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Abstract. Making use of the so-called optimal measures dealt with in [1-2], we characterize
the boundedness of measurable functions, the uniform boundedness and some well-known
asymptotic behaviours of sequences of measurable functions (such as discrete, equal as well
as pointwise types of convergence). The so-called quasi-uniform convergence is also charac-
terized in the fourth section.
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1. Introduction

Making use of the so-called ’optimal measures’ (cf. [1-2]), our main goal here is to
characterize some well-known notions in Analysis such as the boundedness of measur-
able functions, the uniform boundedness as well as some commonly used asymptotic
behaviors of sequences of measurable functions. We should like to mention that our
results in [1-2] and in this article might interest everyone who handles measurable
functions. Before we tackle our paper, let us first recall the following results (as we
need them later on).

All along (92, F) will stand for any measurable space (where the elements of F are
referred to as measurable sets).

By an optimal measure we mean a set function p : F — [0, 1] fulfilling the
following axioms:

Pl. p(0) =0and p(Q) = 1.
P2. p(BUEFE)=p(B)Vp(FE) for all measurable sets B and E.

P3. p ( N En> = lim p(E,), for every decreasing sequence of measurable sets
n=1 n—oo
(En).

(The symbols \/ and A will stand for the maximum and minimum respectively.)
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First we shall summarize the background of the Theory of Optimal Measures .

Let s = Z bix (B;) be an arbitrary nonnegative measurable simple function,
where {B; : i = 1 ., n}C .7-' is a partition of 2. Then the so-called optimal average
of s is defined by 1nsdp = \/ bip (B;), where x (B) is the indicator function of the

measurable set B. We note that this quantity does not depend on the decompositions
of s (cf. [1], Theorem 1.0., page 135).

The optimal average of a measurable function f is defined by 1 | f| dp = sup o sdp,
where the supremum is taken over all measurable simple functions s > 0 for which
s <|f|. (From now on m.f.’s will stand for measurable functions.)

Let fbe any m.f. We shall say that f belongs to:

1. As (p) if p(|f| <b) =1 for some constant b € (0, 00).

2. Au (p) if 1o || dp < 00, a € [1, 00).

For any « € [1, 00, the space A, (p) endowed with the norm || - ||, , defined by

Il { inf{b € (0, 00) : p(|f| <b) =1}, if fe Ax(p), a =00
“ Vi lfI” dp, if fe Ay (p), a€ll, o)

is a Banach space. (For more about this refer to [1].)

In [2] we have obtained the following results for all optimal measures p.

By (p-)atom we mean a measurable set H, p (H) > 0 such that whenever B € F,
B C H, then p(B)=p(H) or p(B) =0.

A p-atom H is decomposable if there exists a subatom B C H such that p(B) =
p(H) = p(H\B). If no such subatom exists, we shall say that H is indecomposable.

Fundamental Optimal Measure Theorem. Let (2, F) be a measurable space and
p an optimal measure on it. Then there exists a collection H (p) = {H, :n € J} of
disjoint indecomposable p-atoms, where J is some countable (i.e. finite or countably
infinite) index-set such that for any measurable set B, with p (B) > 0, we have that

p(B) :max{p(BﬂHn) :neJ}.

Moreover the only limit point of the set {p (Hy):n € J} is O provided that J is a
countably infinite set. (H (p) is referred to as p-generating countable system.)

In proving the Fundamental Optimal Measure Theorem we used Zorn’s lemma
which, as we know, is equivalent to the Axiom of Choice. It is worth noting that in
[6] the above structure theorem has been proven without Zorn’s lemma.

By a quasi-optimal measure we mean a set function ¢ : F — [0, co) satisfying the
axioms P1.-P3. with the hypothesis ¢ (2) =1 in P1. replaced by 0 < ¢ (2) < oc.
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We say that a quasi-optimal measure ¢ is absolutely continuous relative to an
optimal measure p (abbreviated ¢ << p) if ¢ (B) = 0 whenever p(B) =0, B € F.

Remark A. Every m.f. is constant almost surely on each indecomposable atom (cf.
[2], page 84, Remark 2.1.).
Theorem B. (cf. [1] page 139, Theorem 3.1.)

1. If (fn) is an increasing sequence of nonnegative m.f.’s, then lim g fndp =
n—oo

z (lim fn) dp.
(9] n—oo
2. If (gn) is a decreasing sequence of nonnegative m.f.’s with g1 < b for some
be (0, 00), then lim 2qg.dp = g < lim gn> dp.
n—oo n—oo
Lemma C. Let g be a quasi-optimal measure, absolutely continuous relative to an op-

timal measure p. Then H. (p) = {H € H(p) : ¢ (H) > 0} is a q-generating countable
system (where H (p) denotes a p-generating countable system,).

Lemma D. (cf. [1] page 141, Lemma 3.2.) If (f.) and (hy,) are sequences of
nonnegative m.f.’s, then for every optimal measure p, we have that

1. q (hnm loréffn) dp < l%’{n 10%f 1 fadp;

2. limsupg hndp <0 <lim suphn> dp, provided that (hy,) is a uniformly bounded
sequenc%.éoo e

NOTATIONS.
1. P will denote the set of all optimal measures defined on (2, F).

2. P« oo is the collection of all optimal measures whose generating systems are
finite.

3. Poo is the set of all optimal measures whose generating systems are countably
infinite.

4. For every fixed w € €, the optimal measure p,, (defined on (€2, F) by p,, (B) =1
ifwe B, and 0 if w ¢ B) will be referred to as w-concentrated optimal measure.

5. |E| stands for the cardinality of the measurable set E.

6. N will stand for the set of positive integers.

2. Some preliminary results

We say that a nonempty measurable set E is closely related to some sequence (wy,) C
if

] _f o0, i |E|=0
‘Eﬂ{wn'”EN}‘—{ B[, if |E| < oo
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(that is, if E is infinite, then infinitely many members of the sequence belong to E,
otherwise all of its elements are members of the sequence).

Definition 2.1. Let F be closely related to a sequence (wy,) C €, and let («v,,) C [0, 1]
be any fixed sequence tending decreasingly to 0. The optimal measure pg : F — [0, 1],
defined by pg (B) = max {a,, : w, € B}, will be called 1st-type FE-dependent optimal
measure.

Proposition 2.1. Let p € P and f be any m.f. Then

W |fldp =sup {2y |fldp:ne J},

where H (p) = {H, : n € J} is a p-generating countable system.

Moreover if f € Ay (p), then o |f|dp = sup{c, -p(Hy):n € J}, where ¢, =
f (w) for almost all w € H,, n € J.

(The proof is straightforward.) The following remark is worth being noted.

Remark 2.1. Let p, ¢ € P, H(p) = {H, : n € J} be a p-generating countable system
and f any m.f. Suppose that ¢ << p and q(H) < p(H) for every H € H (p). Then
W | fldg <q|f|dp, provided that g |f| dp < oc.

(This is immediate from Lemma C and Proposition 2.1.)

Remark 2.2. If (z,) is a sequence of real numbers such that limsup |z, | < co, then

n—oo
for each of its subsequences (x,, ) we have that limsup |z, | < co.
k— oo

NOTICE. For every fixed m.f. f, the mapping z; : P — [0, oo, defined by zf (p) =
2o |fldp, is a function.

Lemma 2.2, Let w € Q be fized. Then for every m.f. f, we have that z¢ (pw) =
|f (W)l

k
Proof. Let 0 < s = Y b;x (B;) be a measurable simple function. Then it is obvi-

i=1
ous that zs (p,) = s (w). Let (s,) be a sequence of nonnegative measurable simple

functions tending increasingly to |f|. Then by Theorem D it ensues that
2p (po) = lim 2, (po) = lims, (W) = |f ()|
which was to be proved. q.e.d.

Theorem 2.3. Let f be any m.f. The following assertions are equivalent.
1. f is bounded.
2. lim | f1>2) |fldp =0 for all p € Pu.

T — OO

3. There exists a constant b > 0 such that Yo |f|dp # b for all p € Pw.
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(The proof will be carried out in two steps. In Proposition 2.4 we shall show the
equivalence 1. «— 2. and then the equivalence |1. «<—13. in Proposition 2.5.)

Proposition 2.4. A m.f. f is bounded if and only if 1im (|f>a) |f|dp =0 for all
P E Poo.

Proof. Suppose that f is bounded, and write b > 0 for its bound. Then for every
P € Poo, we have that jfj>q) [fldp < b-p(|f] > 2) — 0, as x — oo.

Conversely, assume that klim Uif1zk) |fldp = 0 for all p € Py, but for every
— 00 -
n € N we have that (|f| > n — 1) # (). It obviously ensues that

(Iflzn=D\(fl Zn) =Hp #0

for infinitely many n € N. (Suppose without loss of generality that H,, # 0, n € N.)
Further let (w,) C © be such that w,, € H,, for all n € N. Define p € Py, by p(B) =
max {+ : w, € B} . Clearly (H,) is a generating system for p. Then by assumption

it follows that klim Y f1=k) |fldp = 0. Now note that (|f| >k) = |J H; for all
¢ 00 N i=k+1
k € N. Hence Proposition 2.1. entails that (| s>k |f|dp = sup m, |f|dp. It is not
i>k+1

difficult to check that i, |fldp > 1 — %, 1>k + 1. Consgquently it results that
Uif1zk) | fldp > 1 — %H (k € N), leading to 0 = klim Af1=k) |fldp > 1, which is

absurd. This contradiction concludes on the validity of the sufficiency, ending the
proof. q.e.d.

Proposition 2.5. Let f be a finite m.f. Then f is unbounded if and only if for every
constant ¢ > 0, there exists some p. € Poo such that

(1.1) 2 (pe) = c.

Proof. Necessity. Assume that f is unbounded. For every n € N, write F, =
(c-(n—1) <|f| <c¢-n) where ¢ > 0 is an arbitrarily fixed constant. Clearly the

[ee]
members of the sequence (FE,) are pairwise disjoint and Q@ = |J E,. Fix a se-
n=1
quence (w,) C Q in the following way: w, € E,, n € N. Define p. € P by
pe (B) = max{% twy € B}. It is obvious that sequence (F,) is a p.-generating
system such that zy(p.) = sup g, |f|dpe, because of Proposition 2.1. But as
n>1

(1-1)c<g,

| fldpe = Zf (pe) -

fldp. < ¢ (for alln € N), it ensues that ¢ = sup g
n>1

Sufficiency. Suppose that for every constant ¢ > 0, identity (1.1) holds with a suitable
P € Ps. Assume that f is bounded (and denote by b its bound). Now let ¢ > b be any
fixed constant with a corresponding p. € P satisfy (1.1). Then we trivially obtain
that z¢ (pe) < b. Hence we must have that ¢ < b, which is in contradiction with the
choice of ¢. This absurdity allows us to conclude on the validity of the proposition.
q.e.d.
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Lemma 2.6. Let p € Py and (By) be a sequence of measurable sets tending in-
creasingly to a measurable set B # (). Then there exists some ng € N such that
p(B) = p(B,) whenever n > nyg.

(See the proof of Lemma 0.1., [1] page 134.)

We shall next give a set of measurable functions including uniformly bounded
ones.

Definition 2.2. We say that a sequence of measurable functions (f,) is uniformly
bounded starting from an index if there can be found a real number b > 0 and some
positive integer ngy such that (f, > b) = @ for all integers n > ng. (We shall simply
say that (f,) is i-uniformly bounded.)

The following two results are just the extensions of Theorem B/2 and Lemma
D/2. We shall omit their proofs as they can be similarly carried out.

Lemma 2.7. Let (g,,) be a decreasing sequence of nonnegative m.f.’s and lim g, =g
n—oo
such that (gm < b) = Q for some m > 1 and some constant b > 0. Then lim 1o

n—00

gndp = 20gdp for all p € P.

Lemma 2.8. Let (f,) be an i-uniformly bounded sequence of nonnegative m.f.’s.

Then limsup g frdp <o <lim supfn) dp for every p € P.

n— oo n— o0

Theorem 2.9. Let (f,) be an arbitrary sequence of m.f.’s. Then
1. (fn) is i~uniformly bounded,
if and only if the following two assertions hold simultaneously:
2. zf (p) < ¢ for some constant ¢ >0 and all p € Py ;
3. limsupz, (p) < z¢(p), for all p € P (where f = limsup|f,| and z, (p) =

n — oo n— o0

0 | fnldp with n €N, p € Py ).

Proof. Necessity. We just note that the implication 1. — 2. is obvious and on the
other hand the implication 1. — 3. is no more than Lemma 2.8.

Sufficiency. Assume that 2. and 3. hold. Let us suppose further that 1. is false, i.e.
for every real number b > 0 and any positive integer ng there is some integer m > ng
such that (|f,,] >0b) # 0. Then we can choose by recurrence a sequence (ny) of
positive integers as follows. Write ny =1 and ng = min{m > ny : (|fm| >n1) #0}.
If ny, has been defined, then write ng+1; = min {m > ny : (|fim| > k- ng) # 0} . Clearly
the sequence (ny) tends increasingly to infinity and for all positive integers k& € N,

(|fuers| > K- i) # 0. Now set E = k[’_jl B, where By, = (|fas| > ki), k €N,

k k—1
Write Hy = B,,,, and Hy, = (U Bn],) \ ( U an> , k > 2. It is obvious that (Hy)
j=1 j=1
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is a sequence of pairwise disjoint measurable sets with F = |J Hy. Let p € Py
k=1

be a lst-type E-dependent optimal measure defined by p (B) = max {% twy €D },

where (wy) C Q is a fixed sequence so that wy € Hy (k € N). It is clear that

H(p) = {Hy : k € N} is a p-generating system. Then via 2. and 3. we have that

c > o <limsup|fn| dp > limsup g |fn| dp and hence b > limsup o }anl}dp for

n— oo n — 0o k—
some b > 0 (this is true because of Remark 2.2). Consequently, as p (Hy) = 1 for
every k € N, we must have

Hm suply | frs, | dp

b > limsuplg | fu,.., | dp
k — oo k— oo

> limsuply, |fnk+1 } dp
k— oo
> limsupk - ng - p(Hy) = oo,

k — oo

which is absurd. This contradiction justifies the validity of the theorem. q.e.d.

3. The case of some well-known types of convergence

Definition 3.1. Let X be an arbitrary nonempty set. We say that a sequence of
real-valued functions (h,,) converges to a real-valued function h:

(i) discretely if for every x € X there exists a positive integer ng (z) such that
hy, (x) = h(z), whenever n > ng (x);

(ii) equally if there is a sequence (b,) of positive numbers tending to 0 and for
every € X there can be found an ng (x) such that |h, (z) — h ()| < b, whenever
n>ng(z).

(For more about these notions, cf. [3 - 5].)
Theorem 3.0. Let f and f, (n € N) be any m.f.’s. Then (f,) tends to f uniformly

if and only if (zy) tends to 0 uniformly on Puo, where z, (p) = |frn — f|dp with n
eN, p€ P

Proof. Sufficiency. Suppose that (z,) tends to 0 uniformly. To prove the sufficiency
it is enough to show that for every number b > 0, there can be found some ng (b) € N
such that (|f — f.| > b) = 0 whenever n > ng (b) + 1. In fact, let us assume that the
contrary holds. Then for some by > 0 and all ny € N, there is an integer m > ng such
that (|f — fi| = bo) # 0. Define

ny =min{m >ny : (|f — fi| > bo) # 0}
when ng = 1. If ny has been selected, define

g1 =min{m > ng : (|f — fm| > bo) # 0}
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when ng = ng. It is clear that sequence (ny) tends increasingly to infinity along-

side with k, so that (|f — fn,.| > bo) # 0, k¥ € N. Then by assumption some n,, €

{nk : k € N} exists such that z,, (p) < by, for all & > m and p € Ps. Now let
[ee]

E., = U Bn,, (where By, = (|f — fa.l = b0), k € N). Write H,, = By, and for

k=m
k k—1
k>m+1, set Hy,, = ( U an> \ ( U Bn]) . Clearly H = {H,, : k >m} is a
j=m j=m

sequence of pairwise disjoint measurable sets with E,, = |J Hp,. Fix a sequence
k=m
(wi) € Q so that wy € Hy, whenever k > m. Next, let pg € P be a 1st-type E,p,-

dependent optimal measure defined by pg (B) = n,, -max {nik Tw € B} . It is obvious
that H is a pp-generating system. Hence we have on the one hand that z,,, (po) < bo.
Nevertheless on the other hand we also obtain that z,,, (po) >, |fa,, — fldpo >
bo, since po (H,,,, ) = 1. As these last two inequalities contradict each other, the suffi-

m

ciency is thus proved.

Necessity. Assume that f,, — f uniformly, as n — oo. Then for every b € (0, c0),
there is some ng (b) € N such that (|f, — f| <) = Q whenever n > ng (b) . Conse-
quently, for every p € Py, it ensues that z, (p) < g < b, n > ng (b) . This completes
the proof of the theorem. q.e.d.

Lemma 3.1. Let f and f, (n € N) be any m.f.’s. If (f,) tends to f pointwise
(equally or discretely), then limsupB,, = (), where B, = (|fn — f| = ), n € N.

n— o0
Proof. It is enough to prove the lemma for the pointwise convergence, since proving
the remaining cases is similarly done. Assume that limsupB, # 0. Let us pick an

n — oo

arbitrary w € limsupB,,. Then it is clair that limsup|f, (w) — f (w)| = co and hence

n— o0 n— o0
oo
V |fj (w) = f(w)| = oo for every k € N. But since (f,) tends to f pointwise we
n==k j=n
must have that for every constant b > 0 there is a positive integer my = mg (b, w) such
that | fn (w) — f (w)| < b whenever n > mg. Hence b> AV |fj (w) — f (w)| = o0,

n=mgo j=n

oo

which is absurd, completing the proof. q.e.d.

Theorem 3.2. Let (f,) be any sequence of m.f.’s. Then (f,) tends to a m.f. f
pointwise if and only if (z,) tends to 0 pointwise on P« o, where for every n € N,
zn 18 defined on P< oo by 2z (p) = | fr — f| dp-

Proof. Sufficiency. Assume that for all b > 0 and p € P , there is a positive integer
no = no (b, p) such that z, (p) < b whenever n > ng. Then since for every fixed w € Q
the w-concentrated measure p, depends solely upon w € €, index ng (b, p,) also
depends on w. Hence via Lemma 2.2 we have for all n > ng (b, w) = ng (b, py,) that

| fr (W) = (W) = 2n (pu) <.

Necessity. Suppose that for all @ > 0 and w € €2, there can be found some positive
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integer moy = my (a, w) such that |f, (w) — f (w)| < a, whenever n > mg. Assume
further that there is some b > 0 and some p € P. o, such that for every n € N, there
exists some m > n with the property that z, (p) > b. Let Hy,... , Hg be a p-generating
system. Via Lemma 3.1, there is some ng € N, big enough so that f, — f is finite on 2
whenever n > ng. Then for every n > ng, a measurable set Aﬁf exists with Aﬁf ) C H;

and p (Aff)) = 0 such that f,, — f is constant on H; \An , 4 =1,...,k (because

Jj=no j=no

of Remark A). Clearly p ( U A ) = 0, so that the identity p (HZ\ U Ag,i)) =

p (H;) holds. Hence f, — f is constant on H;\ U A whenever ¢ € {1,... ,k} and

Jj=no
n > ng. Fix w; € H;\ U A l), i € {1,...,k}. Then by assumption there must be
Jj=no

some positive integer k( Q- ko (b w;) such that |fn (wi) = f(wi)] <b,n> k(()i). Thus
for all n > ko (where ko = \/ k ) we have that \/ | fro (wi) — f (w;)| < b. Now write

k* = max (kg, ng). Then some integer m > k* ex1sts such that z,, (p) > b. Therefore
(via Proposition 2.1 and Remark A) we obtain that

k
bgzm(p):\/ci-p(HZ 7\/ \/|fm Wz - w1)|<b
i=1 i=1

where for i € {1,... ,k}, ¢; = |fm (W) — f(w)| if w € H;\ U A?). However, this is
Jj=mno
absurd, a contradiction which ends the proof of the theorem. g.e.d.

Theorem 3.3. A sequence of m.f.’s (fn) converges to some m.f. f equally if and
only if (z,) converges to 0 equally on P« , where for every n € N, z, is defined on
P<oo by zn (p) =1 |fn — fldp.

Proof. Necessity. Suppose that there exists a sequence (b,) C (0, co) tending
to 0 and for every w € Q there can be found a positive integer ng (w) such that
|fn (W) — f(w)] < by, for all n > ng (w). It is enough to show that the equal conver-
gence of (z;,) holds true for this sequence (by,) . In fact, assume that for this sequence
(by), there is some p € P, o, such that for all j € N an integer m = m(p) > j
can be found with the property that z,, (p) > b,,. Let Hy,..., Hy be a p-generating
system. Via Lemma 3.1, there is some ng € N, big enough so that f,, — f is finite
on ) whenever n > ng. Then for every n > ng, a measurable set A( exists with

Asf) C H; and p (A% ) = 0 such that f, — f is constant on Hl\A%Z yi=1,... k.

But as p( U A?)) = 0, we can easily observe that p (Hl\ U A?)) =p(H,;),

Jj=no Jj=no

i€{1,...,k}. Hence f,, — f is constant on H;\ U A D for all i € {1,...,k} and

Jj=no
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n > ng. Fix w; € H;\ U A?), i € {1,...,k}. Then by assumption there must
Jj=no

be some positive integer k(()i) = ko (w;) such that |f, (w;) — f (wi)] < bp, n > k(()i).
ko, k

Thus for all n > ko (where ky = \/ k(()z)), we have that \/ |fn (w;) — f (wi)] < by
i=1 i=1

Consequently we have on the one hand that z,, (p) > b,,; But on the other hand,
Proposition 2.1 yields that

k k k
Zm (p) = \/ Ci 'p(Hi) < \/ Ci = \/ |fm (wi) - f(wz)| <bm
1=1 =1 1=1

oo .
(where for i € {1,... .k}, ¢ = |fm (W) — f W) if w € H\ (U A), meaning that
Jj=no
b < by, which is, however, absurd. This contradiction concludes the proof of the
necessity.

Sufficiency. Assume that there is a sequence (b,) of positive numbers tend-
ing to 0 and for every p € P. there exists a positive integer ng (p) such that
zn (p) < b, whenever n > ng (p). Then for each fixed w € Q, Lemma 2.2. entails
that |f, (w) — f(w)] = 2zn (Pw) < by, whenever n > ng (p,,) = no (w). The sufficiency
is thus proved, which completes the proof of the theorem. q.e.d.

Theorem 3.4. A sequence of m.f.’s (f,) converges to some m.f. f discretely if and
only if (zp) converges to 0 discretely on P< o, where for every n € N, z, is defined

on 7)<oo by Zn (p) :ZQ|fn _f|dp'

(The proof is omitted as it can be carried out ”mutatis mutandis” as in Theorems
3.3 and 3.4)

4. Quasi-uniform convergence

Definition 4.1. A sequence of real-valued functions (g,) , defined on a nonempty set
X, is said to converge quasi-uniformly to a real-valued function g if for every given
number € € (0, 1) there exists some nonempty set B. C X and some positive integer
ng = ng (€) such that |g, (z) — g ()| < e whenever n > ng and z € B..

Example 1. Every uniformly convergent sequence of m.f.’s also converges quasi-
uniformly.

Example 2. Let us endow the real line R with the Borel o-algebra B and let (f,)
be a sequence of Borel measurable functions defined by

fn(x):%,neN, z eR.

It is not difficult to see that (f,,) converges to zero pointwise but not uniformly. We
show that (f,,) converges to zero quasi-uniformly. In fact, pick an arbitrary number
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e € (0, 1) and fix any number z € R. Clearly with the choice ny = nyg (g, ) = [%} +1,
we have that ‘—Zl < ¢ for all n > ngy. Now define the set B, = {t € R : [%q < [M} }.

€

Obviously we have that J;J < ¢ for all t € B.. Therefore (f,) converges to zero
quasi-uniformly.

Lemma 4.1. Let f be any m.f., p € Poo, H some indecomposable p-atom with
p(H) =1 and € € (0, 1) any number. Then p(H (N (|f| >¢€)) = 0 if and only if
b | fldp < e

Proof. As the necessity is obvious we shall just show the sufficiency. Suppose that
| fldp < e but p(H((|f] > €)) > 0. Then

€ > yl|fldp
= (2Hﬂ(\f|<e) | f] dp) V (2Hﬂ(|f\25) | f] dp)
= Wn(fize |f1dp
> e pHNO(fl=€).

But since H is an indecomposable p-atom and p (H () (|f| > €)) > 0, it ensues that
p(HN(|f] > €)) =p(H) = 1. Consequently we must have that € > €, which is absurd,
indeed. This contradiction concludes the proof. q.e.d.

Theorem 4.2. Let f and f, (n € N) be any m.f.’s. Then (f,) tends to f quasi-
uniformly if and only if (z,) tends to 0 quasi-uniformly on Ps, where z, (p) =
| fn — fldp with n €N, p € Py

Proof. Sufficiency. Assume the quasi-uniform convergence of (f,), i.e. for every
e € (0, 1) we can find some nonempty measurable set B and some positive integer
ng = no (€) such that

Bs C (|fn—f|<§),n>n0.

Write Po (€) = {p € Poo : p (2\Bs) =0} . We note that Po () # 0, since each Ist-
type Be-dependent optimal measure belongs to Poo (€) . Clearly for all n > ng and
D € Poo (€)

€
ZQ|fn—f|dPZZB§ |fn—f|dp§§<e.

Necessity. Assume the quasi-uniform convergence of (z,), but (f,) fails to converge
quasi-uniformly to f. Then the latter assumption means that for some €, € (0, 1), all
nonempty measurable sets B and every positive integer mg there exists an M > my
such that (|far — f| > €x) (B # 0. Nevertheless, because of the former assumption
there can be found some Po; (€.) C Po and some integer m, = my (ex) > 1 such
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that z,, (p) < € for all m > m, and p € Py (€x). Let us fix some p € Pu (€4) with
(Hy) its generating system so that z,, (p) < €, whenever m > m,. Then Proposition
2.1 entails that i, |fm — f|dp < €, for all k£ > 1 and m > m,. As the Fundamental
Theorem guarantees that klin;o p (Hi) = 0, there must exist some integer 7 such that

p (Hj) = 1. Next, noting that the conditions of Lemma 4.1 are met, it results that
p((|fm - f| > f*) ﬂHJ) =0, m > m,. Write

S = H;\ ( U (Ufm-1s12 e*mHj)) = H;\ ( U (m-112 e*>> :
TM=" 4 TM=" 4

It is not difficult to see that (|fm — f| <e))S = S, m > m.. Consequently,

since we have rather assumed the negation of the conclusion, some integer i > m.

must exist so that (|f; — f| > €.)[)S # 0. This, however, is in contradiction with

(Ifi = fl < ex)(S = S, which ends the proof of the theorem. q.e.d.

5. Concluding remarks

I would like to simply note that when preparing those two works (see [1-2]) I
was not aware of the existence of the so-called ‘maxitive measures’ proposed by N.
Shilkret. in [7]. Hereafter one can find a briefing of his work.

By a-mazitive measures, i.e. set functions m : F — [0, oc0), satisfying the condi-

tions m () = 0 and m (U Ez> = supm () for every collection {E;},.;, C F, where
i€l il

F is a ring of subsets of an arbitrary nonempty set €2; it is called a maxitive measure
if I is finite or countably infinite. Shilkret realized that maxitive measures are not in
general continuous from above and he proved that: A mazxitive measure m is continu-
ous from above if and only if the following assertion is false “There exist some k € N
and some sequence of measurable sets {E;} C F such that % <m(E;) <k, ieN”
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