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Topological bifurcation theory is one of the most essential topics in math-
ematics. This book contains original bifurcation results for the existence
of oscillations and chaotic behaviour of differential equations and discrete
dynamical systems under variation of involved parameters. Using topolog-
ical degree theory and a perturbation approach in dynamical systems, a
broad variety of non-linear problems are studied, including: non-smooth
mechanical systems with dry frictions; weakly coupled oscillators; systems
with relay hysteresis; differential equations on infinite lattices of Frenkel–
Kontorova and discretized Klein–Gordon types; blue sky catastrophes for
reversible dynamical systems; buckling of beams; and discontinuous wave
equations.

Precise and complete proofs, together with concrete applications with
many stimulating and illustrating examples, make this book valuable to
both the applied sciences and mathematical fields, ensuring the book should
not only be of interest to mathematicians but to physicists and theoretically
inclined engineers interested in bifurcation theory and its applications to
dynamical systems and non-linear analysis.

(Publisher’s description)

The theory of bifurcations is one of the most important and actively studied top-
ics in non-linear analysis [1, 5–7, 10, 12–14, 17]. It has numerous applications in
physics, biology, chemistry, and economics, where phenomena are often modelled
by using differential or difference equations depending on parameters and it is nec-
essary to find out which qualitative changes of the system may be caused by small
changes of the parameters involved. The basic approaches here are the topological,
analytical, and variational ones. When the non-linearities appearing in the equations
under investigation are not smooth enough, the classical approaches relying on the
differentiability fail, whereas the topological tools prove to be rather efficient. It is
this wide class of bifurcation problems that is investigated in Michal Fečkan’s recent
monograph [11] published by Springer-Verlag in 2008.
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The book [11] is devoted to the study of various non-smooth bifurcation prob-
lems ranging from non-smooth mechanical systems [3] through ordinary differential
equations on infinite non-linear lattices [21] up to undamped abstract wave equations
in Hilbert spaces with applications to non-linear beam and string partial differential
equations [14]. It is organised as follows.

In the introductory Chapter 1, an illustrative example is presented on the bifurca-
tion of chaotic solutions in a differential model describing the apparatus consisting of
a slender beam clamped to a rigid framework which supports two magnets. The ap-
paratus is periodically forced using electromagnetic vibration generator. Mathemati-
cally, this leads one to the well-known periodically forced and damped Duffing equa-
tion. A Melnikov bifurcation function is obtained which determines wedge-shaped
regions in the parametric space where the perturbed Duffing equation is chaotic. This
example is used to outline main ideas of the approach of the book, which is based
on the perturbation method from the theory of dynamical systems, the Lyapunov–
Schmidt decomposition method [17, 20], and the Brouwer and Leray–Schauder the-
ories of topological degree [15, 17].

Chapter 2 of [11] contains a brief review of some known mathematical results
from functional analysis, differential topology, theory of multivalued mappings, and
theory of dynamical systems, which are systematically applied in the proofs of the
main results of the monograph.

The main original contribution of the book starts from Chapter 3, where bifur-
cations of periodic and subharmonic solutions from either periodic or homoclinic
trajectories are studied for several types of differential systems, namely, for differ-
ential equations with dry frictions, weakly coupled non-linear oscillators, and forced
systems with relay hysteresis. As a preparatory step to discover chaos in discontin-
uous systems, the existence of infinitely many subharmonics with periods tending
to infinity is established for weakly discontinuous differential equations. Systems
of ordinary differential equations and inclusions containing small parameters mul-
tiplying the derivatives are studied (see, e. g., [19, 24]). Among the rest, classical
results on the saddle-node and Poincaré–Andronov bifurcations of periodic solutions
[12, 18] are extended to non-smooth differential equations. Many concrete examples
illustrate the theory.

In Chapter 4, the existence of chaotic solutions of discontinuous differential equa-
tions is studied by extending the approach of Chapter 3. The unperturbed system is
supposed to have either one homoclinic solution or a manifold filled with such so-
lutions. Melnikov type conditions are established for proving the existence of chaos
for perturbed systems. Almost-periodically and quasi-periodically forced differential
inclusions are studied as well. The chapter ends with a review of recent results on the
homoclinic bifurcation for other types of discontinuous differential equations.

Chapter 5 deals with the study of chaos for diffeomorphisms in the cases where
the intersection of the stable and unstable manifolds of a hyperbolic fixed point is
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only topologically transversal. Topological degree methods here again prove to be
an important tool. An extension of the classical Smale–Birkhoff homoclinic theorem
[12] is obtained for the existence of topologically transversal homoclinic and hetero-
clinic points of diffeomorphisms. Bifurcations of such points are also studied. The
rest of the chapter deals with the accumulation of periodic points of reversible dif-
feomorphisms near homoclinic points, with extensions of this phenomenon, known
as the blue sky catastrophe [8–10], to chains of time-reversible oscillators.

In Chapter 6, the author studies equations on infinite non-linear lattices obtained
as a result of a spatial discretisation of partial differential equations [22]. The per-
sistence of kink travelling waves of partial differential equations under discretisation
is investigated. The idea here is to consider a travelling wave equation of the lattice
equation as an evolution equation in a suitable Banach space. Then the centre mani-
fold method [12,13,18] is applied to lower the dimension of this infinite dimensional
evolution equation. A result on the bifurcation of periodic solutions of certain singu-
larly perturbed ordinary differential equations is obtained, where the small parameter
determining the perturbation is the discretisation step size. Statements on the bifur-
cation of periodic solutions are then used when analysing travelling wave solutions
of the sine-Gordon and Klein–Gordon discretised lattice equations [22]. The chapter
also contains a review of results on the existence of travelling waves for differential
equations on two-dimensional lattices.

Chapter 7 is devoted to the study of the existence of periodic and subharmonic
solutions of undamped abstract wave equations. Here, the analysis is complicated by
the presence of infinitely many resonant terms, which effect is known as the problem
of small divisors [16]. To overcome this difficulty, certain Diophantine-type inequali-
ties are introduced. Then using analytical and topological arguments, the bifurcations
of subharmonic solutions from homoclinic ones and the bifurcations of periodic so-
lutions from periodic ones are investigated, with applications to several types of pe-
riodically forced non-linear beam equations. Weakly non-linear wave equations are
also studied.

The final Chapter 8 concerns discontinuous wave equations with infinitely many
resonances. The approach here uses that of [2], which is extended to the case of
a multi-valued monotone mapping. For this purpose, the notion of a topological de-
gree for monotone multi-valued mappings is constructed by combining the Browder–
Skrypnik topological degree theory [4, 23] with Mawhin’s coincidence index theory
[17]. This topological degree is then used to extend the Krasnoselskii bifurcation
theorem and theorems on bifurcations from infinity [1,6,17] to multi-valued operator
equations in Hilbert spaces. The resulting abstract bifurcation theorems are applied to
study bifurcations of weak forced large-amplitude periodic solutions of discontinuous
undamped semilinear wave equations. Finally, the author discusses the possibilities
to apply the methods developed in the monograph for detecting the presence of chaos
for weakly discontinuous and periodically forced semilinear wave equations.
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The book presents to the reader many sophisticated original theorems on a wide
range of problems of bifurcation theory. The exposition is based on the author’s
recently published results that have not yet been included in any other monograph.
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