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Abstract. By using a linear integral operator, a subclass of multivalent functions is introduced.

Some important properties of this class such as coefficient bounds are found. Moreover, applic-
ations are also introduced.
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1. INTRODUCTION

Let T'(p) denote the class of functions f(z) of the form

o0
f@=2"+ Y an". (peN.zel), (1.1)
n=p+1

which are analytic and p-valent (multivalent) in the open unit disk U = {z :z €

C and |z| < 1}. Given two functions f,g € T(p), f(z) = z? + fo:pﬂ anz" and

g@) =27 +> 02 p+1bn2" their convolution or Hadamard product f(z) * g(z) is
defined by

f@*g@)=zP+ Y apbyz". (z€U).

n=p—+1
A function f € T(p) is said to be p-valent starlike of order i, 0 < u < p if
e /(z)}
! S p (zeU),
f(2)

this class denoted by S;(1). A function f € T(p) is said to be p-valent convex of
order u,0 <u < pif

z2f"(2)
(@)
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m{l+ §>/x, (z e ),
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this class denoted by Cp ().
For a function f € T(p) given by (1.1), we define the linear integral operator

Ip,a,ﬁ f(Z) by

1
Iyapf(z)=(a+pB+ 1)/ uaf(u'Bz)du

a+pB+1 (1.2)
=z Z [ 1]anz”, zel,
gy L +np+
(o, B € R, p € N). Clearly, (1.2) yields
f € T(p) = Ip,a,ﬂ € T(p)~
Thus, by applying the operator I, , g successively, we can obtain
[k F() = Ip,a”g(paﬂf(z)) fork € N,
p:p 1) for k = 0,
(1.3)
00 k
o+ pB+ 1]
—rt 3 [ e ceo
et +nf+1
Note that when p = 1, « = —1 and 8 = 1, operator (1.3) poses an integral operator
defined by Séldgean (see [9]). Further operators of type (1.2) involving different type
of integral operators were introduced by many authors (cf. [1,3-5,8]).
Let S ;‘ (o, B, 1) denote the class of all functions f € T'(p) satisfying the condition
Z[1%, 4 @]
%{W >u, O<pu<p,zel)
15,5/
and let Cp (v, B, it) be the class of all functions f € T'(p) such that
2[5 /@]
E)%g% >u, O<upu<p, zel).
[Tpap /)]

In the present paper, using Jack’s lemma, the authors investigate the differential in-
equality

k k /
lpapl @ + Z[Ip,a,ﬁ f@)]
pr k
Z pl; . 51(2)
Let S;* (o, B, 1) denote the class of analytic functions f* € T'(p) satisfying the in-
equality (1.4).

To establish our results, we need the following lemma given by Jack [2] (see also

[7D.

—2l<u, O<pu<p,zel). 1.4)
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Lemma 1. Let w(z) be analytic in U with w(0) = 0. If |w(z)| attains its maximum
value on the circle |z| = r < 1 at a point 7o, then

zow'(zo) = cw(zo), (1.5)

where ¢ is a real number and ¢ > 1.

2. MAIN RESULTS

In this section, we establish some theorems involving inequalities on p-valent
functions. We first prove the following theorem.

Theorem 1. If f(z) € T (p) satisfies the inequality

[k 14
Z[Za%ﬂ_p <2—“, O<u<p, zelU), (1)
[1k, 57(2)] nt2

then f € S;™ (e, B, ).

Proof. Let the function f(z) € T'(p) and satisfy the inequality (2.1). Define the
function w(z), z € U, such that

N1+

I* e f2)
1%%——=1+%wﬁx (zeU peN), 22

we have that w(z) is analytic in U and w(0) = 0. Differentiating both sides of (2.2),
we obtain

* L f@)]
[P,Ol,ﬁ ] =Ezw/(z)+p(l+%w(z)), (ZEU, pEN, p>k,k€|N0)-

zp~1 2
2.3)
Then, we have from (2.2) and (2.3) that
21k, 51 @]
B e
pap’) & (2.4)
0 /
Szw'(2)
== (zeU, peN, p>k, ke Nyp).
[+ Ew() ( p p 0)

Now, suppose that there exists a point zg € U such that

max |w(z)| = |w(zo)| = L.
|zI<l|zol
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Then, using Lemma 1 and letting w(z¢) = ¢‘? such that w(zo) # —1 in the equation
(2.4), yields

123 / ue
F2oWw (Z 2wz
BW(F(o) =) 220 @ g ) Fwko)
1+ Sw(zo) 1+ 5w(zo) 03
_ ge' _ K jz
=ct G( =¢ > .
L+ 5elff 24 p 7 24 p
On the other hand define the function w(z), z € U, such that
eIy @]
[ p;;a’ﬁ ] —1+L%k), ceUu pen, (2.6)
pl, /(@) 2

we find that w(z) is analytic in U and w(0) = 0. Differentiating both sides of (2.6),
yields

S EUPPEC) ([Ij,ia,ﬂ f(Z)]/)z
p Illf’a,ﬂ f (@) Illf,a,,g f (@) 2.7)
= %zw’(z)— (1 +%w(z)), (zeU,peN, p>k, k€ Ny).
Then, we have from (2.6) and (2.7)
(15 g @] I, /() 08
M =
_ zzw'(2)
_—1+%w(z)’ (zeU, peN, p>k, keNy).

Now, suppose that there exists a point { € U such that

|Zn‘1§a|>§| lw(z)| =w()| = 1.

Again in view of Lemma 1 and letting @(¢) = e’ such that @ () # —1 in the equa-
tion (2.8), we receive

i} 42i'(0) 5 00)
—gp) 2o g 2P0
MFO} =0 1+%w(g)} 1+%w(§)} (2.9)
1+%€i19 2+p " 24p
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Combining (2.5) and (2.9), we obtain
z Ik z "
m{1+—[ i’“’ﬂf( )], = } > 2
[15 4.5/ ()] 2+p

which contradicts the hypothesis (2.1). Therefore, we conclude that |w(z)| < 1 and
|w(z)| <1 forall z € U, and it yields the inequality

¥, 5 (@) .\ e[ Lyapf@]
z? Pl 5 f(2)

., 0O<pu<p, zel),

2

<[]+

W _
= E(IW(Z)I +|w(z2))
<u, O=p<p, zel),
thatis, f(z) € S, ™ (a, B, ). Thus, the proof is completed. O
Corollary 1. Let f(z) € T(p) and satisfy the inequality

zf"(2) } 2u
N1+ — <——7>\ O<u<p,zel).
{ 1) pt2 O=w<pzel)
fhen @) 2f'Q)
Z Z Z
——I———2< s 05 < ,ZEU.
7 ) ‘ mw, O=p<p )
Proof. 1t is sufficient to put k = 0. O

Corollary 2. Let f(z) € T(p) and satisfy the inequality
4
f 2
5 { zf (z)} 2

O<p<l,zel).

/() p+2
Then .
J@ L@ o 0<p<lzel)
z f(@)
Proof. 1t proceeds by setting p = 1 and k = 0. O

As an application of Theorem 1, we have the following results which determine
the bound estimates for functions f € T(p) to be in the class S ;*(a, B, ).

Theorem 2. Let f(z) € T(p) and satisfy

> a+pﬂ+1]’°
- +2)+2u) | — | an
n=§p+1n((n p)(u+2) M)[a+nﬁ+1 |an| 010

<2pR(up+1D)—pp+2), O=<p<p, zel).
Then f € Sy*(a, B, 1b).
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Proof. Let the function f(z) € T(p) and satisfy the inequality (2.10). Thus we
obtain

Ik 4

k
20(p =)+ 52 a1 = p) [ 22281 fan]

Ik k

(7 /)] P2 nepiih [Ziﬁgiﬂ lan]
the last inequality is less than % if the assertion (2.10) holds. Now by using the
fact that M{z} < |z| then in view of Theorem 1 yields /" € S;™*(«, B, 11). O

Theorem 3. Let

o0 o0
f@=2"+ ) and" and g)=z"+ ) bu2"
n=p+1 n=p+1

satisfy the inequality (2.10). Then the weighted mean of f and g defined by

Wi(z) = %[(l—i)f(z)Jr(l L ig@] (O<i<l)

is in S;*(a, B, 1)

Proof. By the hypotheses of the theorem then in view of Theorem 2, we have

= o+ pp+17F
X =2 +20) |2 e

<2p2(np+1)—p(u+2)|

and
0 a+pB+17*
n;ﬂ’?((” —p)(r+2)+2p) [m] |Dn |

<2p2(n+1) = p(n+2)|.

After a simple calculation we obtain

Wi(e) = 27 + i [(l—i)an (1+l')bn:|zn'
n=p+1 2 2
However,
ad a+pB+17%1(1=1) (1+1i)
nzzﬁln«n—p)(wzwzu)[Hnﬂﬂ} S an+———bn

a+pB+17F1—i
|an|

Sn:Zp;rln((n—p)(u—l—Z)%—Zu)|:a+nﬂ+1 >
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a+pB+1751+i
+n:§1”((”"’)(“+2)+2“)[a+nﬂ+1] S 1bnl
=i > atpp+17*
_Tngrln((n—p)(u—iﬂ)—l—zu)[—a_i_nﬁ_i_l] |an|
1 . 00 1 k
+ +1 Z n((n—p)(u+2)+2u)|:%] |bn

n=p+1

1—i 1+
<2pl2(n—+ 1)—p(u+2)|7+2p|2(u+ 1)—p(u+2)|T

=2p2(n+1)—p(n+2)|
Consequently, by Theorem 2, W;(z) € S;*(«, B, 14).

Theorem 4. Let

oo
fi@=z"+ > anz". j=123...m
n=p-+1

satisfy the inequality (2.10). Then the arithmetic mean of f;(z) defined
1 m
F)=—3 fiz). (z€U)
j=1

is in Sp* (o, B, ).

Proof. Since f; satisfies (2.10) then, in view of Theorem 2, we have

ad a+pB+1 k
ngln((”—m(ﬂ‘i‘z)‘i‘z#) [m] |an, ;|

by

<2pl2(np+1)—p(pn+2)|.

A computation gives
1 m
F)=—3 fj()
j=1

m o0

1
— p E .1
= 7+ a Z
< n!]
]=1 n=p+1

o0 1 m
=z + Z EZan,j ",
j=1

n=p+1
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Hence

= +pp+17F
> (= per2+ 2 |22

n=p+1

m
53
m. 5]
Jj=1
o0

1
<3 (”"’)(““)”“)[aiﬁgil] 3 Z|an,,|

oo

NP ”=((n—p)(u+2)+2u)[—a+pﬁ+l} a1

izl ntpi a+nB+1

1 m

<= 2pR(n+1) = p(u+2)|
j=1

=2pl2(u+1) = p(p+2)|.
This implies that F(z) € S;™* (e, B, 1b). O
Theorem 5. Let
[e.@]
f(Z) =z’ + Z anZn
n=p+1

be in T (p) such that f(U) is convex. Assume that f satisfies the inequality (2.10).
Then, for the Cesaro operator [6, 10-12] of f defined by the relation

on(z) = Z —(Zan,)z, (p=12,....,z€U)

n=p+1
with 09(z) = 0, 01(2) = z?, we have 0,(z) € S;* (., B. ).

Proof. Since f; satisfies (2.10) then in view of Theorem 2, we have

atpp+l k| |
a+np+1 "

<2pl2(np+1)—p(pn+2)|.

o0

> n((n—p)(u+2)+2u)[

n=p+1

For all n € Ng we have

n
on(z) =0+27 + Z n+1(2an,i)z", (z€U).
i=0

n=p+1
Hence
o0 k n
a+pB+1 1
3 n((n—p>(u+2)+2u)[ } S ns
n=p+1 atnp+1] |n+l i=0
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)

o0

a+pB+17F 1 [
> nto-pin2+20) [ o (D

n=p+1

n 00 k
- (Y n((n—p)(u+2)+2ﬂ)[w] lan.;

i=0 \n=p+1 oa+np+1

A

A

1 n
— > 2p|2 1)— 2
ng PR+ = p(u+2)|

=2p2(p+1D—p(pn+2)]
This implies that F(z) € S;™* (o, B, ). O
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