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AsstracT. Consider the problem

u'(t) = HU)(®) + Qu)(®).  u(@) — au(b) = h(u),
whereH, Q : C([a,b]; R) — L([a b]; R) are continuous operators satisfying the
Caratleodory condition, the operatdt is positively homogeneoug, € R, and
h: C([a,b]; R) — R is a continuous functional. In this papeffieient sdficient
conditions guaranteeing the solvability and unique solvability of the problem con-
sidered are established.

Mathematics Subject Classificatior34K06, 34K10

Keywords: Functional diferential equation, boundary value problem, periodic so-
lution

1. INTRODUCTION

N THIS PAPER, We establish #icient suficient conditions guaranteeing the existence

and unigueness of a solution of a periodic-type boundary value problem for a
scalar functional dferential equation involving a positively homogeneous operator.

The following notation is used throughout the paper.

R is the set of all real number®,. = [0, +oo[, [X]+ = 3(IX + X), [X]- = 3(IX| - ).

C([a, b]; R) is the Banach space of continuous functions[a, b] — R with the
norm|lullc = maxu(t)| : t € [a, b]}.

C([a, b]; R) is the set of absolutely continuous functians[a, b] — R.

L([a, b]; R) is the Banach space constituted by the Lebesgue integrable functions
p:[a b] — R with the norm||p||. = fablp(s)lds

L([a,b]; Ry) = {p € L([a,b]; R) : p(t) > O fort € [a b]}.

Map is the set of measurable functions [a, b] — [a, b].

b is the set of continuous operatdfs: C([a, b]; R) — L([a b]; R) satisfying
the CaratBodory condition, i. e., for eveny> 0 there exists; € L([a, b]; R,) such
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34 ROBERT HAKL

that
IFOMI<a®) for te[ab], veC(abl;R), Iblc<r.
Hap is the set of operatofd € K, which are positively homogeneous, i. e., such
that, for an arbitrary number > 0, we have

H(ao)(t) = aH@)(t)  for te[ab], veC(a b];R).

Pan is the set of operatotd € H,, which are nondecreasing, i. e., for Blle Py
andu, v € C([a, b]; R) such thau(t) < u(t) for t € [a, b], we have

HU)® < HE)@®)  for te[ab.

K([a, b] x Ry;Ry,) is the set of functiong : [a,b] x R, — R, satisfying the
Caratleodory conditions, i. en(-, X) : [a,b] — R, is a measurable function for all
x € Ry, n(t,)) : Ry — R, is a continuous function for almost dlk [a, b], and for
everyr > 0 there existg;, € L([a b]; R,) such that

In(t, ¥)| < gr(t) for te[a,b], O<x<r.
By a solution of the equation

u'(t) = H(u)(t) + Qu)(), (1.1)
whereH € Hap andQ € Kap, We understand a functiame C([a, b]; R) satisfying
equality (1.1) almost everywhere in,].

Consider the problem on the existence and uniqueness of a solution of (1.1) satis-
fying the condition
u(a) — Au(b) = h(u), (1.2)
whereh : C([a, b]; R) — R is a continuous operator such that for every 0 there
existsM; € R, such that

lh(v) < M, for ve C([a,b]; R), |llc <T.

The diferential equations with “maxima” are one of the special cases of equation
(1.1). Various types of boundary value problems for this type of equations were
studied, e. g., in [3, 4,33, 35, 36, 38,41].

In the case wherH in (1.1) is a linear operator, the results presented here coincide
with those obtained earlier in [6, 17] (see also [22]). Another type of conditions
guaranteeing the solvability of (1.1), (1.2) with a linear operbtaan be found, e. g.,
in [5,8,10-15, 18-21, 28, 34]. Conditions for the solvability and unique solvability
for other types of boundary value problems for equation (1.1) with a linear operator
H are established, e. g.,in [9,16,22,24,27,39,42].

There are many interesting results concerning the solvability of general boundary
value problems for functional fierential equations (see, e. g.,[1,2,7,9,22—-26,29-32,
37,40] and references therein). In spite of this, the general theory of boundary value
problems for functional dierential equations is not still complete. Here, we try to fill
this gap in a certain way. More precisely, in Section 2, we establish unimprovable,
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in a certain sensefiecient conditions stlicient for the solvability of problem (1.1),
(1.2). In Section 3, we prove some auxiliary propositions. Section 4 is devoted to the

proofs of the main results.
The results are concretized for the boundary value problem of the form

u'(t) = p(t) max{u(s) : r1(t) < s< ()} + q(b), 1.3)
u(a) — Au(b) = c, (1.4)

wherep, q € L([a,b]; R), 71, 72 € Map, T1(t) < 72(t) for t € [a, b], andc € R.

Definition 1.1. We will say that an operatdil € Ky, is subadditive if for any, v €
C([a, b]; R) we have

H(u+v)(t) < HU)®) + HE)(H)  for te[ab].

Definition 1.2. We will say that an operatdd € Ky, is superadditive if for any
u,v € C([a b]; R) we have

H(u+ o)) > HW(®) + H)®)  for te[ab].

2. M AIN RESULTS
Throughout the papen, € K([a, b] x R;; R;) andng : R, — R, are such that
b
lim (no_(x) + )}(f n(s, X)ds) =0.
a

X—+00 X

Theorem 2.1. Let 1 € ]0, 1] and letH admit the representatiod = Hy — Hj, where
Ho, H1 € Pap. Let, furthermore,

Q)M < n(t,lvllc)  for te[ab], veC([ab];R), (2.1)
Ih@) < no(llvllc) ~ for v e C([a,b]; R). (2.2)
If, moreover,
b b

f Ho(1)(9)ds< 1, f IHo(=1)(9)lds < 1, (2.3)

b b
JHo(9ds 13-4 <f ML .

1- [PHo@)(9ds 4 a

®|Ho(=1)(9)|d _ b
b HCOAs 11 [ iHa-201s (25)

1- [Ho(-D(gds 4 Ja
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t
[ f Hy(1)(E)dé - 1] [ fl |H1(—1)(§)|d§—ﬂ] <

t
<(1— f IHo(—l)(f)ldf)(l— f. Ho<1)(§)d§)

for ste[ab], s<t, (2.6)

and

t
[ f Hi(-1)(@)ldé - 1] [ f. Hl(l)(f)df_/l] <

<(1— fs t Ho(l)(g)dg)(l— f. IHo(—l)(f)Idf)

for stef[ab], s<t, (2.7)
wherel = [a,b]\]s,t[, then problen{l1.1), (1.2) has at least one solution.

The following assertion can be regarded as a supplement to the previous theorem
in the case when = 0.

Theorem 21’. LetH admit the representatioll = Hy — Hi, whereHg, Hy € Pap.
Let, furthermore(2.1)and(2.2) be fulfilled. If, moreover, the inequaliti€¢2.3),

t
f| |H1(—1)(§)Id§[ f Hl(l)(f)df—l] <
t
<(1— f IHo(—l)(f)Idf)(l— f. Ho(l)(f)df)
for ste[ab], s<t, (2.8)

and

fl Ha(1)(@)de [ f ' Hy(-1))1de - 1]+ <
< (1— f t Ho(l)(f)df)(l— f. |Ho(—1)(§)|df)
for ste[ab], s<t (2.9)

are fulfilled, wherd = [a,b]\]s,t[, then problen{1.1), (1.2)with A = 0 has at least
one solution.
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Theorem 2.2. LetA € ]0, 1] and letH admit the representatioH = Hy — H1, where
Ho, H1 € Pap. Let, furthermore(2.1) and (2.2) be fulfilled. If, moreover,

b b
f H1(1)(s)ds< 4, f [H1(=1)(s)|lds < 4, (2.10)
1 b
-1 Ho(1)(s)d 2.11
PR ETYTTEr f o(1)(9)ds (2.12)
1 b
-1 [Ho(=1)(s)|d 2.12
- [*Hy(-1)(9)ds <fa oFHOKs @32

<

UIHo(l)(f)df - 1L Ust IHo(=1)(©)ldé& — 1 +

<(/1— f| |H1(—1)(§)|d§)(l— fs t H1(1)(§)d€)

for stefab], s<t (2.13)

and

[]I‘lHo(—l)(f)ldf— 1]+ [f: Ho(1)(©)d¢ — 1L -

<(/l— fl H1(1)(§)d§)(1— fs t|H1(—1)(-f)|d§)

for stefab], s<t (2.14)
wherel = [a,b]\]s t[, then problen{1.1), (1.2) has at least one solution.

Theorem 2.3. Let 2 € ]0,1] and letH admit the representatiohl = Hg — Hy,

whereHg, H; € Pap. Let, furthermore, each of the operatdfig and H; be either a
subadditive or a superadditive operator, and let there existL([a, b]; R) andc € R

such that

Qw)(®) =qt)  for te[ab], veC(ahb];R), (2.15)
h() =c  for ve C([a b]; R). (2.16)
If, moreover,
f i Ho(1)(s)ds< 1, (2.17)
® Ho(1)(9)d _ b _
o Hol®Gds 31— IRGAGCIE (2.18)
1- [PHo@)(9ds 4 a
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t _
[ f (L)@ - 1] [ fl Hl(l)(g)dg—A] <

t _
<(1_ f Ho(l)(f)df)(l— f| Ho(l)(f)df)

for ste[ab], s<t (2.19)

wherel = [a,b]\]s t[ and

def {Hi(v)(t) if H; is subadditive (2.20)

Hi()(t) =
OO =1 Cow if H is superadditive
fort € [a,b] andi = 0, 1, then problen{1.1), (1.2) has a unique solution.

The following assertion can be regarded as a supplement of the previous theorem
in the case when = 0.

Theorem 23'. LetH admit the representatiodl = Hyg — Hy, whereHp, Hy € Pap.
Let, furthermore, each of the operatdrly and H; be either a subadditive or a su-
peradditive operator, and let there exigte L([a, b]; R) andc € R such that(2.15)
and(2.16)are fulfilled. If, moreover, inequalitig?.17)and

_ t
f| H1(1)(§)d§[ f Hl(l)(f)dg—l] <

t _
<(1_ f Ho(l)(f)df)(l— f| Ho(l)(f)df)

for ste[ab], s<t (2.21)

hold, wherel = [a,b]\]s 1], and H; (i = 0,1) are given by(2.20) then problem
(1.1), (1.2)with 2 = 0 has a unigue solution.

Theorem 2.4. Let 1 € ]0,1] and letH admit the representatiohl = Hp — Hy,
whereHg, Hy € Pap. Let, furthermore, each of the operatdty and H; be either a
subadditive or a superadditive operator, and let there exist_([a, b]; R) andc € R
such that(2.15)and (2.16)are fulfilled. If, moreover,

f i Hi(1)()ds< A, (2.22)
1
A- [2Hi()(9)ds

b _
1< f Fo(-1)(9lds (2.23)
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_ t
[ f. Hdl)(f)df—l] [ f Ho(l)(f)df—l] <

— t —
<(1— f. H1(1)(§)d§)(1— fs Hl(l)(f)df)

for ste[ab], s<t (2.24)

wherel = [a,b]\]s 1], andH; (i = 0,1)are given by(2.20) then problen{l1.1), (1.2)
has a unique solution.

Corollary 2.1. Leta €]0, 1] and let the inequalities

f b[|0(S)]+d8< 1, (2.25)

LIp(9)]-ds

- —
1- [ Ip(9).ds
be fulfilled. Then probler(i.3), (1.4) has a unique solution.

l:l/l<fab[p(s)]_ds< 1+/1+2\/1—fab[p(s)]+ds (2.26)

Corollary 2.1’. Let inequalitieg2.25)and

b b
fa[p(s)]_ds< 1+2\/1—fa[p(s)]+ds

be fulfilled. Then probler(i.3), (1.4)with 2 = 0 has a unique solution.

Corollary 2.2. LetA € ]0, 1] and let the inequalities

b
f [p(9]-ds< A (2.27)

1
b
- [ Tp(9)]-ds
be fulfilled. Then problerfl.3), (1.4) has a unique solution.

Remark2.1 Let A € [1, +oo[. Define operatoy : L([a, b]; R) — L([a b]; R) by the
equality

-1< fb[p(s)]+ds< 2+ 2\//1 - fb[p(s)]_ds (2.28)

w)®) B w@+rb-t)  for te[ab.
Let ¢ be the restriction of to the spac€([a, b]; R). Put

Ho()(®) € w(Hole@))(®),  Fa()(®) E w(Hi(ew)(® for te[ab],

(w)(t) E' -p(Qew))(t) for te[ab],

and

% Ihiow).

ﬁ(w) = _/_l
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It is clear that ifu is a solution of problem (1.1), (1.2), then the functiofs’ e(u) is
a solution of the problem

o' (1) = Hi(0)(t) - Ho@)(® + Q).  v(a) - %v(b) = h(v), (2.29)

andvice versaif v is a solution of problem (2.29), then the functiors' o(v) is a
solution of problem (1.1), (1.2).

Furthermore, iH; (i € {0, 1}) is a subadditive (resp., superadditive) operator, then
Hi (i € {0, 1)) is a subadditive (resp., superadditive) operator, as well.

Theorems 2.5-2.8 and Corollaries 2.3 and 2.4 formulated below can be derived
easily from Theorems 2.1-2.4 and Corollaries 2.1 and 2.2, respectively, by using the
change of variables described in Remark 2.1.

Theorem 2.5. Let A € [1,+oo[ and letH admit the representationrl = Hg — Hy,
whereHo, Hi € Pqp. Let, furthermore(2.1) and (2.2) be fulfilled. If, moreover,

b b
f H(1)(©ds < 1, f Hi(-1)(9lds < 1

[ Hi(1)(9)ds
1- [PHi(1)©ds
£ Hi(-1)(s)ids

b
1- [ Hi(-1)©)lds
and the inequalities

t
[ Foweae - 1| | [Ho-axende - 3| <

+

(- t (- (1- [ Hawie]

for ste[ab], s<t,

b
_(-1)< f Ho(1)(9ds

b
_(-1)< f Ho(~1)(9)ds

and

t
[ fs IHo(-1))Ids — 1} [ fl Ho(1)(€)d¢ — %] <

+

<(1— fs tHl(l)(g)dg)(l— f. |H1(—1)(€)Id§)

for stef[ab], s<t,

are satisfied, where = [a,b] \ ]s,t[, then problen{1.1), (1.2) has at least one solu-
tion.
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Theorem 2.6. Let A € [1, +oo[ and letH admit the representatiorl = Hg — Hy,
whereHo, H1 € Pgp. Let, furthermore(2.1) and (2.2) be fulfilled. If, moreover,

[THowises<t [MHocneis<
A

1- 2 [°Ho(1)(9)ds
A

1- 2 [*|Ho(-1)(9)ds

b
—1<f H1(1)(s)ds

b
“1< f Hi(-1)(9lds

and the inequalities

t
[ f. H1(1)(§)d§—l] [ f |H1(—1)(f)|d§—1] <

t
<(%_ f| |Ho(—l)(§)|d§)(l— fs Ho(l)(f)df)
for stefab], s<t,

and

<

t
[ f. IHa(-1)(@)ldé - 1] [ f Hy(L)@E0de - 1

<(%— fl Ho(l)(f)df)(l— fs t|Ho(—1)(§)|0|§)

for stefab], s<t,

are satisfied, wheré = [a, b]\ ]s, t[, then problen{1.1), (1.2) has at least one solu-
tion.

Theorem 2.7. Let A € [1,+oo[ and letH admit the representationl = Hg — Hy,

whereHg, Hy € Pap. Let, furthermore, each of the operatdtly and H; be either a
subadditive or a superadditive operator, and let there existL_([a, b]; R) andc € R

such that(2.15)and (2.16)are fulfilled. If, moreover,

b
f Hi(1)(s)ds< 1,

[P Hi(1)(9)ds
1- [PHi(1)©ds

b _
_(-1)< f IFo(-1)(S)lds
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t_ —
[ Ao~ 1| | [Foaeas -] <

t _
<(1— f H1(1)(§)d§)(1— f| H1(1)(§)d§)

for ste[ab], s<t,

wherel = [a,b]\]s 1], andH; (i = 0,1)are given by(2.20) then problen{l1.1), (1.2)
has a unique solution.

Theorem 2.8. Let A € [1,+oo[ and letH admit the representatiorl = Hg — Hy,
whereHg, H; € Pap. Let, furthermore, each of the operatdfig andH; be either a
subadditive or a superadditive operator, and let there existL([a, b]; R) andc € R
such that(2.15)and (2.16)are fulfilled. If, moreover,

b _ 1
f Ho(1)(s)ds < 7
Pl
1- 2 [°Ho(1)(9)ds

b _
1< f Fa(-1)(9lds

and

Ha(1)@)d¢ - 1 tH_l(l)(f)df—l <
J L |

<(%- f. H_o(l)(g)dg)(l— fs t H_o(l)(é)df)

for sste[ab], s<t,

wherel = [a,b]\]s t[, andH; (i = 0, 1) are given by(2.20) then problen{1.1), (1.2)
has a unique solution.

Corollary 2.3. LetA € [1, +oo[ and let the inequalities

b
fa [p(9)]-ds< 1.

Ip(9]-ds
1- [’Ip(s)]-ds

be fulfilled. Then probler(i.3), (1.4) has a unique solution.

b b
—(/1—1)<f[p(s)]+ds< 1+%+2\/1—f[p(s)]_ds
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Corollary 2.4. LetA € [1, +oo[ and let the inequalities

b 1
JREOREEES

P! b 1 (P
' -1<f [p(9)]_ds< 2+ 2 —-f [p(9)].ds
1-2 [ Tp(9)+ds a 1 Ja
be fulfilled. Then probler(iL.3), (1.4) has a unique solution.

3. AUXILIARY PROPOSITIONS

The following two lemmas are consequences of the result obtained in [31, Corol-
lary 1.4].

Lemma 3.1. Let A € [0, 1] and let the problem
u'(t) = sH(u)(t), u(a) = dau(b)

have only the trivial solution for every € [0, 1]. Let, moreover(2.1) and (2.2) be
fulfilled. Then problen{l.1), (1.2) has at least one solution.

Lemma 3.2. LetA € ]0, 1] and let the problem
u'(t) = sH(u)(b), éu(a) = Au(b)

have only the trivial solution for every € [0, 1]. Let, moreover(2.1) and (2.2) be
fulfilled. Then problengl.1), (1.2) has at least one solution.

Lemma 3.3. LetA € ]0,1], Fi,Gi € Pap (i = 0,1), and letw € €([a, b]; R) be a
non-trivial function satisfying

w () < 6Fo(w)(t) — sF1(w)(t)  for te[ab], (3.1)
w' () = 6Go()(t) — 6G1(w)(t)  for te[ab], (3.2)
w(@) = 6w(b) (3.3)

for somes € ]0, 1]. If, moreover,

b b
f Fo(1)(9ds< 1, f Go(~1)(9)ds < 1, (3.4)

® Fo(1)(9)d _ b
k bo( )(g)ds 1/1/1 <f FL()Ods (35)
1- [ Fo(1)(9)ds a
®1Go(=1)(9)|d _ b
1faf'b l‘é ( )S)('S);S_ 1/‘ < f Ga(-1)(9)lds (3.6)
A o(— a

then there existy € [a, b] such that
w(tp) = 0. (3.7)
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Proof. Assume that, on the contrary, the functiomas no zero. First suppose that

w(t) >0 for t e [a, b]. (3.8)
Put
M = maxXw(t) : t € [a, b]}, m = minfw(t) : t € [a,b]} (3.9)
and chooséy, tm € [a, b] such thaty # tm and
w(tm) = M, w(tm) = m. (3.10)
According to (3.8) and (3.9), we have
M > 0, m > 0. (3.11)
It is obvious that either
tm < tm (3.12)
or
tm < tM. (313)

If (3.12) is fulfilled, then the integration of (3.1) fromto ty and fromty, to b,
respectively, in view of (3.10), yields

M —w(a) < 6ftM Fo(w)(s)ds— 6ftM Fi(w)(s)ds

b b
w(b) -m< 8 ft Fo(w)(9ds- & ft Fi(w)(9)ds

Hence, in view of (3.8), (3.9), and the assumptiérs|0, 1], A € 10, 1], Fo, F1 € Pap,
we get

tm
M-w(@ <M f Fo(1)(s)ds

b
saw(b) —m< M f Fo(1)(9)ds
tm

Summing the last two inequalities, according to (3.3), (3.4), and (3.11), we obtain

b
0<M (1 - f Fo(l)(s)ds) <m (3.14)

If (3.13) is fulfilled, then the integration of (3.1) frotg, to ty, in view of (3.10),
yields

M-mcg< 6ftM Fo(w)(s)ds—éfttM Fi1(w)(s)ds

tm

Hence, on account of (3.8), (3.9), (3.11), and the assumptien®, 1] andFq, F1 €
Pab, We get (3.14).
Thus, in both cases (3.12) and (3.13), inequality (3.14) holds.
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On the other hand, the integration of (3.1) fraro b yields
b

b
w(b)—w(a)séf Fo(w)(s)ds—éf Fi(w)(s)ds

whence, in view of (3.3), (3.8), (3.9), (3.11), and the assumptdors]0, 1], 1 €
10, 1], andFg, F1 € Pap, we obtain

_ b b
0< m5¥ <w(b) —w(@) < Méf Fo(1)(s)ds— méf F1(1)(9)ds
a a
Consequently,

0< m(fab F1(1)(s)ds+ ) <M fab Fo(1)(s)ds (3.15)

Multiplying the terms from (3.14) by the respective terms from (3.15), on account of
(3.11), we obtain

b b
[ Fiwigos R Folb(9ds _ 1-4
a 1- [Fo(l)9ds 4

which contradicts (3.5).
Now suppose thai(t) < 0 fort € [a,b]. Then, according to (3.2) and (3.3),

v ©"_1 is a non-trivial function satisfying
V(1) < 5Fo()(t) — sF1(v)(t)  for te[ab], (@) = sv(b),
where 3
Fi)®) = -Gi(-v)(t)  for te[ab] (i=0,1)
Obviously, Fo, F1 € Pap, andu(t) > 0 fort € [a,b]. Therefore, following the steps
taken above we get
b
[, 1Go(-1)(9)ds  1-a
- —
1- [JIGo(-1))lds 4
which contradicts (3.6). O
Lemma 3.4. LetA € [0, 1], Fi, Gi € Pap (i = 0,1), and letw € C([a, b]; R) be a non-

trivial function satisfying(3.1)+3.3) for somes € 10, 1]. If, moreover, inequalities
(3.4),

t
[ f G1(1)E)dé - 1] [ fl |F1(—1)(§)|d§—4] <

t
<(1— f |Go(—1)(f>|d§)(1— fl Fo(l)(f)df)

for ste[ab], s<t (3.16)

b
f Ga(~1)(9)lds <
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and

[ f F (1) - 1]+ [ f. Gy (D)) - lL 3

<(1— fs t Fo(l)(g)dg)(l— fl IGo(—l)(f)Idf)

for stefab], s<t (3.17)
are fulfilled, wherd = [a, b]\]s [, then
wt) 0 for t € [a b]. (3.18)

Proof. Assume that, on the contrary, there exists a pirt [a, b] such that (3.7) is
fulfilled. Put

M = maxXw(t) : t € [a, b]}, m=—min{w(t) : t € [a, b]} (3.19)
and chooséy, tm € [a, b] such thaty # tm and

w(tm) = M, w(tm) = —m. (3.20)
According to (3.7) and (3.19) we have
M >0, m> 0, M+m> 0. (3.21)

Obviously, either (3.12) or (3.13) is fulfilled.

Suppose that (3.12) is satisfied. Then the integration of (3.1) &ty and from
tn to b, and the integration of (3.2) froity, to ty, respectively, by virtue of (3.20),
yields

tw tm
M- w(@) < f Fo(w)(9ds— 6 f Fi(w)(9ds
“m-M3>5 f " Golw)(9ds— 5 f " Ga(w)(9ds

tm tm

b b
w(b) + m< § ft Fo(w)(9ds— & ft F1(w)(9)ds

Hence, in view of (3.19), (3.21), and the assumptiérs]0, 1], 2 € [0,1], Fi,G; €
Pab (i = 0,1), we get
tm

oM —w(a) < M ftM Fo(1)(s)ds+ 6mf |IF1(-=1)(s)|ds (3.22)

Mem<m [ G 1)Sidss M f " Gy(19ds (3.23)
tm

tm

b b
6A(w(b) + m) < 6M f Fo(1)(s)ds+ 6mf [F1(-1)(s)lds (3.24)
tm tm
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Summing (3.22) and (3.24), in view of (3.3), (3.4), (3.21), and the assumptiod,
we obtain
0<M|1- | Fo(1)(9d Fi(-1)(s)ds- 1| , 3.25
< (1- [Fooas) < m| [Fi-ios-a . @29

wherel = [a, b]\ ]tm, tm[. Further on, (3.23) according to (3.4) and (3.21), results in

0< m(l— f " |Go(—1)(s)|ds) <M [ f " Gy (9ds— 1] . (3.26)
tm +

tm

Now from (3.25) and (3.26) it follows thd#l > 0, m > 0. Therefore, multiplying
(3.25) and (3.26) we obtain

tm
(1— [Fo(l)(s)ds) (1— ftM |Go(—l)(s)|ds) <
tm
< UllFl(—l)(S)ldS— /IL MM Gi(1)(s)ds— 1]+,
which contradicts (3.16).

Now suppose that (3.13) holds. Then, according to (3.1)—(8.‘5,—w is a non-
trivial function satisfying the relations

V(1) < 5Fo()(t) — sF1(0)(t)  for te[ab],
V(1) > 6Go(v)(t) — 6G1(v)(t)  for te[ab],
v(@) = sv(b),
where
F@)®) = -Gi(-v)(1), Gi@)®) =-Fi(-v)t) for te[ab] (i=0,1).
Obviously,F;, Gi € Pap (i = 0,1), and
u(tm) = maxXo(t) : t € [a,b]}, u(tm) = min{o(t) : t € [a, b]}.

Therefore, the substitution™' —u transforms the case considered into the previous
one and, following the steps above, we get

tm
(1— fI‘IGo(—l)(S)IdS) (1— jt‘m Fo(l)(S)dS) <

tm
[eiweds- A] [ [ Fa-2ids-1
| + LJtm +
wherel = [a, b]\ Jtm, tm[, which contradicts (3.17). O

Lemma 3.5. LetA € ]0,1], Fi,Gi € Pap (i = 0,1), and letw € €([a, b]; R) be a
non-trivial function satisfying inequalitig8.1), (3.2), and

ow(@) = Aw(b) (3.27)

<
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for somes € ]0, 1]. If, moreover,

b b

f G1(1)(S)ds< 4, f IF1(=1)(9)ds< A, (3.28)

1 b
-1 Go(1)(s)d 3.29
Py Ty <fa o(1)(Sds (3.29)

1 b
-1 Fo(-1 d 3.30
Py <fa Fo(-1)(9lds (3.30)

then there exists a poittg € [a, b] such that(3.7) holds.

Proof. Assume that, on the contrary, the functiorhas no zero. First suppose that
(3.8) is fulfilled. Define number andm by (3.9) and choosty, tm € [a,b] such
thatty # tn and (3.10) is satisfied. According to (3.8) and (3.9) we have (3.11).
Obviously, either (3.12) or (3.13) holds.

If (3.13) is fulfilled, then the integration of (3.2) fromto t,, and fromty to b,
respectively, in view of (3.10), yields

w(@ -m< -5 [ Gow)(9dsss [ Gyw)Sds
b b
M — w(b) < -6 ft Go(w)(9ds+ o ft Giw)(9ds

Hence, in view of (3.8), (3.9), and the assumptiéns ]0, 1], 2 € ]10,1], Go,G1 €
Pan, We get
tm
Sw@-m<M | Gi(1)9ds

a

b
AM - w(b)) < M ft Gi(1)(9ds

Summing the last two inequalities, and taking (3.11), (3.27), and (3.28) into account,
we obtain

b
0<M (/1 - f Gl(l)(s)ds) < om. (3.31)

If (3.12) is fulfilled, then the integration of (3.2) froty to t, in view of (3.10),
yields
tm tm
M-mcg< -6 Go(w)(9)ds+ 6 Gi(w)(9)ds (3.32)
tm tm
Suppose that < §. Then from (3.32), in view of (3.8), (3.9), and the assumptions
6 €]0,1], 1 €]0, 1], andGg, G1 € Pap, it follows that

b
AM —m<A(M —m) < Mf Gi1(1)(9)ds
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whence we get (3.31). i < 4, then from (3.32), in view of (3.8), (3.9), and the
assumptions € ]0,1], 2 € ]0, 1], andGq, G1 € Pap, We obtain

b
0O<M (/l - f Gl(l)(s)ds) <m
a
Thus in both cases (3.12) and (3.13), we have

b
0<M (4 - f Gl(l)(s)ds) <ém  ifa<s, (3.33)

0<M (/1 - f bGl(l)(s)ds) <m if 1> (3.34)

On the other hand, the integration of (3.2) frarto b yields
b

b
w(@) - w(b) < -5 fa Go(w)(9ds+ & fa Gi(w)(9)ds (3.35)

If now 2 < 6, then from (3.35), on account of (3.8), (3.9), (3.11), (3.27), and the
assumptions € ]0,1], 2 € ]0, 1], andGq, G1 € Pap, We obtain

b b
“M(1 - 2) < wb)(A - 1) < w(@) — w(b) < -ms f Go(1)(9)ds+ M f Gi(1)(9)ds

Therefore,

0< mafb Go(1)(9ds< M (bel(l)(s)ds+ 1- /l) if 1<6.  (3.36)

a
If 2 > 6, from (3.35), on account of (3.8), (3.11), (3.27), and the assumpgtian
10, 1], we have

b b
-Mé(1-2) <0< w(@) - wb) < —m6f Go(1)(s)ds+ M&f G1(1)(s)ds
a a
Hence, in view of the assumpti@in> 0, we get

0< mfb Go(1)(9ds< M (fb Gi(1)(9ds+ 1 - /l) if 1>6.  (3.37)

Multiplying the terms in (3.33) (resp., (3.34)) by the corresponding terms in (3.36)
(resp., (3.37)), on account of (3.11) and the assumjgtiord, we obtain

b 1
f Go(1)(s)ds <

b -1
A- [ Gi(1)(9)ds

which contradicts (3.29).

Now suppose thab(t) < 0 fort € [a,b]. Then, according to (3.1) and (3.27),

def . .. . . .
v = —w is a non-trivial function satisfying

V(1) > 6Go(u)(t) — 6G1(v)(t)  for te[ab],  6v(@) = Av(b),
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where
Gi(v)(t) = —Fi(-v)(1) for te[a,b] (i=0,1).

Obviously,Go, G1 € Pap, andu(t) > 0 fort € [a,b]. Therefore, following the steps
taken above we get
b 1
[ Fot-noids s — -
a - [ IFi(-1)(9)lds
which contradicts (3.30). O

Lemma 3.6. LetA €10, 1], Fi,Gi € Pap (i = 0,1), and letw € €([a, b]; R) be a non-
trivial function satisfying(3.1), (3.2), and (3.27)for somes < ]0,1]. If, moreover,
inequalities(3.28)

t
[ f. Fo(l)(é")df—l] [ f |Go(—1)(f)|d§—1] <

t
<(,1— f. |F1(—1)(§)|d§)(1— [ Gl(l)(f)df)

for ste[ab], s<t (3.38)

1

and

[ﬁlGo(—l)(f)ldf - 1L [j: Fo(1)()dé — 1]+ -

<(/1— f. Gl(l)(g)dg)(l— fs t|F1(—1)(§)Id§)

for stefab], s<t (3.39
are fulfilled, wherd = [a, b]\]s, [, then(3.18)holds.

Proof. Assume that, on the contrary, there exigts [a, b] such that (3.7) holds.
Define numberd andm by (3.19) and choosiy, tm, € [a, b] such thatty # t,, and
(3.20) is fulfilled. According to (3.7) and (3.19) we have (3.21). Obviously, either
(3.12) or (3.13) is fulfilled.

Suppose that (3.12) is satisfied. Then the integration of (3.1) &ty and from
tm to b, and the integration of (3.2) fromy to ty,, respectively, by virtue of (3.20),
yields

M - w(a) < 6ftM Fo(w)(s)ds— 6ftM Fi(w)(s)ds
tm tm
-m-M zéf GO(wXS)dS_&j; Gi(w)(9)ds

tm

w(b) + m< 6 f i Fo(w)(9ds—6 f i Fi(w)(9)ds
tm tm
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Hence, in view of (3.19), (3.21), and the assumptiors]0, 1], 1 € 10,1], Fi,Gj €
Pap (i = 0,1), we get

v tm
6(M —w(a)) <M f Fo(1)(s)ds+ 6mf [F1(=1)(9)|ds (3.40)
Mem<m [ Go1)Sidss M f " Gy(9ds (3.41)

tm tm

b b
A(w(b) + 6m) < M f Fo(1)(9)ds+ 6m f Fi-DEds  (3.42)
tm tm

Summing (3.40) and (3.42), according to (3.21), (3.27), (3.28), and the assumption
6 > 0, we obtain

0< m(/l - f|F1(—1)(S)|dS) <M
|

wherel = [a, b]\ ]Jtm, tm[. Furthermore, (3.41) in view of (3.28) and (3.21), results
in

fFo(l)(S)ldS— 1] , (3.43)
[

+

tm

0<M (1— Gl(l)(s)ds) < m[ " Go(_1)(Sids - 1 (3.44)

tm

tm +

Now from (3.43) and (3.44) it follows tha¥l > 0, m > 0. Therefore, multiplying the
terms in (3.43) by the corresponding terms in (3.44), we obtain

tm
(/l—fllFl(—l)(s)IdS) (l—ftM Gl(l)(S)dS) <

tm
s[ [ Fo<1)(s)ds—1] [ IGO(—l)(S)|dS—1] ,

tm +
which contradicts (3.38).

Now suppose that (3.13) holds. Then, according to (3.1), (3.2), and (8.&?)—,10
is a non-trivial function satisfying

V' (t) < 6Fo()(t) — SF1(v)(t)  for te[a b,
V(1) > 6Go(u)(t) - 6G1(v)(t)  for te[a, b,
ov(a) = Aw(b),

where
Fi()®) = -Gi(-0)(®), Gi(v)(t) = —-Fi(-v)(®) for te[ab] (i=0,1).
Obviously,Fi, Gi € Pap (i = 0,1), and

u(tm) = maxXu(t) : t € [a, b]}, o(tm) = min{o(t) : t € [a,b]}.
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Therefore, the substitutian®' —w transforms the case considered into the previous
one and, arguing similarly to the considerations above, we get

(z— fl Gl(l)(s)ds)(l— £ M|F1(—l)(s)|ds)s

< [fIIGo(—l)(S)IdS— 1]+ [ftr:M Fo(1)(s)ds— lL,

wherel = [a, b]\ ]tm, tm[, which contradicts (3.39). O

4. Proors

Theorem 2.1 follows from Lemmas 3.1, 3.3, and 3.4, Theordhf@llows from
Lemmas 3.1 and 3.4, and Theorem 2.2 follows from Lemmas 3.2, 3.5, and 3.6.

Proof of Theorem 2.3Let us first note that, for every operaibre H,, and arbitrary
t € [a,b] andv € C([a, b]; R), we have
—T(=0)(®) < T()()
if T is subadditive, and
T < -T(-v)(®)
if T is superadditive. Therefore,
—HI(-DO <H(@L)®  for tefab] (i=01),
and, consequently, inequalities (2.17)—(2.19) yield inequalities (2.3)—(2.7). Thus, the
assumptions of Theorem 2.1 are fulfilled, and problem (1.1), (1.2) has at least one
solution.
We will show that (1.1), (1.2) has no more than one solution. tLandv be
solutions of (1.1), (1.2). Then, according to (2.15) and (2.16), the funat{on=
u(t) — o(t) for t € [a, b] satisfies (3.1)—(3.3) with = 1 and
Fo(w)(t) = How)(),  Fa(w)(t) = —Hi(-w)(t)  for te[a b,
Go)(t) = —Ho(-w)(t),  Gi(w)(t) = Hi(w)(t)  for te[ab].
According to Lemmas 3.3 and 3.4 we haves 0, i. e.,u = v. O
Theorems B’ and 2.4 can be proved analogously.

Proof of Corollary 2.1.Let us put

Ho()®) <" [p®)], maxu(s) : a(t) < s< 7o)} for te[abl,

Hi@)®) £ [p®]-maxp(s) : 1a(t) < s< 7o)} for te[abl,

Qu)(®) E'qr)  for telab],
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andh(v) ®' ¢ Then the assumptions of Theorem 2.3 are fulfilled because

¢ _
[ f F(L)E)de - 1]

| l'Tl(l)(f)dé‘—/l] <
1[ (P 2
SZU;[p(s)]_ds—l—/l] for ste[ab], s<t

+
and

t _
(1— f Ho(l)(é-‘)d-f)(l— f. Ho(l)(f)dé-‘)z

b
zl—f [p(9)]+ds  for stelab], s<t,
wherel =[a, b] \ ]s t[. O

In a similar way, it can be proved that Corollaryl2follows from Theorem 2’
and Corollary 2.2 follows from Theorem 2.4.
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