Au+ f(u) =0. 2.1
We put

L% (R H) = {h e L2 (R H): his T—periodic} ,

L7o(R.H) = {heLzT([R,H):/ooh(t)dtzo}.
0

Similarly, we define Hilbert spaces L%(IR, H%) and L% o(R, H%). For > 0, the
usual integral norm on L%(IR, H¥) is denoted by || - [|¢,2, while for @ = 0, we take
the standard integral norm || - ||, on L%(IR, H).

Definition 2.1. By a weak 7T -periodic solution of (2.1), we mean any function

ue L%([R, H?) satisfying the relation

T
/0 {w@). 5(1)) = 8(u (), v(@) + (u@), Av(®)) + (f (1)), v())} dt =0

forallv € CA(R, H'), where CZ(R, H') is defined as above and H' = D(4A).
First we study the linear equation
i+ ou+ Au=h 2.2)
for h € L% (R, H).

Lemma 2.2. Let 0 < o < % For any h € LZTO(IR,H), equation (2.2) has a
unique weak solution u € L% o(R, H?) satisfying the estimate

lulle,2 = ¥s,o(T) 172,
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for a function s o, € C([0, 00), (0,00)) with
lim W5 o(T)/ T = cq,0,
T=0+ (2.3)
lim s o(T)/T = ca,00s
T—o00

where cq 0 and cq, 00 are suitable positive constants.

PROOF. We take h(1) = 3 ;5 hj(wj, u(t) = 3 ;5 uj(H)wj,

1 _
hit)=—= > hjee®™ T = hj

ﬁkeZ\{O}
1 _
w0 =r > wke Ty =g
kezZ\{0}
Then
a3 =D lhsllz =2 D 1hjl®
j=1 Jj.k=1
lal2, = S s 1202 + 1) =2 37 Juy 12022 + 1),
j=1 j.k=>1
So (2.2) gives
Ui jp = WE:
Jk )\] 47'[2k2 +827rk
Hence
A% 4
lul2, <2 ) J Ihj &l
jkz1 ( j = 4’}22"2) + §2422K2
We evaluate
2 2 2
A + 1 - T N Aj
4m2k2 2 4n2k2 47252 4m2k? 2 4m2k2 .
()‘_TZ) +02 5 ()‘_TZ) +8% 5
Let us put |Ao| = max {|A;] | A; < 0} Next, if ; — & > 4;2 , then
4 2k2 4 2k2 82
- +52” > 82 (0 ->).
T2 T2 4
Hence, we have
20 2 2
)‘j < reT

()» _ 4n2k2) +524”2k2 47252
T2
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forA; <0,

2 8, 4’ o2
(K B 4”22162) 4 §24n2k? 4ﬂ2k2 —\2 T2 47252
T

for 0 < A; <57+ Tz,and

2a
A?"‘ A2 (% + 4%’—22)
< : <
forA; > 57 + T2 . Summarising, we get
23a
J < &5 ,(T
A 4m2k2 24J'r2k2 b.(T)
(j_ T2 ) +4
where
2\ 2¢
- %)

200 §2
&5..(T) AT (52 N 472 T2 (7
=m | =
8,a ax 477282 2 T2 477282’ 52 (5_ 4 47,2)
7 T2

We see that ¥s , defined by the equality

T2
lI/(S,Ot(T) = ¢8 OC(T) + 262

satisfies the conditions of this lemma. So we obtain

lullZ, <2 > Wi (D)lhj > = 3 o (D)|A13.
j.k>1

Consequently, we arrive at the estimate
lulla,2 = Ws,o(T)|7]]2-
The proof is complete.
Now we return to (2.1) by splitting any u € L2 (R, H%) as

U =1uy+uUp
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foru, := % fOT u()dtand ug =u —u, € L%O([R, H®%). Hence (2.1) has the form
1 T
o + o + Auo + S +uo) = - [ S Fwo@ndr =0, @24)
0

T
Auq + l/ f(uy +ug(t))dt =0. 2.5)
T Jo

We note that the linear operator P : LZ(R, H) — L%(R, H) given by

1 T
Pu ::u_T/o u(t) dt

is orthogonal and the Nemytskii operator N : L%(IR, HY) — L%(lR, H) given by
the equality
N@)(@) := f(u())
is globally Lipschitz continuous with a constant L. Then (2.4) gives
luolle,2 = Ws,o(T)IIPN (uy + uo)ll2
= Ws o (T) || P[N (u1 + uo) — N(u1)]ll2
Ws,o(T)L|uolla,2-

IA

Consequently, if
Uso(T)L < 1, (2.6)
then uy = 0 and (2.5) becomes

Au1 + f(ul) =0.

Summarising, we have the following result.

Theorem 2.3. I[f0 < a < % and (2.6) holds, then any T -periodic weak solution
of (2.1) is constant.

Function ¥s o, (T') is depending also on A¢. To avoid this, for A; < 0 we compute

20 2a 2-2

)\jz < )Lj . < (1 _za) aa2aT4(1—Ol)'
4n2k2 4m2k?2 4m2k? 4

(o= 35) e (- 258)

Then @5 o (T) is replaced by

_ l—a 2—2«
Bso(T) = max{( i ) o)
/4

2 82 | 4
82, 4’ o (7 +77
2 T2 ) 4n282 g (82 n 4n2)
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and

3 3 T2
Vs o(T) := | P5,o(T) + TR

So (2.3) is replaced by
lim W5 o(T)/T' 7% = &0,
T—04 ’ (2 7)
lim W5 o (T)/ T =&y o0
T—oo
for suitable positive constants ¢q o and Cy,00. Thus we have the following
Theorem 2.4. [f0 < o < % and the inequality
W5 o (T)L < 1
holds, then any T -periodic weak solution of (2.1) is constant.

Remark 2.5. Semilinear parabolic differential equations on Hilbert spaces are stud-
ied in [7, 12, 14].

Remark 2.6. We see that limg .0, ¥s,1/2(T) # 0 and lim7 o, 1173,1/2(T) # 0.
So for @ = 1/2 we do not get a result on the minimal periods. But we think that it is
not a handicap for our above estimates. Indeed, fora = 1/2and A; > 0, we consider

the function

|
x —> X+ (2.8)

(X _ 47[2k2) 4+ §24n2k> 47r2k2

T2
which has a global maximum over [0, 00):

42k% + T2 4 /167m4k* + 4(2 + 82)n2k2T2 + T4

TPTE 2.9)
We can check that (2.9) is decreasing with respect to k € IN. So for A; > 0, we get
A+ 1 4n +T2+\/16n4+4(2+52)n2T2+T4
242 282 8822
()\_47‘;—‘216)4_5247'[](

Consequently, when o = 1/2and A; > 0 Vj € N, the best estimate for ¥s 1/ (T")
seems to be
42 + T2 4 /1674 + 42 + 82)n2T2 + T4
Ws,1/2(T) = 2572

(2.10)

Clearly, (2.10) is nonzero at T = 0.
Next, assuming A; > 0 Vj € N, we cannot improve much the above estimates.

Now we can take
(.o =D Ai%xjp)
j=1
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forx =) ;> xjwjand y = 3 ;5 yjw;. Then instead of the function (2.8), we
consider the function

X
X —> .11

5 .
4w2k2 4m2k2
(X — 7;2 ) +827[T—2

Making the above analysis for (2.11), we obtain

21 + V4?2 + 8272
v T) = .
5,1/2(T) \/ 152
Clearly (2.12) is again nonzero at 7' = 0. But (2.12) is simpler than (2.10). Then the

lower bound estimate is
27 + V4m? + 8277 > 12
482 -
Analysing (2.13), we see that if L > &, then (2.13) holds for any 7" > 0, while for
6 > L, relation (2.13) yields

T > L %4xV§2 — L2

Consequently, we are able to estimate 7' from below only for small L > 0 with
respect to 6.
Finally, the following semilinear parabolic equation is studied in [14]

(2.12)

(2.13)

u+ Au+ f(u) =0, (2.14)
where A, f satisfy our assumptions with A; > 0 Vj > 1. Then we have
2a 2a
A g - A :
22 - 2 .
R 12 T A2
Analysing the function
XOC
Tt x

on [0, 00), we get its maximum o®(1 — )!~*(27)2@ "D 720-2) S5 the minimal
period estimate for (2.14) is
T>K,L 7= (2.15)

forany 0 < o < 1 and
2

VT —aa?i=o
Inequality (2.15) is consistent with a similar one in [14], but here we allow 0 < o < 1.
We note that Ky = 2 and limy_,1_ K4 = 00.

Ka:
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Remark 2.77. Theorem 2.4 could help when the shifts
A<«— A—Al, f<«— f+Al

can improve an estimate of the Lipschitz constant L.
We also note that it follows from the proof of Lemma 2.2 that # € L% (R, H) and

. 1
lill < 5Nl

in Lemma 2.2. Then of course any 7 -periodic weak solution u of (2.1) satisfies
ue L%([R, H). Hence we get

. 1
Il + il = (#50(T) + 5 ) s 2.16)

Example 2.8. Let us consider the system
it + 81t —u” + sin(u —v) =0,
4+ 80 —v” + sin(u + v) = 0, (2.17)
u(0,) =v(0,) =u(l,’) =v(l,:) =0.
Now H = L?(0,1)?, & = 0 and
Au,v) = —(u"(x),v"(x)), f(u,v) = (sin(u — v), sin(u + v)).

We see that A; > 0 Vj € N and L = 2. So we can choose a better function
Us o(T) = % than in the proof of Lemma 2.2. Then for (2.17), the minimal period
estimate is T > 4.

Now we present the following simple result which seems to be known but we prove
it here for the reader’s convenience.

Theorem 2.9. Let us suppose that

(1) f: H* — H is locally Lipschitz continuous, i. e. ¥k > 0 3L, > 0 such
that
I/ (1) = fu2)ll = Lillur — uzla
forallul,z (S Ha, ||u1’2||a < k.
(2) AF e CY(H*,R) : (f(v),w) = DF(v)w Yv,w € H*,
Then any T -periodic weak solution u € LT (R, H¥) of (2.1) is constant for all
T > 0.

PROOF. Let I' := ||u||¢,00+1 Where ||-||q,00 is the usual sup-norm on L7 (R, H).
Assumption (1) gives

I /(i) = fu2)ll < Lrlur —uzlla. VYuip € H*, Juiplle =T.  (2.18)
So we get

If @@l = Lrlu@®lle + 11O = "Ly + /O]



MINIMAL PERIODS OF PERIODIC SOLUTIONS 129

which implies f(u) € LP (R, H). Then the argument of Remark 2.7 shows that
ue L%([R, H). Moreover, (2.18) yields

If (1) = fu2)ll2 < Lrllur —uzlla,
VYuip e LR, HY), |uisllaco <T. (2.19)
Next using the notation of the proof of Lemma 2.2, from (2.1) we get the system
i2j+éuj+kjuj+(f(u),wj)=0, VjeN.

Since

S Nu®lle = lullgo < T, (2.20)

o

Y ujw;
j=1

we obtain that f(3_7_, ujw;) € LP(R, H¥) forany n € N. Then

n T n
>l = —/0 fu(@®), Zzz,-(r)w,-) di
j=1

j=1
T n n
- _/ f(z “j(f)wj), Zdj(t)wj) dt
0 i =
T n n
+ f(Z “j(l)wj) ~ fu(o). Zitj(t)wj) i
j=1

j=1
(o))
J=1 2

Hence (2.19) and (2.20) give

82 I3 < f(Zujwj)—f(u) Y ujwj—u
j=1 J=1 j=1

Since 27=1 ujw; — uin LZT(IR, H*) and Z}’:l ujw; — U in L%(IR, H)asn —
00, relation (2.21) implies that

o0
.2 . 2
13 =" lla;l13 =o.
j=1

n
<2
> ligli3-
j=1

2
2
=Lt
2

2
(2.21)

o,2

Hence, iz = 0. The proof is complete. (|
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Example 2.10. A standard p.d.e. which fits into the framework of Theorem 2.9 is
an equation of a damped buckled beam [9]

. . " ! 72 " o__
i+ ou+u + |:Jf1—}f2 (/0 u (S)dé):|u =0, 2.22)
u©,)=u(,)=u"0,)=u"(1,) =0,

where x; and x, are constants. Now we take H = L2(0,1),« = 1/2,s0 H'/? =
HZ(0,1), and

1
Au=u""(x), [f(u)= {%1 — 0 (/0 W () d%‘)} u”,

1 1 2
FW)=—%[;%wﬂ@ﬁ&+ﬂei<A w%adé).

Example 2.11. We finish this section with another partial differential equation dif-
ferent from (2.17) and (2.22) of the form

. . " ! /2 i ’r_
u-+éu+u +|:%1—}t2 (/0 uw (& )dE) |u" +nu’ =0, (2.23)
M(O, ) = M(l, ) = M//(O, ) = Ll”(l, ) = O’

where x1,%, > 0, n > 0 are constants. Problem (2.23) models the oscillation of a
buckled elastic panel excited by a fluid flow over its upper surface [3, 10]. Now we
again take H = L?(0, 1) with the usual integral norm | - ||, H'/2 = HZ(0, 1) and
lulli/2 = llu”|]. Then any weak T'-periodic solution u € L3 (R, H'/2) of (2.23)
satisfies the relations
Sllall3 + (', i), =0,
<12 72 "2 d / 4 (2.24)
i)y = [l™ll5 — e llull5 +%2/0 lu o)l d.

Since
4 d 4
wmeAnﬂnmm,mwmaWM

from (2.24) we derive

T

2 2, 2 4 2 4

w2+ S = I e [ ol
0

2
. U
= sllu'll3 + a3 < e ll3 + 5—2||u'||§- (2.25)
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Hence

T 772
||u/||% < x_z <J{1 + 5—2 —712) =TK;.

So we get

Theorem 2.12. If n*> < 8>(n? — x1), then the only periodic weak solution u €
LP (R, H'/2) of (2.23) is the zero one, u = 0.

Note that Theorem 2.12 is consistent with Proposition 2.1 of [10]. Now, let
n? > 82(? — xy). (2.26)
Then (2.25) implies

|3 < | +7I_2 /|2 <T | —i—ﬁ K, =TK

2 _ T 2 n?
”14”2 S 8_2””,”2 S T5_2K1 - TK3
Hence
lW'l3 < TKa, ]} < TKs. 2.27)

Since u € L%(R, H3(0,1)) and iz € L%.(R, L?(0, 1)), Theorem 4 from [4, p. 288]
gives u € C2(R, Hy (0, 1)) along with

max [lu'( 1) |* = %Ilu’llﬁ + w13 + ]2 < Ky + TKy + TK3 = K4 (2.28)
Let us put
X = {u |u e LA(R, H2(0, 1)), it € L2(R, L*(0, 1))}.
Then X is a Hilbert space with the norm

lulx = llu”ll2 + lli]l2.
Again from Theorem 4 of [4, p. 288], we have X C C;(IR, HO1 (0, 1)) along with

1 1
’ 2 "2 - (12 2
mgx 01 = (1) B4 001 < (o +1) Wl 229)

forany v € X.
We put
Au = u""(x) +xu”,  f(u) = %22 (u) + nBu,
g(u) = —|u'|*u”, Bu:=u'.
For any v, w € X satisfying (2.27), we derive

IBv— Bwly = [[v' = w'|l> < [v" = w"ll2/7 < |v—ulx/m,
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and by (2.28) and (2.29)

lg@) = g@)ll2 = [lIVI20" = llw'lI2w” |2

2 2 2
< V1" = w2 + w11 = w512

T ,l1 1 2
- /0 /(; |:/0 U/z(g:l)d5:| W' (x, 1) —w”(x,1))? dx dt

Tl 72 ! 12 12 :
+ /0 /0 w (x,l)|:/0 W ¢ ) —w (E,t))d$:| dx dt

< Kgllv” — w2

T ,1 1
72 / 4 2
+(/0 fow (x,t)/o(v(é,t)er(S,t)) d§

1 1/2
x/ V(1) —w' (£ 1)) dE dx dt)
0

1/2

1/2

= K4lv—wlx

1 ) T 1 1/2
+ 2,/ K4 (—2+T)|v—w|X (—/ / w"z(x,t)dxdt)
4 T Jo Jo
1
5<K4+2\/K2K4(—2+T))|v—w|X=K5|v—w|X.
/e

So f:X — LZT([R, H) has the Lipschitz constant

L=%2K5+E
/4

on the subset X C X of all u € X satisfying (2.27).

It is clear that KX is a closed and convex subset of X'. Then it is well-known (see
Lemma 3.5 in [2]) that there existsa retraction R : X — K C X with a global
Lipschitz constant 1. Using R, we modify f outside of KX as follows

S )= f(Ru).
Clearly f X — L%(IR, H) is a globally Lipschitzian continuous with the con-
stant L. According to the above construction, each T'-periodic weak solution u €
LP (R, H 172) of (2.23) is also a T-periodic weak solution of the modified one with
f' in place of f. Furthermore, now A; = —j272(x; — j2m?) and let us assume for
simplicity that ; < 72 (see (2.26)). Then we can apply Remarks 2.6 and 2.7 (see
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(2.12) and (2.16)). So if u is nonstationary, then

17) \/27r+\/47r2+62T2+ 1

Kot 2L Z
(%2 s+ T 452 8

> 1. (2.30)

Clearly, relation (2.30) makes sense if

2 2
(%2 (K1 + ;\/KIKZ) n g) S<l 2.31)

We do not express Ks in terms of parameters xp, x5, 7, § and period 7', since it is

an awkward formula. But we note that for n = §v/72 — % (see (2.26)), we get
K, =K, =K; = K4 = K5 =0,and (2.31) becomes

372 /4 < x;. (2.32)

Hence if (2.32) holds, then there is a unique

no = (1, x2,68) > 5\/772—%1

solving equation (see (2.31))

2 1o 2_
V) Kl-{-; K1K2 +; g—l (233)

We note that the left-hand side of (2.33) is increasing with respect to n9. Then by

fixing n such that §/w2 —x%; < n < 1o, there is a unique Tg > 0 solving the
equation (see (2.30))

n 2+ \J4n® + 82Ty 1
(%2K5 n ;) +5 =1 (2.34)

452

We note that the left-hand side of (2.34) is increasing with respect to 7.
Summarising, we have the following result.

Theorem 2.13. If372/4 < »x; < n% and §~/72 — %y < 1 < ng, then the period T
of any weak nonstationary T -periodic solutionu € L (R, H 1/ 2) of (2.23) satisfies
inequality T > Ty. Here, ng and Ty are the unique positive solutions of (2.33) and
(2.34), respectively.

For instance if x; = 8, x; = 5 and § = 100, then equation (2.33) gives ny =
152.667. So we get 136.733 < n < 152.667. Taking n = 138, we find from (2.34)
that 7y = 0.122. Consequently, we obtain 7" > 0.122 in Theorem 2.13.
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3. NONRESONANT Zp-SYMMETRIC AUTONOMOUS ORDINARY
DIFFERENTIAL EQUATION

Let S : R” — R” be an orthonormal matrix, i. e., S* = S~!, such that S? = [
for some p € IN. In this section, we deal with the ordinary differential equation

X =g(x) (3.1
under the following assumptions:

(H1) g : R" — R” is globally Lipschitz continuous, i. e., there is a constant L. > 0
such that [[g(x) —g(W)| = Llx — y[| Vx.y € R™.

(H2) gis S-symmetric,i.e., g(Sx) = Sg(x) Vx € R".

(H3) 1 € o(S), the spectrum of S.

We call (3.1) under conditions (H1)-(H3) a nonresonant Z ,-symmetric autonomous
ordinary differential equation.

Remark 3.1. Assumptions (H1) and (H2) are reasonable, i. e., there are many
g satisfying both (H1) and (H2). Indeed, let Lip (R") be the space of all globally
Lipschitz continuous mappings / : R” — R” endowed with the norm

|2||lLip := inf{L > 0 | L is the Lipschitz constant of 1} + ||/(0)||.

Then Lip (R") becomes a Banach space. Moreover, we define a linear mapping § :
Lip (R") — Lip (R") by

p—1
(Sh)(x) = % > STh(Sx).
i=0

Clearly, § is a continuous projection of Lip (R") onto Lipg (R"), the space of all S-
symmetric elements of Lip (R”). Furthermore, if / has a Lipschitz constant L > 0,
then &/ has also a Lipschitz constant L. Finally we note

aol +a;S +---+a,—1SP! € Lipg (R")
foranyaj € R,0 < j < p — 1. Hence Lipg (R") # @.
Definition 3.2. Let 7 > 0. We call any x € C!(R, R") satisfying (3.1) and
x(t+T)=Sx(@) VteR (3.2)
the 7'-S-symmetric solution of (3.1).

We note that any x(¢) satisfying (3.2) is also pT -periodic. Moreover, (H2) and
(H3) imply g(0) = Sg(0), so g(0) = 0. Thus x(z) = 0 is a trivial 7-S-symmetric
solution of (3.1) for any 7" > 0, which is the only constant function satisfying (3.2).

We put

Crs:= {x € C"(R,R") | x(¢) satisfies (3.2)}
with the usual maximum norm ||x ||, on the interval [0, T']. We note that (3.2) implies

I+ D) = 1Sx O = [xP@)ll.
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So norms | - ||, are well-defined.
First we solve the linear boundary value problem
x=h xeCrg. heCpg. (3.3)

It is easy to find its solution

T
x(t) =(S—1)—1/0 h(s)ds—i—/oth(s)ds.

So we arrive at the following.

Lemma 3.3. Forany h € C; §» problem (3.3) has a unique solution x € C} S

with an estimate
Ixllo < I(Z =)~ + 11 AlloT.

The Banach fixed point theorem together with Lemma 3.3 give

Theorem 3.4. If[|(I—S)~||+1]TL < 1, then x = 0 is the only T -S -symmetric
solution of (3.1).

When § = —1, the T-S-symmetric solutions are called 7 -antiperiodic ones [1].
Then condition (H3) holds and g is just an odd mapping. Hence Theorem 3.4 implies

Theorem 3.5. Let (H1) hold and g be odd. If x is a nonzero T -antiperiodic
solution of (3.1), i. e, x(t + T) = —x(1) V1 € R then T > 3.

Example 3.6. Nowletn =2, R*> ~ C,and Sz = e27/Pz - e C, peN,p=>3.
So S : R? — R? is a rotation by the angle 27/ p. Then |z — Sz| = 2sin %|Z|, and
|

-1y _
10 =97 = 5

Theorem 3.4 implies

Theorem 3.7. Let Sz = ¢'2™/Pz, z ¢ C, p € N, p > 3, be a rotation in the
plane by the angle 27t/ p. If x is a nonzero T-S-symmetric solution of (3.1) for g
satisfying (H1), (H2), then

- 2L Vsin (7/ p)
~ 1+ 2sin(x/p)’

Such result as in Theorem 3.7 should hold for a general S, since from S? = [
and (H3) it follows that o (S) consists of the unit roots, i. e.,

o(S) C e /P |k =1,2,...,p—1}.

Indeed, it is not difficult to show [11] that conditions S* = S, S? =1, S o
and 1 ¢ o(S) imply both p > 3 and the existence of an orthonormal basis

{6’11,6’12,621,622,---,€k1,€k2,€k+1,---,€n}
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of R” such that on each invariant subspace V; := [ej1.ej2], | < j =< k, matrix S,

S : Vj — Vj acts as a rotation by the angle 2wrj/p, 1 <rj < p,rj # p/2. While

Sej = —ej, k + 1 < j =< n, naturally, only for even p. We can suppose that
sin(wry/p) = min{sin(nrj/p) | j = 1,2,...,k}.

Then
1

_1 _
I =5 = 2sin(7wry/p)’

Summarising, we get

Theorem 3.8. When assumptions (H1)-(H3) and S # —1 are satisfied, then

- 2L Vsin(rry / p)
14 2sin(wry/p)

for any nonzero T -S-symmetric solution of (3.1).

We note that any nonzero 7'-S-symmetric solution of (3.1) is nonconstant.

Remark 3.9. The existence and nonexistence of forced symmetric oscillations like
(3.1) are studied in [8].

Remark 3.10. We note that if S : R” — R” is a matrix with S? = [ for some
p € N. Then there is a scalar product (-, -) for which S is unitary, i. e., (Su, Sv) =
(u,v) Yu,v € R”. Indeed, let (-, -) be any scalar product on R”. Then we take [11]

18
(u,v)=;Z(S’u,S’v).

j=0

4. RESONANT Z,-SYMMETRIC AUTONOMOUS ORDINARY DIFFERENTIAL
EQUATION

In this section, we proceed to study (3.1) only under assumptions (H1) and (H2),
and we call (3.1) a resonant Z,-symmetric autonomous ordinary differential equa-
tion, since 1 € o(.S). Then there is an orthogonal decomposition

R" = R"' @ R
such that S : R"12 — R"1.2 and S/R™ = I, 1 ¢ o(S) for S := S/R"2.
We split (3.1) as
X1 = g1(x1 +x2),
. ‘ @.1)
X2 = g2(x1 +x2),

for g;(x) = P;jg(x), where P; : R" — R" are orthogonal projections, and x; € R"/,
i = 1,2. Clearly g; : R" — R" are globally Lipschitz continuous with a constant
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L. Assumption (H2) implies
g1(x1 + x2) = g1(x1 + Sx2).
Sga(x1 + x2) = g2(x1 + Sx2).

Hence g, (x1) = 0, Vx; € R"!, Now T-S-symmetric solutions of (4.1) are given by
conditions
X1t +T)=x1(t), x2(t +T) = Sxs(). 4.2)
We see that any constant functions satisfying (4.2) are x;(¢) = const and x,(¢) = 0.
As in Section 2, we further split

xi() =u()+c. uelLq (R.R"), ceR",
and decompose (4.1) as
u(t) = [gr1(u) + ¢ + x2(1)) — g1(c)]

1 T
7 [ e e ne -a©lds @)
0
X2(1) = g2(u(r) + ¢ + x2(2)),
and
T
0= / g1(u(s) + ¢ + x2(s)) ds. 4.4)
0
Let us put
L2 (R.R™) = {h e L2 (R.R™) | h(t + T) = Sh(t)} ,
1,2 nay .__ 1,2 ns 2 ns
WT,S([R’ R"2) := W .°(R,R"?) N LT,E(R’ R"2).
We need the following result similarly to Lemmas 2.2 and 3.3:
Lemma 4.1. (a) Forany h € L; S‘(IR’ R"2) there is a unique function x, €
W; ’;([R, R"2) satisfying the equation X, = h and the estimate
lx2ll2 = (IS = D~ + DT A2,
where || - ||, is the usual integral norm in L>((0, T'), R"2).
(b) For any h € L%O(IR, R"1) there is a unique u € W;’;([R, R™1) satisfying
it = h along with the estimate
T
< —Ilkll2.
Julla = 51l
Then from (4.3) we obtain

1 ~ _
lull3 + Ix203 < (— + S =D+ D> ) T2L? (Jlull5 + [x20?) .
472



138 MICHAL FECKAN

So if

1 -
\/—2 +(I(S—=D~ Y+ 12TL <1,
47
then u = 0, x, = 0. Using results of Section 3, we arrive at the following

Theorem 4.2. The number/period T of any nonconstant solution of (4.1)) satis-
fying (4.2) fulfils the inequality

1 2
T>L"—
Vo2 +1
for S = —1, and
27 sin(zw 7y / p)

T>L"!

sin? (77 / p) + w2(1 + 2sin (77 / p))?
for S # —1, where 7y is defined for S as in Theorem 3.8 in place of S.

Remark 4.3. Theorems 3.5, 3.8, 4.2 and Remark 3.10 completely solve the min-
imal period problem for Z,-symmetric autonomous ordinary differential equations,
i. e., lower bounds for T" of 7'-S-symmetric solutions are derived for (3.1) satisfying
assumptions (H1) and (H2) for a matrix S : R” — R” with S? = [ for some p € N.
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