Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 9 (2008), No 2, pp. 119-135 DOI: 10.18514/MMN.2008.189

On solvability of second-order evolution
inclusions with Volterra type operators

M. O. Perestyuk, P. O. Kas'yanov, and N. V.
Zadoyanchuk



Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 9 (2008), No. 2, pp. 119-135

ON SOLVABILITY OF SECOND-ORDER EVOLUTION
INCLUSIONS WITH VOLTERRA TYPE OPERATORS

M. O. PERESTYUK, P. 0. KAS’YANOV, AND N. V. ZADOYANCHUK

This paper is dedicated to the memory of the Corresponding Member of the National Academy of
Sciences of Ukraine, Professor Valeriy S. Mel’nik.

Received 14 February, 2008
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1. INTRODUCTION

The progress in the investigation of non-linear boundary problems for partial dif-
ferential equations became possible thanks to the intense development of the methods
of non-linear analysis which had found their application in various parts of math-
ematics. It has recently become natural to reduce these problems to the study of
non-linear operator and differential-operator equations and inclusions in functional
spaces. Within such an approach, the results for concrete systems are obtained as
rather simple consequences of operator theorems [2, 10].

The evolution differential equations and inclusions are studied rather actively. To
prove the properties of the resolving operator (non-emptiness, compactness, connect-
edness), the method of monotony, method of compactness, and their combinations are
often used.

In the present work, we study the solvability of the evolution inclusion with multi-
valued non-coercive maps

Y'+AW)+BY) > f,
which is important for applications.
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Recent related investigations concern a class of problems with a strongly mono-
tone operator A and multi-valued operator B that can be presented as the sum of
a single-valued linear self-conjugated monotone operator and a multi-valued demi-
closed bounded operator. These problems are coercive. They were considered, e. g.,
by Papageorgiou and Yannakakis [13, 14]. More particular cases of evolution inclu-
sions were studied by Ahmed and Kerbal [1], Gasiriski and Smotka [3], Kartsatos
and Markov [4], Migoérski [12], and other authors.

Our goal here is to extend the approach indicated to a wider class of problems,
namely, to problems with a multi-valued non-coercive non-monotone operator A and
a multi-valued operator B satisfying similar conditions.

The idea of passing to subsequences in the classical definition of a single-valued
pseudomonotone operator was suggested by Skrypnik [15]. It was developed for
the first order differential-operator equations and inclusions in infinite-dimensional
spaces with +-coercive W) -pseudomonotone maps by Mel’nik, Zgurovskii, and
Novikov [11, 18, 19] and Kas’yanov [5-8]. This gave one the possibility to inves-
tigate a substantially wider class of problems arising in applications. In particular,
this methodology, combined with the non-coercive theory [2,9, 18], which we apply
to the second-order evolution inclusions, allows one to sufficiently extend the class
of problems with multi-valued maps for which we can obtain the solvability. Since
the operators are multi-valued, such extension faced with considerable difficulties
which are not typical for the differential-operator equations. Here, the proof of the
solvability is based on the method of singular perturbations [9, 10] and allows us to
obtain important a priori estimates for solutions. It makes possible to study properties
for the obtained solutions (e. g., dynamics). As an example illustrating the suggested
approach, we consider a class of problems with non-linear operators. The obtained
results are new for both inclusions and equations.

We note that the solvability of second-order differential-operator equations was
investigated by the authors in [16, 17].

2. PROBLEM SETTING

Let H be a real Hilbert space with the inner product (-,-), and let (V1, |-|ly,) and
(V2, [I“lly,) be some real reflexive separable Banach spaces continuously embedded
into H and such that

Vi=Vinlk

is dense in the spaces Vi, V,, and H. We assume that one of the embeddings V; C H,
i = 1,2, is compact. In what follows, the space topologically conjugate to H (with
respect to the bilinear form (-, -)) is identified with H. Then we have

VicHCV®  (i=1.2)
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with continuous and dense embeddings, where (V;*,||-||y+), i = 1,2, is the space
topologically conjugate to V;, i = 1,2, with respect to the canonical bilinear form

CvVExVio R (=1.2)
that coincides on H x V with the inner product (-,-) in H. Let us consider the reflex-
ive function spaces Y = L,(S; H) and
X; = Le(S:H)NLp (S:Vs) (i =1.2)
with
Ivlx; == yle,, v+ Iyle,, s:m) G =1.2),

where S :=1[0,T],1 < p; <rj <4o00,i =1,2,and max{ry;r} > 2.

Let us consider the reflexive (it follows from [2, Chapter 1]) Banach space X :=
X1 N X, with the norm ||y||x :=||y|lx, + |yl x,. We note that the space X is con-
tinuously and densely embedded in Y.

We identify Lg, (S:V;*) + Ly (S; H) with X} Similarly, Y* =Y and

X* IXT'FX; Equ(Slvl*)+Lq2(S§Vz*)'i‘Lr{(S;H)‘f‘Lré(S;H)»

where r; 147/ P =p 4 =1
i i = Di qi =L

Let A, B: X = X * be strict multi-valued maps. We consider the Cauchy problem
for the differential-operator inclusion with non-coercive multi-valued maps of W), -

pseudomonotone type

y'+Ay'+ By > f,

_ 2.1
$(0) = do. y'(0) = 0. y € C(S: V). ¥/ € C(S: H). @D

where ag € V and f € X™* are fixed.
On X* x X we consider the pairing

(fiy) = /S (@ y (@) dr+ /S (fr2(0)y () d
4 [ or (0. (D), dT + [ (Fra(0).y (), d
S S
- [S (f(0).y () d.

where [/ = fi1+ fi2+ fa1+ f22. f1i € Ly7(S:H), and f; € Lg;(S:V;"). Note
that, for any f € X*,
I fllx*= inf o(f11. f12. f21. f22).

f=fu1+ fi2+ 21+ f22!
J1i €L, (S3H), f2i€Lg; (S:V]") (1=1,2)
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where

o(f11, f12, f21, f22) =

max {||f11 ”Lrg (S:H)> ||f12||Lré(S;H)’ I f21llL,, (s;v7)- ||f22||Lq2(S;V2*)} -
Moreover, let
W={yeX|yeXx*}
and ||yllw = llyllx + |1 lx+ for all y € W, where the derivative y’ of the ele-
ment y € X is considered in the sense of scalar distribution space D*(S;V*) =
L(D(S);Vy) withV =ViNVyand Vy = (V*,0(V*,V)) [2]. We note that W is a
reflexive Banach space with a compact embedding W C Y [10].

3. CLASSES OF MAPS

Let Y be a reflexive Banach space, Y* be its topologically conjugated space,
(,-)y:Y*xY — R be the pairing, and A:Y = Y * be a strict multi-valued map. Let
us define its upper support function [A(y), w]+ := supge 4(y){d, w)y and lower sup-
port function [A(y),w]- :=infze4(y)(d,w)y, where y,w € Y, and its upper norm
AW+ := supgea(y) ld]ly+ and lower norm [|A(y)||- := infzea(y) l|d |y +. Con-
sider the associated maps cod:Y =2 Y* and coA4:Y =2 Y* defined by the relations
(coA)(y) = co(A(y)) and (coA(y)) = co(A(y)) respectively, where (co* A(y)) is
the weak closure of co(A(y)) in Y™* and co(A(y)) is the convex hull of A(y) C Y*.

Proposition 1 ([18]). Let A,B:Y == Y*. Then

(1) forall y,v1,v2 €Y the relations
[A(y),v1 +v2]4+ = [A(Y), vi]+ + [A(¥), v2]+,
[A(y). v1 +v2]- = [A(y), vi]- + [A(y), v2] -,
[A(y),v1 +v2]4+ = [A(Y), vi]+ + [A(y), v2]-.
[A(y). v1i +v2]- = [A(y), vi]+ + [A(y), v2]-

are satisfied;
(2) the equalities

[A(y),v]+ = —[A(y),—v]-,
[A(Y) + B(»),v]4 (o) = [AD), vl () + [B(Y),v] 4+
hold for all y,v €Y ;

3) [A(Y).v]4(-) = [0 A(y), V] () forall y,v e Y;
(4) forall y,v €Y the relations

[A(Y). ]+ = 1A+ lIvly.
du(A). BO?) = 1A |+ = 1BO) 4o
IA() =B+ = (1AWl + — |1 B3Il

’
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are fulfilled, where dg (-,-) is the Hausdor[f metric.
Proposition 2 ([18]). The inclusion d € co* A(y) is true if and only if
[A(y),v]4+ = (d,v)y forallveY.

Proposition 3 ([18]). Ler D C Y and a(-,-): D xY — R:= RU{4o00}. For every
y € D, the functional Y > w +— a(y,w) is positively homogeneous, convex, and lower
semi-continuous if and only if there exists a multi-valued map A:Y = Y* such that

D(A) = D and
a(y,w)=[A(y),w]+ forally e D(A), weY.

Remark 1. In what follows, y,, — y in ¥ means that y, weakly converges to y in
a reflexive Banach space Y.

Definition 1. Let us denote the family of all non-empty closed convex bounded
subsets of the space Y by Cy,(Y).

Definition 2. An operator A: X = X* is called a Volterra type operator if, for
any ¢ € S, from the equality u(s) = v(s) for a.e. s € [0,¢] (u,v € X) it follows that
(coA(u))(s) = (coA(v))(s) for a.e. s € [0,¢],i.e., [A(u),& ]+ = [A(v), & ]+ for all
& € X such that & (s) =0fora.e. s € §\[0,7].

Definition 3. A strict multi-valued map A:Y = Y * is called:

(1) 4+(—)-coercive if there exists a lower bounded, on bounded in R sets, real
function y: R4+ — R such that y(s) — 400 as s — +00 and

[A(). Y]+ = vUIylIp)lylly  forall y e Y:
(2) bounded if for any L > 0 there is / > 0, such that
AW+ =1 forally €Y, |yly = L;
(3) locally bounded if for all y € Y there exist m > 0 and M > 0 such that
[AG+ =M forall§ €Y, [ly—Elly <m;

(4) finite-dimension locally bounded if A|F is locally bounded on (F, ||-||y) for
any finite-dimensional subspace FF C Y.

Definition 4. We say that a multi-valued map A: X = X* possesses the property
(I7) if the following implication holds: If for some non-empty bounded subset B C
Y, constant k > 0, and selector d of A, the relation

(d(y),y)y <k forallyeB
holds, then there is a K > 0 such that
ld(y)|ly+ < K forallye B.
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Definition 5. We say that a function C:Ry x Ry — R belongs to the class @ if
C(r1;+) : R+ — R is continuous for any r; > 0 and
lim r_lC(rl;rrz) =0
>0+

for all r1,rp > 0.

Now let W be some normed space with the norm ||-||;. We suppose that W C Y
with a continuous embedding. Let also |-|| be a (semi-)norm on ¥ which is com-
pact with respect to |||y on W and continuous with respect to ||-||y on Y. Moreover,
letC € @.

Definition 6. A strict multi-valued map A:Y = Y™ is called:
(1) radially lower semi-continuous (or, shortly, RLSC) if

ltigl(i)gf[fl(y +1£).6]+ = [A(y).§]-

forall y,Ee€Y;

(2) radially upper semi-continuous (or RUSC) if, for all y,& € Y, the real func-
tion t — [A(y +1£), &)+ is upper semi-continuous from the right at the point
r=0;

(3) operator with semi-bounded variation on W (or (Y, W)-SBV) if, for all R >
0 and y1,y, € Y suchthat ||y|ly < R and ||y2|ly < R, the inequality

[A(y1). y1 = y2]- = [A(y2). y1 — y2]+ — C(R: |ly1 — y2llw)

is satisfied;

(4) operator with N -semi-bounded variation on W (or N-SBV on W) if, for
all R > 0 and every y1,y» € Y such that || y1|ly < R and || y2||ly < R, the
condition

[A(1), y1 = y2]= > [A(y2), y1 — y2]l— — C(R; ||y1 — y2lliy)
holds;

o0-pseudomonotone on or Wy, -pseudomonotone) if, for arbitrary se-

(5) A d W (or Wy, d ) if, fi bitrary
quences {yn}n>0 C W and {d,},>1 such that d, € coA(y,) for all n > 1,
Yn — yo in W, and d, — dy in Y*, from the inequality

limsup (dp, yn — yo)y <0

n—0o0

it follows that there exist subsequences { yn; }k>1 C {Vnn>1 and {dp; jx>1 C
{dn}n>1 for which the inequality

liminf (dp, , yn, —w)y > [A(Yo), yo — w]—
k—o00
holds forallw € Y.

Remark 2. The idea on passing to a subsequence in the definition of a single-valued
pseudomonotone operator was proposed by Skrypnik [15].
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Lemma 1 ([18]). Any strict multi-valued operator A:Y = Y* with (Y ;W)-SBV
is bounded-valued, locally bounded, and satisfies property (IT). Furthermore, if A is
RLSC, then it is also Ag-pseudomonotone on W,

Let Y := Y1 N Y2, where (Y1,]-|ly,) and (Y2, |-||y,) are some reflexive Banach
spaces.

Definition 7. A pair (4; B) of maps A:Y; — Cy(Y{") and B:Y, — Cy(Y,) is
called s-mutually bounded if, for any constant M > 0, bounded set D C Y, and
selectors d4 of A and dp of B, there exists a K > 0 such that the relations y € D and

(da(y), ¥y, +{dB (). y)y, =M
imply that [|d4(y)y» < K or [ldg(¥)lly; < K.

Remark 3. A bounded strict multi-valued map A:Y = Y * satisfies condition (IT).

If one operator of the pair (A; B) is bounded, then the pair (4; B) is s-mutually
bounded. Moreover, if both operators from (A4; B) satisfy condition (I7), then their
sum also satisfies condition (/7) and the pair (A4; B) is s-mutually bounded.

Let now W := W1 N W,, where (W1, ||-|ly,) and (W2, ||-||y,) are Banach spaces
such that W; C ¥;,i = 1,2, with a continuous embedding.

Lemma 2 ([7]). Let A: Yy — Cy(Y{") and B : Yo — Cy(Yy) be multi-valued
maps which are Ag-pseudomonotone on Wy and Wy, respectively, and such that the
pair (A; B) is s-mutually bounded. Then the map C == A+ B :Y — Cy(Y™) is
Ao-pseudomonotone on W.

Definition 8. We say that a multi-valued map A: X = X * satisfies condition (H )
if, for any y € X, n > 1, {d;}!_, C A(y) and measurable E; C S (j = 1,...,n)
such that U?:l Ej=Sand E;NE; =@ foralli,j =1,...,n,i # j, the inclusion
d € coA(y) holds, where d = Z};l djxEg; and

1 forteEj,

1E; (®) = 0 fortreS\E;.

4. MAIN RESULT

Theorem 1. Let A4 > 0 be fixed, po := min{py, p2}, the space V be compactly
embedded in some Banach space Vy, and the embedding Vo C V* be continuous.
Moreover, let the map™ A+ Agl:X — Cy(X™*) be +-coercive and RLSC multi-
valued map of the Volterra type with (X; W)-SBV (||| = ||'||Lp0(S;V0)) satisfying
condition (H). Let B:Y — Cy(Y™) be a multi-valued operator of the Volterra type
which fulfils condition (H ), the growth condition

|Byll+ <cillyly +c2 forallyeY 4.1)

*Here, I: X — X ™ is the identical motion.
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with some c1,c > 0, and the continuity condition
dg(B(z),B(z0)) >0 asz— zo. 4.2)

Then for any ag € V and f € X* there exist at least one solution u of problem
(2.1) withu' € W.

Here, dy (-,-) is the Hausdorff metric on C, (Y *), i.e.,

dg (C, D) :=max{dist(C; D), dist(D,C)}

with dist(C; D) := sup.¢c infzep ||c —d ||y for C,D € C,(Y'*).

Proof. Let us reduce the evolution inclusion (2.1) to a first-order inclusion. Let

R: X — X (resp., R:Y — Y') be the Volterra type operator defined by the relation

t
(Rv)() =aop +/ v(s)ds forallt € S andevery v € X (resp.,v € Y).
0

It is clear that R is a Lipschitz continuous operator from X into X (resp., from Y into
Y). Consider the problem
v+ A(v) + B(Rv) > f,

v(0)=0,veW. 43

If v € W is a solution of problem (4.3), then u = Rv € X is a solution of problem
(2.1) such thatu’ e W C X.

LetussetA:= A+ BoR: X - Cy(X*)and A = A4q +Ap, where Ap = 1 +cjc3
and c3 is the Lipschitz constant for the operator R:Y — Y. For an arbitrary y € X
anda.e.r € §, we set

) =eMy@),  Fa)=eMy), (4.4)

and

(Ax)(0) = e M (AF)(@) + Ay ().
Then g € A, (y;) <= (g.w)x <[A(y)+Ay,w,]+ forall w € X. The set A (y,)
is non-empty because every g defined by the relation
g(t) = e *d(1) +Ay(t) fora.e.t € S andalld € A(y)

belongs to A (yy).
We note that A;: X — C,(X™) and v € W is a solution of problem (4.3) if and
only if v) € W is such that
vy + A3 fi, va(0) =0, (4.5)
where f3(t) = e‘“f(t). It turns out that A : X — Cy, (X ™) possesses the following
properties:
(1) Ay is +-coercive on X,
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(a2) Ay is Ag-pseudomonotone on W,
(a3) Ay is locally bounded on X,
(aq) Ay satisfies condition (IT) on X.

Let us prove the assertion above.
PROPERTY («1). Letus fix y € X, [|yllx #0. As [|yallx < [lyllx, then

lyalx' [Aaya. yal+ = Iylix"  sup /e_m(i(y)(t)+/\Ay(t),y(t))dt
t(»eA») /S

-1 . —2At
ol int [ E0)0 Ay Oy 0)dr @6)

We first estimate the first term. We remark that
[(A+2AaD)y, y]+ = Vyllx)llylx forall y € X,

where ¥ : Ry — R can be chosen as a non-decreasing function lower bounded on
bounded, in R, sets such that y(r) — +o00 as r — oo.
Since A is a Volterra type operator, we see that, for any u € X,

e /0 (€)@ + Aau(e)u(@)dr = (lulx,) Jullx, foralls e s,
where |u|x, = |[u||x. Let us set

8e() (@) = (M@ +Aay(0).y(0)). L(y) € A(y). T €S,
and h(t) = y(llyllx )y llx, forz € S. Then h(r) = min{y(0),0}| y|x and

t
sup [ gy () = b0
{(»)eA(y) /0

for all ¢ € S. Similarly to the definition of A, forany u € X and a.e. t € S, we put
(An)(@) = (724 =) (A (0) + Aau (1))
(A2u)(0) = e AT ((Au) (1) + Aqu (1)),
and
(Au)(t) = e 22 ((Au)(£) + Aqu(t)).
Then, due to Proposition 1, we get
[Ay, y]+ = [41y. )+ + A2y, y]+

S
> e_ZATh(T) +2AT sup inf e_Ms/ (Z(y)(r) +Aqy(7), y(r))dr,
LA SES 0
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Further, using condition (H') for the operator A, we prove that

A
sup inf e 2 / (E0)(@) +Aay (D). y(@)dT = —Ciy|x.
t(y)eA(y)SES 0

where C; = max {—y(0),0} > 0 does not depend on y. Consequently, we obtain

T
Iylx'  sup /e‘”’(é(y)(f)+AAy(f),y(f))df
t(»)eA(») /0

> e 22 TH(yllx) —2AC1 T, (4.7)

Let us estimate the second term. Analogously to the previous case, using the
Volterra property of the operator B o R, we obtain that, for all t € S,

t
inf 7) + Ay (), y(r))dt > —(ca +c1||RO||y)c > —00,
o o) | EOID 42530y} = ~(ea k- erl BBl s

where ¢4 > 0 is such that ||-||y <c4|||x. Then

T
. —2At
é(y)érg(Ry)/() O+ Aay (), y ) de 2

—e T (ca 4 c1 | RO|ly)eallyllx
T s
—1—2/\/ ™24 inf / @) +Agy(r), y(v))dds
; o™ e ) (@) + Ay (0), y(1))
> —(c2+c1]|RO|ly)callyllx-
Therefore, in view of (4.7), it follows from (4.6) that

yalx [Aayayal+ = e 2T 9(lyalx) —24C1 T = (c2 +c1]| ROy )ca,

because ||y|lx > ||yallx and the function ¥ is non-decreasing. Since y is arbitrary,
we have proved that A,: X — C,(X ™) is +-coercive.

PROPERTY (o). Forany y € X and a.e. t € S we set

(A3 (@) = e M (AT @) +Aay (1), (A39)(1) = e M (BRI + Ay (D),
where ¥, is given by (4.4). Let us note that Ai + A% = 4.
At first we show that A/ll is an RLSC operator with (X; W)-SBV. Let us prove the

semi-boundedness of the variation. By virtue of the assumptions of the theorem, for
all R>0and y,£ € X such that | y|lx < R and ||§||x < R, we have

[A(Y) = A() +Aay — 24k, y —E]- + Ca(R: [ly —&ly) = 0.
Let us set @A(R;t) := maxe[o,] Ca(R: ) for all R,z > 0 (note that Cy € @) and

z(t) for0<t<t,

Z T) .= —
t(7) 0 fort <t <T
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fora.e.t € S andall z € X. Let ¢ and 7 be fixed selectors of A. Since A is a Volterra
type operator, for all y,£ € X and ¢ € S, we have

t ~
/0 (CO(@) + 24y (@) =1(E) (1) = 24§ (2), y () = £(v))d T + Ca(R: ||y =& Iy,
> [(A+AaD) () = (A+2aD) (D), yi — -+ Ca(R; |ye —&lly) = 0

because [[y:[x <[y llx and ly: =&y < 1y =€l Here, Ilw, = I, qo.1:v0)-
Let us fix y,& € X and set

g(0) = (@) + 24y (1) = n(E)(2) =24k (2), y () —£(1)), T€S,
and h(t) = éA(R; Iy —E||’Wt), t € S. We have proved that

t
/g(f)dfz—h(t) forallt € S.
0

The function S > ¢ — h(¢) is non-decreasing and, thus,

T T T T
/ e P g(r)dT = e_ZAT/ g(tdr +2)L/ e_Zh/ g(s)dsdt > —h(T).
0 0 0 0

Consequently,

[} y5.y2—E1]-
> [A} €2, y2 —Eal+ — Ca(R: ||y —§&llL,y(s5v0) forally.§eX. (4.8)

Now we consider the space L, (S Vo) that consists of measurable functions g: S —
Vo for which the integral [g e*'P0| g(t) ||€8d t is finite. Then

1/po
17 =&l (5700 = ( fS empollm(l)—&(l)llf}gdl) = 1yi &l 2 (5:0)-
Therefore, from (4.8) we obtain
[Aj v ya—Eil- = A€ ya—Eal+ — Ca(Rillya—EallL,, 15:v)-

The proof of the fact that the mapping Ai : X = Cy(X™) has (X; W)-SBV is con-
cluded by taking into account the compactness of the embedding W C L, 1(S: Vo)
[10, Theorem 1.5.1]. The RLSC for A} is clear.

Since an arbitrary RLSC multi-valued operator with (X; W)-SBV is A¢-pseudo-
monotone on W [8], we have proved that Ai is Ag-pseudomonotone on W,

Let us now consider Ai. We first show that Ai is an operator with N-SBV on W
(the radial upper semi-continuity is clear).
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We first prove that (B o R) : X — Cy(X*) is the operator with N-SBV on W with
””/W =||-|ly. Forall R >0 and ¢ > 0, we set
Cg(R.t) = tsup{dp(B(Rz1). B(Rz2)) | 21,22 € X : |lz1—22lly <t
and ||zix < R.i=12}.

Similarly to [17], we show that Cg € @. Then for any R > 0 and y,& € X such that
[¥llx <R, |I§llx < R itfollows that

[B(Ry)+Apy.y —&]-—[B(RE)+ A€,y —&]-+Cp(R; |y —£&|y) = 0.

Let us set Cp (R;-) = max¢[o,;] Cp(R;7) for all R,z > 0 (note that Cp € D).
Since B o R is the Volterra type operator, for all y,£ € X and ¢ € S, we have

t
inf /0 (D) (@) + Apy(@).y (1) —E(@)dt

¢(»)eB(Ry)

- n(é)ier}af(Rg)/(; (n(€)(2) + ApE(1), y (1) —£(1))d T

+Cp(R: [y —§lly,) = 0.
where ||-|ly, = "l , (0,1 r)- Let us fix some y,§ € X and set
gﬂ(f):(ﬂ(f),y(f)—g(‘[)), ﬂGX*"CES’
and h(t) = Cp(R; ly—£&lly,), t € S. We have thus proved that
t t
inf T)dt— inf f 7)dt > —h(t) forallfeS.
ZGB(Ry)HtBy/o 8 (0) neB(RE)+AgE Jo &n(®) ©

The function S > ¢ — h(¢) is non-decreasing and thus, for an arbitrary { € B(Ry) +
ABY, we get

T T
[ e oao-s@yde- e[ e o o)

n€B(RE)+Apé

T
S — /0e‘”’(s‘(f)—n(r),y(r)—é(r))dr

ne€B(RE)+ApE

T
BT iy /O(C(r)—n(r),y(f)—é(f))df

n€B(RE)+ApE

T
+ s [ (e ) ) -0~ )

n€B(RE)+ApE

N
>— e_ZATh(T) +2AT sup inf ¢ 2% / (é‘(r) —n(7),y(r)— S(r))d T.
neB(RE)+Ap§SES 0
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Using property (H ) of the operator B we can prove that, for an arbitrary { € B(Ry) +
ABY, the relation

sup infe 2 /0 (£ — (D). y(2) —E@))dt = —h(T)

neB(RE)+ApESES
holds. Consequently,

T
e @ —sm)r

{eB(Ry)+ABy

T
e 2 (n(v), y(1) —£(v))d 7

> —(e7*T 12AT)Cp(R; |y —Ev).

inf /
neB(RE)+AgE Jo

Letus set Cp(R;t) = (e72*T +-2AT)Cp(R;?) for R,t > 0 (note that Cg € &). Then

[A2ya.va—E]_—[A360.va—E1]_ = —Ca(R;|ly —£lly)
=—Cp(R: ||y —&llL,(s:m))-

Now we consider the space L, 4 (S: H) consisting of the measurable functions g: S —
H for which the integral [ e?*"||g(t)|/% dt is finite. Then

4.9)

1/2
1y —Ell s = ( fS M y2 ()~ £ (r)nzdr) i —EalL s
Therefore, from (4.9), we obtain

[A3y5. 92 —6]_ = [A360. 02— ] —Co(R:1ya —EallL, ,(5:0)-

To prove that Ai:X — Cy(X™) is N-SBV, it is sufficient to note that embedding

W C L, 5(S: H) is compact. This is a direct sequence of the compactness of the
embedding W C Y.

Let us now check the Ag-pseudomonotony of Ai on W. Let y; , — y, weakly in
W (therefore y, , — ypin Yy := L, 3 (S: H)), Ai(y,\,n) >dy , — d) € X* weakly
in X*, and

limsup(d) ., Y1 n—ya) <0.

n—-oo

Since Ai is an operator with N-SBV on W, we conclude that for every v € X
liminf(dj n, ya.n —v2a) = lriln_l){gf[z‘lﬁ(yx,n),yx,n —ul-

> liminf[A2 (v3), y2 0 —val- — CB(R: [ya —valy,). (4.10)
n—oo

At first we estimate the first term at the right-hand side of (4.10). It is easy to show
that the function Y} > h — [A/zl(v 2),h]— is continuous for all v € X .
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Therefore, from (4.10) we obtain that (d) ,,ys.» —y1) — 0 and
liminf (dy .y —va) = [A3 (v3). y2 —val- — Ca(R:[lya —vally;)
n—>0o0

for all v € X. Substituting twy, + (1 —1¢)y,, where w € X, t € [0,1], for vy in the
last inequality, dividing the result by ¢, and passing to the limit as # — 04-, due to the
RUSC for Ai, we obtain

liminf (d; p, a0 —w2) = [A5 (1), y2 —wal-
n—00
for all w € X. Therefore, the Ao-pseudomonotony Ai on W is proved.

In order to prove the Ag-pseudomonotony of 4 on W, we use Lemma 2. Let
us note that the pair (Al,Ai) is s-mutually bounded because Aﬁ is bounded as a
consequence of (4.1) and the boundedness of the identity map.

PROPERTIES (r3) AND (c4). These properties follow from (X; W)-SBV of Al,
N-SBV of Ai, and Lemma 1.

In order to prove the solvability for problem (4.3) we use [8, Theorem 3.1]. Let
L:W;CX — X* be a densely defined linear operator, Lz = z/, D(L) = W =
{ze W |z(0)=0},and A) : X — C,(X*) be a multi-valued map. Let us consider
the problem

Lz+A3z3 f, z€eW;. 4.11)

Let us note that D(L) = Wj is a reflexive Banach space with respect to the graph
norm of the derivative. Conditions (o1)—(x4) guarantee that there exists at least one
solution z of problem (4.3) in W. The function Z}, is then a solution of problem (4.3)
and RZ is a solution of the original problem. 0

Corollary 1. Assume that A4 > 0 is fixed, p» > 2, po = min{py, p2}, the space
V is compactly embedded in a Banach space Vy, and the embedding Vo C V™ is
continuous. Moreover, let A+ Agl: X — Cy(X™) be a +-coercive and RLSC multi-
valued operator of the Volterra type with (X; W)-SBV (||| = ”'”Lpo(S;Vo)) satis-
fying condition (H), and B:Y — Cy(Y ™) be a multi-valued operator of the Volterra
type satisfying condition (H), the growth condition (4.1), and the continuity condi-
tion (4.2)%, and C: X — X* be an operator with the property

(Cu)(t) = Co(u(t)) forallueX,tesS,

where Co: Vo — V' is a linear, bounded, self-conjugate, and monotone operator.
Then for arbitrary ag € V and [ € X* there exists at least one solution of the
problem
y'+A4y'+By+Cy> f,

, — , (4.12)
y(0)=ao, y'(0) =0, ye C(S;V), y € C(S; H).

TWe recall that dg (-, ) is the Hausdorff metric on Cy (Y *)
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5. AN EXAMPLE

Let £2 C R” be a bounded region with the regular boundary 052, S = [0,T], Q =
xS, I'T=02xS8,1<p=p; = ps, and ®:R — R be a continuous function
which satisfies the “growth condition”

|@(t)| <ci|t|+co forallt € R, 6D
where c1,c; € R, and the “sign condition”
(®(t)—D(s))(t —5) > —c3(s—1)* forallt,s € R (5.2)

with some ¢3 > 0. Moreover, let S xR > (¢,y) — 6;(¢t,y) € R4+, i = 1,2, be single-
valued continuous functions such that

—ca(14|x]) <01(t,x) <02(¢t,x) <ci(1+]|x|) forallzte S, xeR, (5.3)
where ¢1,c2 > 0. For an any f € X* = Ly(S;L2(2)) + Ly(S; W14(2)), we

consider the problem

Pyt §n 0 (|80
0t2 =1 ax; dx; ot

ro (ay(x’t)) — Ay(x.1)

P72 9y (x,1)
ot

P=292y(x,1) dy(x,1)
dx; ot ot

ot (5.4)
+[01(2, y(x,1));602(t, y(x,1))] > f(x,t) a.e. onQ,
_ dy(x,t) B
y(x,0) =0, 5 lieo = 0 a.e. on £2,

y(x,t) =0 a.e.onds52.

For the operator A: L, (S’ Wol’p(.Q)) — Lg(S; WL4(Q2)), we take (Au)(1) =
A(u(t)),t € S [16,17], where A(p) = A1(p) + A2(¢),

"9 P2 5y
Ai(p) = _ZW
i=1 "

-2
B_X,) +lolP e,
and A, (@) = @(p) for all ¢ € COZ(.(_Z). For the map B: L>(Q) — L2(Q), we take
Bu)={vely(Q)]|0:1(t,u(x,t)) <v(x,t) <0t ,u(x,t)) fora.e. (x,t) € 0},

and let the operator C: L5 (S; HO1 (2)) = L2(S; H™1(£2)) be defined by the relation
(Cu)(t) = Co(u(t)), t € S, where Co(v) = —Av for v € HOl (£2). Moreover, let
H = Ly(2), V1 =Wy P(2),Va= Hl(2), and let Y = Ly(S; H) = L2(Q),

X =Ly(S;V1)NLa(S; H) N La(S; Va), X* =Ly(S; Vi) + La(S; V).

dg
dx;

Then, according to Corollary 1, problem (5.4) has a solution y € C(S; V') such that
y' € C(S;H)and y" € X*.
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