Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 7 (2006), No 2, pp. 171-187 DOI: 10.18514/MMN.2006.163

A note on two-dimensional systems of linear
differential inequalities with argument
deviations

Jiri Sremr



Miskolc Mathematical Notes HU ISSN 1787-2413
Vol. 7 (2006), No. 2, pp. 171-187 electronic version

A NOTE ON TWO-DIMENSIONAL SYSTEMS OF LINEAR
DIFFERENTIAL INEQUALITIES WITH ARGUMENT DEVIATIONS

JIRI SREMR
[Received: 8 March, 2006]

ABSTRACT. In this paper, the question on the positivity of the Cauchy operator
of two-dimensional systems of differential equations with argument deviations is
studied. Some results of [11] are refined for two-dimensional systems of differential
inequalities.

Mathematics Subject Classification: 34K06, 34K10

Keywords: System of diferential equations with argument deviations, initial value
problem, sign-constant solutions, theorem on differential inequalities

1. NOTATION AND INTRODUCTION

On the interval [a, b], we consider two-dimensional differential system

ui(t) = pi1(@Oui(ti1 (1)) + pia(Ouz(zia (1)) + i (7) (=12 (1.1)

with the initial conditions
ui(a) = cy, uz(a) = cy, (1.2)

where pir,qi : [a,b] — R (i,k = 1,2) are Lebesgue integrable functions, tj; :
[a,b] — [a,b] (i,k = 1,2) are measurable functions, and ¢y, ¢, € R. By a solution
of the problem (1.1), (1.2), we understand an absolutely continuous vector function
u = (uy,uz)T :[a,b] - R? satisfying the equation (1.1) almost everywhere on [a, b]
and verifying the initial conditions (1.2). The following notation is used throughout
the paper:

R is the set of all real numbers, Ry = [0, +o0[;

R? is the space two-dimensional column vectors x = (x,')l.zz1 with the elements
X1, X2 € R and the norm

Ixll = fxq| + [x2]:
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If x, y € R? then
x <y ifandonlyif x1 <y, x2 < y;

R2*2 is the space of the 2 x 2-matrices X = (x; k)l.2 x—1 With the elements x;; € R
(i.k =1,2); ’

r(X) is the spectral radius of the matrix X €

XT is the transposed matrix to 7 X m-matrix X

If x1,x, € R then
mammﬁ=clo)

[R2X2.

0 X2

C([a, b]; R?) is the Banach space of continuous vector functions u : [a,b] — R?
equipped with the norm

lullc = max{llu(@)] : t € [a.b]}:

C ([a, b]; R?) is the set of absolutely continuous vector functions u : [a, b] — R?;
L([a,b]; R?) is the Banach space of Lebesgue integrable vector functions / :
a,b] — R? equipped with the norm
quipp

MM=LNMMM;
The equalities and inequalities with integrable functions are understood to hold
almost everywhere.
The following proposition is well-known.
Proposition 1.1. Let
pis—i(t) =0 fort €la,bl,i=1,2. (1.3)
Then, for every vector function (yy,y2)T € C ([a, b]; R?) satisfying

2
v <D piuc®ye() + qi(t) fort €fa.bl. i =1.2,
k=1
y1(a) <c, v (a) < ¢y,
the relation
vi(t) Sui(t) fortela,b), i =12

holds, where (uy,u3)T is a solution of the system

2
wp =Y puug +qi() (=12 (1.4)
k=1

satisfying the initial conditions (1.2).
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In the other words, if the condition (1.3) is satisfied then so-called theorem on
differential inequalities holds for the system (1.4) or, equivalently, the Cauchy matrix
function of the homogeneous system corresponding to (1.4) is non-negative. Itis very
easy to show that, under the assumption (1.3), an analogous assertion for the system
(1.1) does not hold in general. Consequently, some stronger assumptions have to be
required for differential systems with argument deviations. There are a lot of results
concerning various types of theorems on functional differential inequalities. Let us
mention, among other, papers [1-4, 6, 8, 9]. We have studied this question in [11].

Following [11], we introduce a definition.

Definition 1.1. Let 07,0, € {—1,1}. We say that a linear bounded operator £ :
C([a,b]; R?) — L([a, b]; R?) belongs to the set gaZb,(cn -02) (@) if every vector function
ue 5([a, b]; R?) such that

diag (01, 07) [u'(t) — L(u)(t)] = 0 fort € [a,b], (1.5)
diag(oy,02)u(a) > 0 (1.6)

satisfies the conditions
ojui(t) >0 fort €la,b],i =1,2. .7

Remark 1.1. Let the operator £ : C([a, b]; R?) — L([a, b]; R?) be defined by the
relation
L)1) P11 (T11(0)) + pr2(0)v2(112(0))
P21 ()1 (121 (1)) + P2 ()va(22(1))
fort € a,b], v= (vl,vz)T € C([a, b]; [Rz) (1.8)
and let £ € 8;,)’(0"02)(61). Then it is easy to verify that the homogeneous problem
corresponding to (1.1), (1.2) has only the trivial solution. Therefore, according to the

Fredholm property of the linear boundary value problems for functional differential
systems (see, e. g., [S—7, 10]), the problem (1.1), (1.2) has a unique solution for any

(q1.92)T € L(la,b]; R?) and ¢, ¢, € R. However, the inclusion £ € 8a2b’(m ’02)(a)
guarantees, in addition, that the solution (u{, u Z)T of the problem indicated satisfies

oiui(t) >0 fort ela,b],i =1,2
if the relations
0iqi(t) >0 fort €[a,b], ojc;>=0 (i=1,2)

are true.
In the sequel, we set

T = max{ess sup{tix(t) 1t €[a, b} 1i k = 1,2}. (1.9)

The following proposition is given in [11].
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Proposition 1.2 ([11, Theorem 4.1]). Let 61,0, € {—1, 1} and let the functions
Pjk (j.k = 1,2) satisfy the conditions
ojorpjk(t) =0 fort €la,b], j.k=1,2. (1.10)
Let, moreover, there exist numbers §; > 0 (i = 1, 2) such that
o
a

2
1 .
max{S—ikE_lj e [ Ipwlds i = 1,2} =1 (L.11)

and r(A) < 1, where the matrix A = (aik)?kzl is given by the equality

S 2 * 7 (8)
ax =3 [ 1) ([ |p,-k(5)|ds) ds for ik =12, (112
l_]:1 a a

Then the operator [ defined by (1.8) belongs to the set § azb’ (@1 ’02)(61).

We have also shown in [11] (see Example 5.3) that the assumption r(A4) < 1 in the
last proposition is optimal and cannot be weakened. On the other hand, the following
example shows that the assumption indicated is not necessary for the assertion of
Proposition 1.2.

Example 1.1. Let p;j; =0 (i = 1,2) and let py,, pa; : [a, b] — R4 be integrable
functions such that

b b
/ plz(S)dS =1, / p21(S)dS = 1. (1.13)

It is clear that there exists 7y € [a, b] satisfying

to
/ p12(s)ds < 1. (1.14)

Puté; = 1,6, = 1,7 =a (i = 1,2), 112 = b, and 177 = 1. Then, the matrix
A= (aik)?k=1 given by (1.12) has the form

b

b
/ pra(s)ds / pa1 (s)ds 0
A= “ “a b to
0 [ P21 (5)ds / Pra(s)ds

a
It is clear that, by virtue of (1.13) and (1.14), we have r(4) = 1.

According to (1.13), the condition (1.11) is satisfied. Therefore, it follows from
Proposition 3.3 of [11] that the operator £ given by (1.8) belongs to the set § azl; a0 (a)
if and only if the homogeneous problem corresponding to (1.1), (1.2) has only the
trivial solution. Let u = (u1,u2)T be a solution of the problem indicated. Then

ul (1) = pr2(Oua(b), uy(t) = pa1(t)uq(to) fors €la,b], (1.15)
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ui(a) =0, ur(a) = 0. (1.16)

The integration of the second equality in (1.15) from « to b, in view of (1.13) and
(1.16), results in

b
us(b) = Ml(fo)/ p21(8)ds = uy (o).

On the other hand, the integration of the first equality in (1.15) from a to 7y, on
account of (1.16), implies

to to
w1 (to) = uz(b) / pra(s)ds = uy (o) / p1a(s)ds.

Hence, using (1.14) in the last relations, we get u;(fg) = 0 and thus u,(b) = 0, as
well. Consequently, (1.15) and (1.16) yield u; = 0 and u, = 0.

Therefore, the operator £ defined by (1.8) belongs to the set 8a2b’ (1’1)(a) even if
r(d) = 1.

In Section 3, we shall give efficient conditions which are not only sufficient but

also necessary for the inclusion £ € 5a2b,(01 ’02)(61) with £ given by (1.8) provided that
there exist numbers 8; > 0 (i = 1, 2) such that (1.10) and (1.11) are satisfied.

2. AUXILIARY STATEMENTS

In addition to (1.9), we put

), = esssup {7;i(t) : t € [a.b]} fori =1,2. 2.1)

To prove the main results (see Section 3) we need some auxiliary statements. Fol-
lowing [4], we introduce a definition.

Definition 2.1. Let C([a, b]; R) and L([a, b]; R) denote the Banach spaces of con-
tinuous and Lebesgue integrable functions z : [a,b] — R, respectively, equipped
with the standard norms. We say that a linear bounded operator ¢ : C([a, b];R) —
L([a, b]; R) belongs to the set 8,4 (a) if every absolutely continuous function z :
[@,b] — R such that

Z'(t) = @(2)(t) fort € [a,b], z(a) > 0
is non-negative on [a, b].
Fori =1, 2, we put
LiG)O = pi)@i ) fort eab], z € Cla.bkB).  (22)

Lemma 2.1 ([11, Proposition 3.1]). Let 01,0, € {—1, 1}, the condition (1.10) be
satisfied, and let

* *

/ pra(s)ds [ pa1(s)ds = 0. 2.3)
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Then the operator L given by (1.8) belongs to the set 8a2b,(01 ’02)(61) if and only if both
operators L11 and L, defined by (2.2) belong to the set 8,5(a).

Lemma 2.2. Leti € {1,2} and
pii(t) =0 fort €a,b]. 2.4)

Then the following assertions are true:

(@ If

*

/ ; pii(s)ds < 1 (2.5)

then the operator L;; defined by (2.2) belongs to the set 845 (a).
(b) Let

/ pii(s)ds = 1. (2.6)
a
Then the operator L;; defined by (2.2) belongs to the set 8,p(a) if and only if

2 i (5)
/ Pii(s) (/ Pii(E)dé) ds < 1. 2.7

The results of the last lemma are partly contained in [4]. For the sake of complete-
ness, we give the proof here.

PROOF OF LEMMA 2.2. Let C ([a, 7};]; R) be the Banach space of the continuous
functions z : [a, t/;] — R equipped with the standard norm. Let the operator /;; be
given by (2.2) and let

05O E pii)z(wi(0)) fort € la, 7], z € C(la, 7): R).

In the other words, £7; is the restriction of £;; to the space C ([a, il [R). Since the
condition (2.4) holds and

5i(t) < 1/ fort € [a,b],
itis clear that £;; € 84p(a) if and only if £}; € 8‘”,-*,- (a).
Case (a). Let the condition (2.5) be satisfied. By virtue of Remark 1.1 in [4], we
find £} € Sar;;‘ (a), and thus £;; € 8,(a).
Case (b). Let the condition (2.6) be fulfilled. According to Remark 1.1 in [4],
Ly ed at}, (a) if and only if the homogeneous problem
() = pii(Oz(wi (1)) (¢t €[a, 73], (2.8)
z(a) =0 2.9)
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has only the trivial solution®. Consequently, to prove the lemma it is sufficient to
show that the homogeneous problem (2.8), (2.9) has only the trivial solution if and
only if the condition (2.7) is satisfied.

Let z be a solution of the problem (2.8), (2.9). Put

M =max{z(r) : t € [a,t};]}. m = min{z(r) : 1 € [a, t};]} (2.10)
and choose #p7, t € [a, t};] such that
2ty) =M, z(twm) = m. 2.11)

Obviously, (2.9) and (2.10) imply
M = 0. (2.12)

We can assume without loss of generality that #,, < #3s. The integration of (2.8) from
tm to tpg, in view of (2.4), (2.6), and (2.10)—(2.12), yields
t

15,94 M
M—-—m= / pii(9)z(tii(s))ds < M pii(s)ds = M.
tm

Im
Hence we getm > 0, i. e,
z(t) =0 fort €[a, /] (2.13)
From (2.4), (2.8), and (2.13) we obtain
z(t) < z(t;) fort €la, ;). (2.14)
Put ;
f() = / pii(s)ds fort €[a, /] (2.15)
a

The integration of (2.8) from ¢ to rl.";., on account of (2.4) and (2.14), yields

T T
z(ty) —z(1) = / i (9)z(Tii(s))ds < Z(r{'})/ pii(s)ds fort €[a, ;]
t t
Using (2.6), (2.15) and the last relations, we get

2(e) f(0) = 2(e55) (1 - / pl-,-<s>ds) <z() forrefail  (@16)

On the other hand, the integration of (2.8) from a to ¢, on account of (2.4), (2.9),
(2.14), and (2.15), results in
t

t
z(t) = / pii(s)z(t,-i(s))ds < Z(‘L';’;-)/ pii(s)ds = z(15) f(t) fort € [a, ;).
a a
Now, from the last relations and (2.16) we obtain
z(t) = z(¢f;) f(t) fort € [a, t};]. (2.17)

*By a solution of the problem (2.8), (2.9), we mean an absolutely continuous function z : [a, ti*i] —
R satisfying the equation (2.8) almost everywhere on [«, 7] and verifying also the initial condition (2.9).
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Finally, the integration of (2.8) from a to ‘L’;;«, with respect to (2.9) and (2.17), implies

A7) = [ pu()ds = 2(5) [ o)/ (o) s,

whence we get

T i (s)
z(5) [1 —/ pii(s) (/ pii(é)dé) ds:| = 0. (2.18)

We have proved that every solution z of the problem (2.8), (2.9) admits the repre-
sentation (2.17), where Z(ri";.) satisfies (2.18). Consequently, if (2.7) holds then the
homogeneous problem (2.8), (2.9) has only the trivial solution.

It remains to show that if (2.7) is not satisfied, i. e.,

/ ! pii(s) f(zii(s))ds = 1, (2.19)

then the homogeneous problem (2.8), (2.9) has a non-trivial solution. Indeed, in view
of (2.4) and (2.6), (2.15) yields

SO = f(z) =1 fort €la, ]
Therefore, using (2.4) and (2.19), it is easy to verify that

0= /a’ pii(S)[l - f(Tii(S))]dS < /afi‘} pii(s)[l - f(fii(s))]ds _

- 1—/Iii pii(s) [ (wi(s))ds = 0 fort € a. 7).

whence we get

t
70 = [ pa® Fe®)ds for € .7
a
Consequently, f is a non-trivial solution of the problem (2.8), (2.9). ]

Lemma 2.3. Let 01,0, € {—1, 1}, the condition (1.10) hold, and let there exist
numbers 8; > 0 (j = 1,2) such that the relation

* *

T T
&f|mwm+&/|m@m=& (2.20)
a a

is satisfied for i = 1,2. Let, moreover, u = (uy,u2)! be a solution of the homoge-
neous problem

wp(t) = pit(Ouy (ti1 (1)) + piOuz(ti2(t))  (t €la,x*]. i =1,2) (221)
ui(a) =0, ur(a) = 0. (2.22)
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Then both functions uy and u, do not change their signs on [a, T*]. If, in addition,

* *

[ |p12(s)|ds +/ |p21(s)|ds > 0 (2.23)

then the relation
o10ur(Dus(t) >0 fort € a, t¥] (2.24)

is satisfied.

PROOF. Fori = 1,2, we put

M; = max {oju;(t) : ¢ € [a,T*]}, m; = —min{oju;(t) : 1 € [a,T*]}. (2.25)
Choose t;, T; € [a, t*] (i = 1,2) such that
oiui(T;) = M;, ojui(t;) = —m; fori =1,2, (2.26)
and put
.E*
Dik = / |pi(s)|ds fori,k =1,2. (2.27)
a

Let us first suppose that both functions u#; and u, change their signs on [a, T*].
Then we have
M; >0, m; >0 (2.28;)
fori = 1,2. We can assume without loss of generality that 77 < ¢;. The integration
of (2.21) withi = 1 from T to t1, in view of (1.10) and (2.25)—(2.27), yields

5] 5}

P11(S)u1(111(S))dS—01/ P12()uz(t12(5))ds <

T,

My + m :—01/

T
131 151
< ml/T |p11(s)|ds +m2/T |p12(s)lds < mypy1y +mapra. (2.29)
1 1
It is clear that either 7> < t, or T, > 1, is satisfied.

Case 1: Ty < tp holds. The integration of (2.21) with i = 2 from 7} to t;, on
account of (1.10) and (2.25)-(2.27), implies

1%}

p21()uy(t21(s))ds —02/ P22(8)uz(t22(5))ds <

T

14}

M2+Wl2=—0'2/

T

1) I
SmI/T |p21<s)|ds+m2/T |paa(s)lds < my Pt +mafaz. (230)
2 2

If §;m, < m then from (2.20;) and (2.29) we get

~ d -
M1+m1<m1p11—|—8—m1p12§m1, (2.31)
1

which contradicts (2.281).
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If 1my > 6,mq then (2.20,) and (2.30) result in

51 - -
My +my < gmzpzl +mapry <my,

which contradicts (2.28,).

Case 2: Ty > t, holds. The integrations of (2.21) with i = 2 from a to #, and
from ¢, to T5, on account of (1.10), (2.22), and (2.25)—(2.27), yield

%)

15}
my = —02/ p21($)uy(t21(5))ds —02/ P22(8)uz(122(s))ds <

1] 14}
<my / |p21(s)|ds + mz/ |p22(s)|ds < mypa1 +mapry (2.32)
a a

and
T 1>

le(S)Ul(Tzl(S))dS + 02/ Pzz(s)uz(fzz(s))ds <

%)

My +my = 02/
5]
Tz TZ
<M, /t |p21(s)|ds + Mz/t |p22($)lds < My pa1 + Mapas. (2.33)
2 2

If 5ymy < 6;mq then from (2.201) and (2.29) we get (2.31), which contradicts
(2.28).

If §ym, > §,m and pp1 > 0 then (2.20,) and (2.32) imply

1 ~ -
My < — My pr1 +mppry =My,

82

which is a contradiction.
If §;my > 6,m and pp; = 0 then (2.20,) and (2.33) results in

My +my < Mypry < M, (2.34)
which contradicts (2.28,).

The contradictions obtained prove that at least one of the functions #; and u, does
not change its sign on [a, t*]. We can assume without loss of generality that

oiuy(t) >0 fort €la,t*]. (2.35)

Suppose that, on the contrary, u, changes its sign. Then (2.28,) is satisfied and either
T, < tyor T, > t; is true.

Case 1: T, < t holds. The integration of (2.21) with i = 2 from 75 to #,, in view
of (1.10), (2.20,), (2.25)—(2.27), and (2.35), implies

15 153

p21(8)ur(t21(5))ds —02/ P22($)uz(22(s8))ds <

1>

M2+MZ=—02/

T
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%)
9m/|mxmmsmb

T
which contradicts (2.28,).

Case 2: Ty > tp holds. The integrations of (2.21) with i = 2 from ¢, to 7, and
from a to t,, with respect to (1.10), (2.25)—(2.27), and (2.35), result in (2.33) and

%)

15}
my = —sz/ p21($)uy(t21(s))ds —02/ P22(8)uz(122(s))ds <

%)
sm/|mxmm$mﬁn.@%>
a

If p31 = 0 then from (2.20,) and (2.33) we get (2.34), which contradicts (2.28;).
If p; > 0 then (2.20,) guarantees that p,, < 1. Consequently, (2.36) implies
m, < 0, which contradicts (2.285).

We have proved that both functions u; and u, do not change their signs on [a, T*].
Let, in addition, (2.23) holds. We will show that (2.24) is satisfied. We can assume
without loss of generality that p;, > 0 and the condition (2.35) is fulfilled. Suppose
that, on the contrary, (2.24) is not true. Then

M; >0 (2.37)
and
oaus(t) <0 fort €[a,t¥]. (2.38)
Obviously, (2.201) implies that
P11 < 1. (2.39)

The integration of (2.21) with i = 1 from a to 77, in view of (1.10), (2.22), (2.25)-
(2.27), and (2.38), results in

T T
M, =01/ P11(S)U1(T11(S))ds+01/ p12()uz(t12(s))ds <

Ty
SM/IM@WSMﬂy
a

Using (2.39) in the last relations, we get M < 0, which contradicts (2.37). The
contradiction obtained proves that the condition (2.24) holds provided that (2.23) is
satisfied. Il

3. MAIN RESULTS

Recall that the numbers t* and 75 (i = 1, 2) are given by (1.9) and (2.1), respec-
tively.
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Theorem 3.1. Let 01,0, € {—1,1}, i € {1,2}, and let the condition (1.10) hold.
Let, moreover, there exist §; > 0 (j = 1,2) such that

* *

T T
51 / pir(8)lds + 62 / |pia(s)lds = 5; 3.1)
a a
and § §
51/ [p3—i1(s)|ds +52/ |p3—ia(s)|ds < 83— . (3.2)
a a

Then the following assertions are true:
(a) If the condition (2.5) is satisfied then the operator [ given by (1.8) belongs to
the set 8a2b’(01 ,02) (@).
(b) Let the condition (2.6) be satisfied. Then the operator L given by (1.8) be-
longs to the set 8 aZb,(ol ’02)(61) if and only if the condition (2.7) is true.

PROOF. We can assume without loss of generality that i = 1. Let the operators £
and /1, £,; are defined by (1.8) and (2.2), respectively. We first note that (1.10) and
(3.2) imply

129}
/ pa(s)ds < 1.
a
Hence, Lemma 2.2 (a) guarantees
Ly € 8ap(a). (3.3)

Case (a). If p1p % 0 then the assertion of the theorem follows from Proposi-
tion 3.2 in [11]. Therefore, suppose that p;; = 0. Then, by virtue of (3.3) and
Lemma 2.1, it is sufficient to show that £;; € §8,,(a). However, using (2.5) and
Lemma 2.2 (a), we see that the inclusion {11 € 8,5 (a) is true.

Case (b). According to (3.1) and (2.6), we get p1, = 0. By virtue of (3.3) and
Lemma 2.1, the operator / belongs to the set /Sazb’(c” ’02)(a) if and only if £;; €
8.1 (a). However, in view of (2.6) and Lemma 2.2 (b), £1; € 8,5(a) if and only if
the condition (2.7) is satisfied. O

Theorem 3.2. Let 61,0, € {—1, 1}, the condition (1.10) hold, and let there exist
8j > 0 (j = 1,2) such that the relation (3.1) is satisfied for i = 1,2. Then the
following assertions are true:

(a) Let the inequality (2.3) be fulfilled and let the condition (2.5) hold for i =
1, 2. Then the operator L given by (1.8) belongs to the set 8a2b’(01 ’02)((1).

(b) Let the condition (2.3) hold and let there exist i € {1,2} such that the con-
dition (2.6) is satisfied. Then the operator L given by (1.8) belongs to the set
/Sazb’(gl ’62)(61) if and only if the condition (2.7) holds for every i € {1,2} such
that the condition (2.6) is true.
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(c) Let

* *

T

/ pra(s)ds / pa1(s)ds # 0. (3.4)

a

Then the operator L given by (1.8) belongs to the set 8a21;(01,02)(a) if and
only if there exist i € {1,2} such that

é/ 1) (é s [

PROOF. Let the operators £ and £, £, are defined by (1.8) and (2.2), respec-
tively.

Tij (s)

|ij(§)|d$) ds <6;. (3.5)

Case (a). According to (2.5) and Lemma 2.2 (a), we get
L1 € Sapla), L € 8ap(a).
Hence, by virtue of (2.3) and Lemma 2.1, it is clear that £ € 8(121)’(01 ’62)(61).

Case (b). 1t is easy to see from (1.10) and (3.1) that, for i = 1, 2, either (2.5) or
(2.6) is satisfied. Therefore, in view of (2.3), the assertion of the theorem follows
immediately from Lemmas 2.1 and 2.2.

Case (c). Let the operator £* : C([a, t*]; R?) — L([a, T*]; R?) be defined by the
formula

2101 (221 (1)) + p22(D)va(122(2))

fort € [a, *]. In the other words, £* is the restriction of £ into the space C([a, T*]; R?).
Since (1.10) holds and

k(1) <t* fort €la,b], i,k =1,2,

* ))& (pn(t)vl(m(t)) + plz(t)vz(rlz(t)))

it is clear that £ € Sazb’(ol’GZ)(a) if and only if £* € & azr’ial’GZ)(a). However, ac-

cording to (3.1) and Proposition 3.3 in [11], £* € Sazr’ial’@)(a) if and only if the
homogeneous problem (2.21), (2.22) has only the trivial solution. Consequently,
to prove the theorem it is sufficient to show that the homogeneous problem (2.21),
(2.22) has only the trivial solution if and only if there exists i € {1, 2} such that (3.5)
is satisfied.

Let u = (u;,u,)T be a solution the problem (2.21), (2.22). According to (3.4)

and Lemma 2.3, we can assume that
ojui(t)y >0 fort €la,t*), i =1,2. (3.6)
Therefore, in view of (1.10) and (3.6), from (2.21) we get

ojui(t) < oju;(t*) fort €la,t*), i =1,2. 3.7
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Put
s = 9 ) fori=1,2 3.8)
ui—g—iu,r ori =1,2, 3.
2 t
f,-(t):o,-ZcSk/ |pix(s)|ds fors €fa, 7%, i =1,2. (3.9)
k=1 a

The integration of (2.21) from ¢ to *, on account of (1.10) and (3.7), implies

* *

oiui(t*)—oju; (1) Z/t |pi1(s)|01“1(fi1(5))d5+/t | piz(s)|o2us (tin(s))ds

T* T*
< oyuy (%) f |pin ()lds + oaua () / |pia(s)lds
t t

fort € [a,t*],i = 1, 2. Using the notation (3.8), we get

2 t
st + Y [ Ipiolds =
k=1 a

*

T
|pik(s)|ds fort €[a,7*], i =1,2. (3.10)

2
< ojui(t) + ) 5ku}’§/

k=1 a
On the other hand, the integration of (2.21) from a to ¢, in view of (1.10), (2.22),
(3.7), and (3.8) yields

t t
oiu;(t) :/ |pi1(S)|01M1(Ti1(S))ds+/ | pia(s)|oaus(Tia(s))ds <

t t
< Syt / | pi1(s)Ids + Sau f pia(s)lds (u11)
a a

fort € [a,t*],i = 1,2. Now, from (3.10) and (3.11) we obtain

*
Siuj < 8yuj /
a

whence we get

T
u; (5,- —5,-/
a

By virtue of (3.1) and (3.4), (3.12) yields u} < u3_, fori = 1,2 and thus
uy =uj(:=u"). (3.13)
Now (3.10), in view of (3.1) and (3.9), yields

*

T T

|pn(s>|ds+5zu;/ pia(s)lds fori = 1,2,

a

*

T
|pi,-(s)|ds)5u§_i53_,~ / pa@lds (=1,2). (.12)
a

B3
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2 t 2
aiui(z)zu*z(skf | pite($)1ds + u* 5:'—251«/
k=1 ‘4 k=1 ¢

=u*0; fi(t) fort€la,t*), i =1,2. (3.14)
On the other hand, using (3.1), (3.9), and (3.13), we can rewrite (3.11) as

f*

|Pik(5)|ds)

2 t
on(t) <" " 8 [ pa(s)lds =" fi)
k=1 a

fort €a,t*], i =1,2. (3.15)
Hence, (3.14) and (3.15) result in
ui(ty =u* fi(t) fortela,t*),i=12. (3.16)
Finally, the integration of (2.21) from « to t*, in view of (1.10), (2.22), and (3.16),
yields

* *

T

oiui (1) = / P (9o (51 (5))ds + / |pin(8)|ozuz (zia(s))ds =

2 *
— 3" [ 1) o (s o) ds
j=17¢

fort € [a,t*],i = 1,2, whence we get

2 ptt 2 7ij (5)
w | 8=3 [ 1o (Z s | |p,~k@)|ds) ds|=0 (i=12)
j=1v4 k=1 a
(3.17)

because of the notations (3.8), (3.9), and (3.13).

We have proved that every solution u of the problem (2.21), (2.22) admits the
representation

u(t) =u*f@) fort €la,t¥,

where 1 = (fi. f>)T and u* satisfies (3.17). Consequently, if there exists i € {1,2}
such that (3.5) is true then the homogeneous problem (2.21), (2.22) has only the
trivial solution.

It remains to show that if the condition (3.5) is not satisfied for any i € {1, 2},1i.e.,

2 g
Z/ ‘p,-j(s){ ojfj(r,-j(s))ds =6 fori =12, (3.18)
j=1"14
then the problem (2.21), (2.22) has a non-trivial solution. Indeed, (3.1) and (3.9)

yield
0i fi(t) <o; fi(t") =6 fortela,t*],i=12.
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Therefore, using (3.1) and (3.18), it is easy to verify that

2 ot
0= Y [ 1[5~ o fe(sa) s <
k=174
2 *
= Z/ |Pik(s)|[5k —Okfk(r,-k(s))]ds =
k=1"%

2 g
=8 — Z/ | pik ()] ok fic(Tik () ds = 0
k=177

fort € [a,t*]and i = 1, 2. Hence we get

2 t 2 t
i = 3 [ Ipaon sl @)ds = Y- [ pato) fa(s)ds
k=179 k=179

fort € [a,7*],i = 1,2. Consequently, / = (fi, f>)T is a non-trivial solution of
problem (2.21), (2.22). O
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