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Abstract. By the method of delta-like sequence, a generalized integral transformation of Meler—
Fok type one the segment [Rg, R] with n contact points is obtained. We consider main examples
of application of the transform for the solution of singular boundary value problems of mathe-
matical physics of non-isotopic solids.
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1. INTRODUCTION

In solving linear boundary and mixed problems of mathematical physics of ho-
mogeneous environments in the spherical system of coordinates by the method of
separation of variables, the equations with the differential Legendres operator

2 1 2

A fethr Ll >0 (1.1)
= — r—+-—— .
" dr? dr 4 gsh?r’ "=
arise. The direct
w ~
Folf (r)] =/ f(r)P_%_H.A (chr)shrdr= f (1) (1.2)
0

and inverse
Fy'Lf (V] =f0 f(x)P_%m(chr)Mh(nA)dxEf(r) (1.3)

integral transforms generated in the polar axis r > 0 by the Legendres differential

operator
2

d 1
Ao =—— +cthr—+ -, 1.4
0= gz TN Ty 19

were first obtained in 1861 by F. G. Meler and strictly substantiated by V. A. Fok
[4] and M. M. Lebedev [12]. These transforms are efficiently used for solving
axis-symmetrical problems of the theory of potential in the domains formed by two
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44 I. M. KONET

spheres that intersect and in the domains limited by the surfaces of hyperboloids of
rotation and toroidal surfaces.

In the case of absence of axial symmetry the generalized integral transforms of
Meler-Fok are used [14]:

Falf @)= [ @) PP ehryshrdr = F (), (15

Fpl L7 )] = (=)™ / F@) P (chr) Ath(zd) dA=f(r):  (16)
0 2

they are generated by a differential operator A, (m =1, 2, 3, ...) on the polar axis
r > 0. The integral transforms of Meler—Fok on the polar axis r > Ry > 0 were
obtained in the papers [1, 15,16].

A natural generalization of the differential operator (1.1) is [3,17]

d? d 1 1 w? I%;
A(“):ﬁ—i_ahr%—i_z-'_i(l—clhr—i_l—i—zhr)’ (1.7)
where (1) = (u1;m2); 1 > a2 > 0. Operator (1.7) will be called the generalized
Legendpres differential operator. It is obvious that at ;t; = (» = m an operator (1.7)
coincides with operator (1.1).
The integral transforms of Meler—Fok type generated on the polar axis r > 0,
r > Ro > 0 and the polar segments [0, R] and [Rg, R] by the generalized Legendres
differential operator (1.7) are obtained in [8—10]. Proper hybrid integral transforms,
generated in these axes with one, two and n contact points by a hybrid Legendres
differential operator are considered in [5—7]. In this paper, by using the method
of a delta-like sequence [13], limited hybrid integral transforms of Meler—Fok type
are constructed on the segment [Rg, R] with n contact points. The transforms ob-
tained are applied to the solving of some singular boundary problems of mathematical
physics.

2. BASIC PART

Let us construct the limited integral transform generated in the set
n+1

In={r:re| ) (Re—1.Re): Ro >0, Ryy1 =R < 00
k=1

by the generalized hybrid Legendres differential operator
n+1
L(M) = ZQ(V—Rk_IQ) (Rk—r)a,%A(M)k, (2.1)
k

where (1) = (1)1, (W25 (Wnt1)s Wk = (R1k, H2k) , and 6 (x) is the Heavy-
side function.
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For the domain of definition of the operator L(,) we take the set G of vector-
functions g = (g1,82,..-,8n,&n+1) Which have the following properties:
(1) The vector-function

£ )= (Ago, 81 ()): Ay, [2()]: 5 Aoy, [841 (1)

is continuous on the set /;
(2) The components g; (r) of the vector-function g (r) satisfy the conjugate con-
ditions

=0,
r=Ry

d d
[(“J]'CIE +'3j]'€1) gk (r)— (“fz; +,3]]'€2) 8k+1 (r)i|

j=12k=1n;
(3) The boundary conditions

=0 (orgo#0).

r=Ro

d
(a?% +ﬂ?1) g1(r)

=0 (orggr#0).

d
e PG
r=~Kn+41

are satisfied.
0 0 +1 +1
We suppose that cxcax > 0, a; <0, B}, = 0,05, =0, 5 >0,

0 0 +1 +1 .k pk k pk
|O‘11‘+,3117'50’ ayy  +By #FO0. ¢ =oay;Bi;—ay;By;.

Let us define the numbers

1 1 ¢y — 1 cin 1
Okza_zl_[_a k=1’n7 Un___, Un+1: )
k

. a2 2
=k €2 dn C2n dnt1

and the gravimetric function

n+1
o(r)= (Z O(r—Rp_1)0 (R —r)ak) shr.

k=1
The scalar product of the elements of set G will be defined by a formula

n+1

R R
(u,v) =/R0u(r)v(r)o(r)dr Ekgl/;zk_l ug (r)yvg (r)ogshrdr,

whereu € G,v € G.
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Theorem 1. The components of the vector-functions u and v from the domain of
definition of operator L) satisfy the basic identity

). (Ri) vie (Rie) = ge (Ri) vy, (Rpc)
= Z%Z ()41 (Ri) Vg1 (Ri) — g1 (Re) vy q (Re)) . (22)

Proof. Let us define the numbers

k _ k _k k _k k _ k pk k pk
C11 = U0y — U1 Xy), c1a = a1 B — 31 B2
k _ pk _k k _k k _ pk pk k pk
31 = B11%2 — B21912, ¢ = B11B22 — B21 812

for k = 1,n. From the conjugate conditions
of ul (Re) + Yy (Re) = afpu o (Re) + Blyur41(Ry).
Q310 (Ri)) + Bk (Rie) = bt 1 (Re) + Baoticar (Re).

by Cramer rule [11] we find the relations

wl (R = et labul o (Re) + abyup 1 (Re)), 03
ug(Ry) = —ci lak ) (Ri) + afyupe i (Ry)).

Like for v (r) € G, we have
v (Re) = et [ak 1 v) 4 (Ri) + a1 (R, o
ve(R) = —c it laf v 4 (Re) + b v (Re)).

On the basis of equalities (2.3), (2.4) we find

1
uy, (Ri) v (Rg) —ug (Ri) vy (Rg) = 2 (a]f1a]§2 - a]fzalfl)
1k

X (u;¢+1 (Rk) Vk+1 (Re) — Uk+1 (Ri) v]/(.l,-] (Rk)) .

Taking into account the inequality a’fla’2°2 —a’l‘zat]g1 = c1xCak > 0, we obtain the
basic identity (2.2). The theorem is proved. (|

Theorem 2. The generalized Legendres differential operator L, defined by equa-
lity (2.1) is selfconjugate.

Proof. For any u (r) € G and v (r) € G we have directly

n+1 Ry
(L(M) [M],U) = Z/R aiA(M)k [ur]vi (r) op shrdr.
k=1 k—1
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Let us integrate by parts twice. We get

n+1 R,
Z/ a,%A(u)k [ur]ve (r) o shrdr
k=1 Ri—1
n+1 R
= Zai{ [u;c (v (r)—ug (r) v;c (r)] Ok shr‘Rz_l
k=1
Ry
+/R a,%uk (r) Ay, [vi (r)]og shrdr
k—1

= (u(r). Agy v ()])

+ Z {ok sh Ry [u, (Rg) vk (Ri) —uk (Ri) vy, (Re)] az
k=1

—ai+10k+1 sh Ry [ 41 (Ri) Vi1 (Ri) — w41 (Ri) vy g (R ]}
+ Ont1ap 41 Sh R 1 [l 1 (1) Va1 () —tng1 (1) V) q ()]
—a1ai sh Ro [u} (Ro)vi(Ro) —u1(Ro)v;(Ro)]. (2.5)

Due to the basic identity (2.2) and the structure of o we have

apor sh Ry [u), (Ry) vg (Ri) —ug (Ri) v, (Rg)]
Cok
= agogsh Rka (1)1 (Ri) Vi1 (Ri) — w1 (Ri) v 4 (R |

= a;%+10k+1 sh Ry [ (Ri) Vi1 (Ri) — w41 (Ri) vy 4 (Ri)].

Consequently, expression in the curly braces equals to zero. If 0‘(1)1 = 0, as a result of
the boundary condition in point # = Ry , we have

r=Ro

1 o dui 0 Bl dv
=|— o}, — U | — = uqvy —u;—
|:a0 ( 1, + B11u1 o0 e

11

v1(Ro) duy
= 0 (0‘?1 77 +,3(1)1”1

11

r=Ro

u1(Ro) dvy
- (“?1W + B9 v1

r=Ry ®1y

r=Ro

= (O‘(l)l)_l [v1(Ro)-0—u1(Ro)-0] =0.



48 I. M. KONET

If oz;‘;“ ! # 0, in view of the boundary condition at the point r = R, 41, we get

dup41 ’ y dvp41
1—Un+1
dr n+ n+ dr

r=Ru+1

= ol |:Un+1(Rn+l)(O‘g£Hd + par )un+1(V)

r=R

d
Un+1 (Rp+1) (06'2“— +,3"+1) Vn+1(7)

d r=Rn+1i|

_ Unt1 (Rut1) 0 Un+1 (Rp+1)

n+1 v n+1
sy LoY)

-0=0.

Consequently, as a result of the boundary conditions, expressions in points r = Ry
and r = R = R+ equal a zero. Equality (2.5) gives

n+1 Ry
(L u].v) = ak/ Ay, [ur]vg (r) o shrdr = (u, L [v]).

The last equality means that the operator L, is selfconjugate. The theorem is
proved. 0

As an operator L) in the set I, has not the special points and is selfconjugate,
its spectrum is discrete and real [2].

Let us find eigenvalues and vector eigenfunctions of the GDLO L, defined by
equality (2.1) as a solution of spectral Schturm—Liouville problem: to construct non-
trivial limited in the set [, solution of the separate system of the generalized Legen-
dres differential equations

(Ao, +83) Vi nB) =0, re(RiuR),  j=Ta+l (@6
under the boundary conditions

d
(agld—‘i‘ﬂ&) Viw:1 (. B) =0,

r=Ro

2.7
=0

(“ngrld +5"+1) Vioin+1(r. B) .
Fr=~Kn+1

and the conjugate conditions
k d k
gt Biv ) Vawk (. 8)
d
j2d +ﬂj2 V(M) k+1 (r IB)

r=Rg
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where b; = aj_l(ﬂ2 + ij)l/z, aj >0, yjz >0, j =1,n+1, and B is a spectral
parameter.

The presence of the fundamental system of solutions [17] allows us to search for
the solution of homogeneous boundary problem (2.6), (2.7), (2.8) according to the
rule

(w); (W) A S
Vi (r.p) = CJA—1/jz+ib_,- (chr) + DjB—1/12+ib_,- (chr), j=Ln+l

The boundary conditions (2.7) and conjugate conditions (2.8) for the determination
of the values C; and D; (j = 1,n+1) give the following system of (2n +2) =
2(n + 1) algebraic equations:

(1)1,01 (1)1,02 _
Y—l/]2+ib|;11 (chRo)Cq1 + Y—1/12+ib1;11 (chRo) D1 =0,

YUt (chR)C+ Y2 (chR;) D,

—1/2+ib;;ml —1/2+ib;3ml
_Y—(lﬁlzilzbjjlﬂ -, (ChR;j) Cjg1 o)
_Y—(If;]éilii,il i, (CWRj)Djy1 =0, j=T1n, .
Y—(libjgilz;nilllzz (chRy+1) Cpt1
FY Ot (e Ry1) Dapr =0, m=1.2.

Let us define the functions
w((g))l;l(ﬂ) = Y—(lf}lz;-g}bl .11 (chRo),
w((x(?)] 2 (B) = Y—(lf}lz;-??bl .11 (ch Ro)

and put
wéc(ﬂ)k§(ﬂ)k+l)§mj (B,ch Ry, ch Rg11)
= Y @ ROYLSEE ) ehRes)
- Y—(lggfinllvk;m (ch Ry) y et (chRgt1), k=1.n,

—1/2+4ibg41;12

and

(k) _ (k-1 k
a)(M)k_H;j(IB) - a)(M)k;2(ﬁ)w((ﬂ)k§(ﬂ)k+1)§1j (ﬂ’CthaCth-i-l)

(k-1)

J— k | — __
a)(ﬂ)k;l(ﬁ)w((ﬂ)k;(ﬂ)k—i-l);zj (ﬁ’Cthvcth-i-l)’ J = 152’ k - 1,”!,

where () = (1)1, (1o, (Wr) s (W) = (W1, (W, (W > (W) 41)-
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In order that the algebraic system (2.9) have a non-trivial solution, it is necessary
and sufficient that its determinant be equal zero [11]:

(M)n+1a"+1 1 (n)
S (B) = _1/2+zbn+1 EAC hr)a)(M) +15 2(B)

(W) 415n+1,2 ) _
o Y—1/2+ibn+1;22 (chr) w(u)n+1;1(ﬂ) =0.

The transcendent equation (2.10) is the equation for determination of eigenvalues
of the operator L.

Theorem 3 (On the discrete spectrum). The solutions By, of the transcendent
equation (2.10) form a discrete spectrum: they are real, distinct, located symmetri-
cally with respect to B = 0, their moduli make a droningly growing number sequence
with a unique maximum point f = oo.

We will put in the system (2.10) B = By (b; (Bm) =bjm = aj_l (B2, + )/jz)l/z) and
we will cast aside the last equation as a result of linear dependence. If
Vit (Bm) = Ao(w) 5 Bm) 4“1y, (chr)
0
— o) 1 Bm) BYDh iy, (chr)), (210)

where Ag = Ao (Bm) is subject to determination, then equations of the system, ex-
cept the first and last, form » recurrent systems on two equations in each. The first
equation of the system is satisfied. At

n
C2k 1
i (Bm kl:[l sh R S, (bicm)

as a result of solving the recurrent systems, we get the structure of the components
of vector eigenfunction

Viust (r.Bm) = Aw(ﬂm)( 00 3 Bm) A iy, (chr)

(0) ()
D(,1y,:1 (Bm) BZ 1/12+1b (Chr))’
n
_ C2s 1 Kk=1) (5 \ 4Gk
Viwsk (1, Bm) = (Sl_[ shR, S(M)S (bsm)) |: D)i; z(ﬂm) —1/24ibgm (chr)

0l B BY )y iy, 1) |5 =2

(M) _1/2+lbk
(n) (W
Vo1 (r-Pm) = a)(/’l) +152 (Bm) A—1/2+—|11b +1.m (chr)
(n) (M)n+1
Oyt Bm) By, 1, (DT
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To an eigenvalue f,,, one (spectral) vector eigenfunction corresponds,

n+1

Vi (rBm) = Y _ 0 — Ri)0(Ric = r)Viyuysie (- Bim)
k=1

with the square of the norm equal to

|V (B | * = (Vi (- Bm) Vi (. Bm)
n+1

= Z/ [Viw:k (r,ﬁm)]zak shrdr.

Theorem 4 (On a discrete function). The system of the vector eigenfunctions
o0 . .
{V(M) (r, ,Bm)}m=1 is orthogonal and complete in the set I,

Theorem 5 (A Steklov-type theorem). Any vector-function g (r) € G is repre-
sented by absolutely and uniformly convergent in every compact set 1.} C I, by a
Fourier series for the system {V(,) (r,Bm) =, of the vector eigenfunctions of the
operator L):

o [Rnti Viw (r: Bm)
¢0=2 [ e @Vl pmolprdp 0 )
m—1? Ro [ Vi (. Bm) |
The Fourier series (2.11) determines the direct M(;,).4,, and inverse M ( M) n lim-

ited generalized integral Meler—Fok transform of the second type generated in the set
I, by the GDLO L,):

R n+1
Muyanlg ()] = fR &) Vi ()0 () dr = m =3 &
k=1
n+1
= Z/ gk (1) Vu:k (r. Bm) ox shrdr. (2.12)
and
00 V. .

MG anlim] = Z g P, 2.13)

[V (-

Theorem 6 (On the basic identity). If the vector-function g € G, and the compo-
nents g of the vector-function g satisfy innhomogeneous boundary conditions and
the innhomogeneous conjugate conditions, then the basic identity for the integral
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transform of the GDLO L ;) determined by equality (2.1) is true:

Myan [Lwy (9] = —Bm&m + Ont15 41
+ (O"H_l) 'sh RV(u);n—H (Rn+1.Pm)gR

—ajo (0‘(1)1)_ sh RoV():1 (Ro.Bm) go
n+1

- Z V]?gkm
k=1

n
+ Z a,%ok (c1x) " Lsh Ry (ZZL);lZ (Bm) 02k
k=1

(u,) 22 (lgm)wlk) (2.14)

The proof of Theorems 2 — 6 repeats the logical scheme of proof of the respective
theorems in [7].

3. APPLICATIONS

The presence of the basic identity (2.14) allows us to apply the integral transforms
inculcated by formulas (2.12) and (2.13) for the construction of the exact analytical
solution of the proper singular problems of the mathematical physics of inhomoge-
neous structures.

3.1. An example: a statics problem

Let us consider the problem to construct, in the domain D, = {(r,z) : r € I;
Z € (—o0;400)}, the bounded solution of the separate elliptic system of equation
with the generalized Legendres operator

52 o
(8 5t A~ )“J' (rz)=—fi(rz), Jj=lLn+tl  GD

under the boundary conditions

0
(0‘?1 a3 +,3?1) Ui

(a;‘jl o +,3n+1) Unt1

=go(2),
r=Ro (3.2)

=gRr(2)
r=Rui1
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and the conjugate conditions

0
(4t

( 7z+la "‘ﬁnﬂ) “k+1(r,Z)) =wjk(z), (3.3)

r=Ry

where j = 1,2,k =1,n.
We rewrite system (3.1) in the matrix form

2

(aaz_z—i_a%A(U«)l _X% M](V,Z) fl (F,Z)
2

(2 + 2 A0, — 13) 12 (1.2) f2(r.2)

ot (r2)

, :
(Eiaz_2 +a5+1A(M)n+1 - X5+1) Un+1(r,2)

The integral operator M(,,).4,, in accordance with (2.12), we represent as the op-
erator matrix-row

Ry
Myyan -] = (/I; Vo (r. Bm)orshrdr,

0

R
/ - V2 (r, Bm) o2 shrdr,

1

Ry
/ V(u);n (I’,ﬂm)Un shrdr

n—1

R; 11
/R < Vin+1 (r,,Bm)a,,+1shrdr). (3.4)

Let us assume that X% = maxi<;<p+11 )(jz-} (in the contrary case, it is possible to

renumber these values). Let us put yjz = X% — )(J2. >0 for j =1, n+1 and apply, by
the rule of multiplication of matrices, the operator matrix-tow (3.4) to system (3.1).
As aresult of identity (2.14), we get a boundary problem on the structure of bounded
solutions of the second-order ordinary differential equation with constant coefficients
inthe set I1 ={z: z € (—o0,+00)}

d?
(53 ) im0 = ~Fna). 65)
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where ¢, = (,3,2,, + )(%)1/2

~ ~ ~1
Frn(2) = fm(2)+ (agl) shRy+1 V(,u);n-i—l (R.Bm)gr(2)
—1
—(a?))" shRoaio1 Vi1 (Ro.Bm) g0 (2)

and

n
Sth
+ ) aiox ok (Z&);u (Bm) @2k (2) = Z{1y22 (Bwy) @1 (Z))-
k= 1

It is checked directly that the following function is the unique bounded solution of
equation (3.5):
o 1 B
in (@)= [ 5 e e, (3.6)
—0 2 m
The operator M (; 1) an’ in accordance with the rule (2.13), as inverse to (2.12), we
will represent as the operator matrix-column

oo . Vwa@Bm)
Zm=1 ||V(,u,)(r,ﬂm)|f

oo L V(u):2 s\Pm
— = 2
Mian 1= 777 Vel | 3.7
oo Voot (hBm)
= 2
=L Vw8 ||

We will apply by rule of multiplication of matrices the operator matrix-column to
the matrix-element [i,, (z)], where the function i, (z) is defined by formula (3.6).
As aresult of elementary transformations, we get the unique bounded solution of the
elliptic problem (3.1), (3.2), (3.3):

n+1
uj(r,z) =y
k=1
4 / (Wt (2.8 80 ©) + Weaymars (r.2.8) g& (©) dE

—00

o] Ry
/ / Equsi (1.p.2:8) fi (p.8)oxshpdpd?
—00 J Rr—1

+2. / (Rl (72D (©) = Rijy o (r2. ) one ()
k=1""%°

forj=1,n+1.
Here, the principal solutions appear: (1) the influence functions generated by the
inhomogeneity of system (3.1):
o0
1 — — Vi ;.(r7/3 )V ,k(psﬁ )
Equy:jk (r.p.2,8) = Z—z e~ amlz=E1 T m) 7 () > z
m—1 =dm [Vaw . Bm) |

where j.k =1,n+1;
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(2) Green’s functions generated by boundary condition at r = Ry:

e —qmlz— §|V (RO ﬂ )V (RO ,3 )
Wik (r.2,0) = —ajoy shROZ (w1 m) Vi) j m

(3) Green’s functions generated by boundary condition at r = R,+1 = R:

W __shR 2, e~amlz=¢l Vw:j (rsBm) Viwyn+1 (R, Bm)
(win+1,j (1.2,8) = n+1 2 2
a22 m=1 qm a,Bm)H

where j =1, n+1;
(4) Green’s functions generated by inhomogeneity of the conjugate conditions:

. —qmlz—| h R Vewy: i (7 Bm)
k Sh K ; )
R 2= Rk Zo (Bm) — VLM

2 b
me1  2dm ‘1 [Vaw G- Bm)|
where s = 1,2, k = 1,n.
The vector-function u (r,z) = {u1 (r,2) , u2 (r,2), ..., un (r,2) ;up+1 (r,2)} deter-

mines the integral image of the unique analytical solution of the given elliptic bound-
ary problem.

3.2. An example: a quasi-statics problem

Let us construct in the domain D;5 = {(¢,r) : ¢ € (0,00), r € I} the bounded
solution of the separate system of equation of parabolic type with the generalized
Legendres operator

u

¥+X}uj—a}/1(mj(uj):f,-(z,r), j=1,n+1 (3.8)
with the initial conditions
uj(t.r)|,_o =8 (r). r € (Rj-1.R;). j=1n+1, (3.9)

the boundary conditions

0
(a(l)la_ +,8?1)“1)r:R0 =go (1),

(3.10)
('212“ +ﬁ"+1)un+1‘ =gr(1),
ar r=Ruiq
and the conjugate conditions
k0 gk Y _
aj1a—r+ﬂj1 U — ajza_r+:3j2 Uk+1 = wjk (1),
r=Ry
j=L12 k=1n. (3.11)
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We assume that the compatibility conditions hold:

d
(a(l)ld_+13(1)1)gl = g0(0),
r r=R()
nt1 d n+1 _
oY) E‘i‘ﬁzz gn+1 =gr(0),
r=Rn+t1

and

d d

k k k k
[(“jl% +,3j1) 8k — (%’25 +:Bj2) gk+1:| e = wji (0)
=R
for j =1,2,k =1,n.
We rewrite system (3.8) in the matrix form
d

(W+X%_Q%A(M)1)u1(t’r) fi(t,r)

(B+B-dAw,)wen | | Hen .

) ' fat1 (t.7)

(E+X%+l_a%+1A(H)n+l>un+l "
and, similarly, the initial conditions (3.9) in the form
uy (¢,r) g1(r)
uz (t,r) g2(r)
. = . (3.13)

unt1 () )|,y \&n+1(r)

Supposing that )(% = max {)(%, X%» 2, X721+1 }, we will apply to problem (3.12),
(3.13), by the rule of multiplication of matrices, the operator matrix-row (3.4). As a
result of identity (2.14), we get the Cauchy problem

d - ~ -
(E +q,31) Um () = Fi (1), Uml|i—o = &m: (3.14)

where Fy, (1) is as above.
The unique solution of the Cauchy problem (3.14) is the function

t
i (1) = e ™9l g, + / eI F (1)dt. (3.15)
0

Let us determine the principal solutions of the given parabolic problem: (1) the
influence functions generated by the presence of the thermal sources

OOE Viw: i 7 Bm) Vioyk (0, Bm)

—g2 ; . ’k p,
H(M)a]k (t’ r, /0) = e dint (n);J m (w) . m
m=1 [V (. Bm)|

Jk=1,n+1;
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(2) Green’s functions generated by the boundary condition at r = Ry:

00
Viw:1 (Ro, Viw:i (1,
W(;/,);lj (t,r):—afalshRo E e—q’it (M)’l(() 0 'Bm) ();j (2 'Bm)
m=1 O ” Viw (rme)H

j=1ln+1;
(3) Green’s functions generated by the boundary condition at the point r = Ry 41:

o0

_2,shR V| ;-(r,ﬁ )V, ;—I—I(R’ﬁ )

W(M);n+1,j(f,”)= Ze q,,t " (w);J m) YV (u);n . m
m=1 %2 [V (. Bm)|

j=Ln+1;
(4) Green’s functions generated by the inhomogeneity of the conjugate conditions:

u L Vs (- Bm)
Riyyia (t:7) = agox— S et ZE L (B) 02
e om=1 [V (B |
i - 1,2, k = L_n

As aresult of application to the matrix-element [ii,, (¢)], where a function #,, (¢) is
defined by a formula (3.15), by rule of multiplication of matrices of operator matrix-
column (3.7), we get the unique bounded solution of parabolic initial-boundary prob-
lem (3.8)—(3.11):

n+1

t Ry
u;(t,r) :1;/0 /Rk-l Hy.jk (¢ —7,1,.0) [ fx (. 0)
+ 38+ () gk (p)] ok shpdpdr

t
+/0 (W1 (t —7.1) 80 (1) + Wyint1,; (t —7.1) gR (1)) dT

n t
ik
+ 3 [ (Rl 0= ron @
k=1

—R{,]f);zz (t—t.r) o1k (f)) dr, (3.16)

where j = 1,n+ 1, and 84 (7) is the Dirac measure concentrated at 0. The vector-
function u (z,r) = {u1 (¢t,r),us (¢,7),uz (t,r),...,un (t,7),un+1 (¢,r)}, the compo-
nents u; (¢,r) of which are determined by formulas (3.16), fully describes the exact
analytical solution of the given parabolic problem.
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3.3. An example: a dynamics problem

Consider the problem to construct in the domain D, the bounded solution of the
separate hyperbolic system of equations with the generalized Legendres operator

92 S
(m—z+ljz‘“f—af/‘(u)j)uj(w)=fj(t,r), j=ln+1 (38)

under the initial conditions

ou;
uj(tar)‘tz() :(p] (r)’ a_tj

=y;(r), j=1Ln+1, (39)
0

t=

and the boundary conditions (3.10) and the conjugate conditions (3.11).
We assume that the compatibility conditions are satisfied:

d
(05(1)154-,3(1)1)% x, = g0(0),
d
(O‘g;l—Jrﬁg;l)(PnH = gr(0);
dr r=Rni
d d
|:(“J]'€15+ﬁjk)qok_(o‘/]'cza+ﬁjl'€2)<ﬂk+1:| rR = wjk (0)
=RKi
for j =1,2,k =1,n;
0 d 0 _
a1+ B11 | ¥ = g0(0),
dr r=Ro
d
(a;’; . +ﬂ’2’2“) Ynt1 = g (0),
dr r=Roi1
and
d d
[(“ﬁE‘FﬁJk)Wk—(“fzﬁ+ﬁf2)‘ﬂk+1:| e ' (0)
=Ki
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Constructed according to the logical scheme of solving parabolic problem (3.8)—
(3.11), the unique bounded solution of the given hyperbolic problem has the form

n+1

(@ )—Z/I/Rkﬂ (t—t.r.p) (fic(z.p)
WD =2 )y, Hoe o) (e

+8+ (1) Y (p)) ox shpdpd
a n+1 Rk
+§Z/R H ;i (t.1.p) ok (p) ok shpdp
k=1" k-1

t
+/0 (Wi (6 —7.r) 80 (1) + Wyymt1, (1 —7.r) gr (7)) dT

n t
ik
+ 3 [ (Rl = nen @
k=1

_R{l]z);zz(t—f,r)wlk (‘C))d‘L’, j=1n+1. (3.17)

The principal solutions appearing in formulas (3.17) are determined by the formu-
las given above, in which the function exp (—q%t) is replaced by q;ll singm,t. Note
that the constructed solutions of statics, quasi-statics and dynamics problems are of
algorithmic character and continuously rely on parameters and data of the problem
under consideration. These solutions can be used in both theoretical research and
engineering calculations.
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