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1. Introduction

This note is a survey of our recent results [3, 4, 7]. We here focus on concrete problems
and we refer the reader for proofs of results and for an abstract setting of problems
to the above mentioned papers.

P. Holmes and J. Marsden in [10] studied a forced partial differential equation of
a beam of the form

_ L2 = _
Wyt + Wezgr + TWey — K (fo wi(s,t) ds) Wep = € (qcoswt — dwy) (L)
w(0,) = w(l,") = we(0,:) = wyer(1,-) =0,

where I' = external load, £ = stiffness due to “membrane” effect, § = damping, and € is
small. They shown the existence of a Smale horseshoe. Consequently, (1.1) possesses
an infinite number of subharmonic weak solutions. The new way in this direction is
established in a series of papers by D.W. McLaughlin, J. Shatah, E.A. Overman II, S.
Wiggins, C. Xiong and Y. Li [14-16]. They studied perturbed nonlinear Schrodinger
equations and perturbed sine-Gordon equations.

We study in [3] a forced sine-beam partial differential equation given by
Upt + QUgrer + sinu + 7(x) = esint

2
w(z+1,t) = u(z, t), (12

where o > 0 is a constant, 7 is continuous, 1-periodic satisfying fol 7(z)dx = 0 and
€ € R is a small parameter.
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A modified version of (1.1) is investigated in [4] of the form

Utt + Uzzre + Puzz + p (fol u2($7 t) dS, fol u%(sv t) d$> ngu = Eq(l') CoS %
w(0,+) = u(l,) = Uz (0,+) = uge(L,-) =0,

(1.3)

where Dy u = —ug,, DS, is the &power of D,, in L2(0,1), 0 < ¢ < 1,T € R,
pe C*(RxR,R), p(0,0) =0, ¢ € H*(0,1) N H}(0,1), T > 0 and € € R is a small
parameter.

We assume that « is sufficiently large and also consider a limit ordinary differential

equation of (1.2) as & — oo of the form
i+ sinu = esint. (1.4)

It is well-known [8, 18] that for € # 0 sufficiently small, (1.4) exhibits a chaotic
behaviour. In particular, it has an infinite number of subharmonic librational solutions
with periods tending to infinity.

Similarly, if we put
u(z,t) = 2(t)V/2sin mx
in (1.3) with e = 0 [10, 11] we arrive at an ordinary differential equation
413 (n? =Dz +p(22%, 7222 =0. (1.5)
By assuming
I >n% pz,722) =Kz VY220 (1.6)

for a constant k > 0, (1.5) becomes the Duffing equation [8]. It is well-known that
the Duffing equation possesses a one—parametric bounded family of periodic solutions
with periods tending to infinity.

We note that (1.2) and (1.3) are undamped and (1.1) is damped for € # 0. For
this reason, we show in [3, 4] only the existence of finitely, but arbitrarily many
subharmonic weak solutions of (1.2) or (1.3) persisting from (1.4) or (1.5) when o« — oo

1

or e is sufficiently small and [ ¢(z)sin 7z dz # 0, respectively.
0

A damped case of (1.1) is studied in [7] of the following form: The boundary value
problem for planar deflections of an elastic beam with a compressive axial load " and
pinned ends is

i =—u" —Tu' + [foﬂ (u/(s))? ds} u’ — 2p90 + py coswot, 7)
uw(0,t) = u(m,t) = u"(0,t) = v’ (m,t) =0,

where u(x,t) is the transverse deflection at a distance x from one end at time ¢. In
(1.7), a superior dot denotes differentiation with respect to ¢ and prime differentiation
with respect to z. We consider the p; terms as perturbations.
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Our first step is to consider the linearized, unperturbed problem and compute the
eigenvalues at the origin which are \,, = n?(n? —T) and corresponding eigenfunctions
on(z) = sinna for n = 1,2,---. For small T the origin is a center with the first
bifurcation occurring at I' = 1, the first Euler buckling load. The corresponding
eigenfunction, ¢;(x) = sinz, is referred to as the first buckled mode. When T is
sufficiently large, (1.7) can exhibit chaotic behavior. The first work on this was done
by P. Holmes [9] and extended by P. Holmes and J. Marsden [10, 11]. Some more
recent work on the full equation is by H.M. Rodrigues and M. Silveira [19], S.W. Shaw
[21] and by M. Berti and C. Carminati [2].

In (1.7) substitute u(z,t) = Y po; u(t) sin kz, multiply by sinnz and integrate
from 0 to 7. This yields the infinite set of ordinary differential equations

o0
tin, = n%(T — n?)u, — %nz lezuzl Up, — 22Uy + 2141 COS Wol
k=1

n=1,2-.

We see that the linear parts of these equations are uncoupled and the equations
divide into two types. The system of equations where 1 < n? < I' has a hyperbolic
equilibrium at the origin whereas, for n? > I this equilibrium is a center. Infinite sets
of ordinary differential equations are also investigated in [20)].

For simplicity let us assume 1 < I' < 4. Then only the equation with n = 1 is
hyperbolic while the remaining equations have a center. To emphasize this let us

define p = uy and ¢, = upy1, n = 1,2,---. The preceding equations now take the
form

) T . .

P=a%p— 5 p? + Z(k +1)%q% | p— 2p2p + 21 coswot

k=1
Gn = —w2gn —F(n+ 12 [P+ > (k+ 1)211;3] an (1.8)
k=1
. (71)7’744'1

—2p12Gn + 211 coswolt, n=1,2-,

m(n+1)

where we have defined a®> =T — 1 and w2 = (n + 1)?(n + 1)2 — T In (1.8) we project
onto the hyperbolic subspace by setting ¢ = 0 in the first equation of (1.8) to obtain
what we shall call the reduced equation. In our example this is

. 2 T 3 . 4

p=ap—3p — 2u9p + ;ulcoswot. (1.9)
We see that this is the forced, damped Duffing equation with negative stiffness for
which standard theory yields chaotic dynamics. The purpose of [7] is to show that
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the chaotic dynamics of (1.9) are, in some sense, shadowed in the dynamics of the full
equation (1.8).

2. The problem (1.2)

By using the results of [18, p. 253], we know that (—m,0) and (m,0) are hyperbolic
fixed points of the ordinary differential equation

T=vy, Y=—sinx (2.1)
joined by the upper separatrix
(v,%), y=m—4tan"t(e7?).

We consider (1.4) as an ordinary differential equation on the circle S = R/|0, 27].
Then (2.1) is defined on the cylinder S*™ x R 3 (z,y) and (-, 0), (7,0) are glued to
a hyperbolic fixed point of (2.1) joined by the homoclinic orbit (v,%).

We note that A\, = 1674k, k € Z, = {0} UN are eigenvalues of gz, with the
periodic boundary value condition of (1.2), and

Z 3 +i _Z 3 N 1 181
Ve /) Ar2m?2 - 16mmA ) 1440°

A>0 m>1

We need the following lemma.
Lemma 2.1. ([3]) Let D € N. If S(d) is the set of all w> 1 satisfying

n
‘w B 47r2k2‘ = 167m4k4 Vk>0,VneZy

with 0 < d < 1674, then

181
>1_ =
m(S(d)N[D,D+1]) >1 720d,

where m(+) is the Lebesque measure.
Now we can state the main result of [3] concerning (1.2).
Theorem 2.2. ([3]) Let8 > p > 5 and 0 < d < 720/181. There are constants
K1 >0, K9 > 0 such that for any 1 > |e] >0, m € N, 0 < n <1 satisfying
1 Kl m
(12 <" S e e © (),

1

(1.2) has a 2rm—periodic weak solution u,, with a= T

satisfying

—mm<t<mtm

1
max /um(x,t) dx —y(t — 0m)| < Kale]
0
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for some 0., € [—Ka, Ko).
The above results can be modified also to the equations
Ut + QUgger +sinu + 7(x) = ecost, u(z,t) =u(l —x,t)
U (0,8) = U (1,8) = Uy (0,8) = U (1,8) = 0,
and
Ut + QUgzee + 2u® — u+ 7(7) = ecost

2.3
w(z+1,t) = u(z, t), (23)

where o > 0 is a constant, 7 is continuous satisfying fol T(x)dr =0 and e € R is a
small parameter. Moreover, 7 is either symmetric with respect to x = 1/2 for (2.2) or
1-periodic for (2.3). We note that the limit equation of (2.3) as o — oo is the forced
Duffing equation given by

i+ 2u® —u = ecost.

We end this section with an existence result following directly from [3, Theorem 2.9].
Theorem 2.3. Let 0 < d < 720/181. The equation

Ut + QUgzrr +u+ Osinu + 7(x) = esint
u(z+1,t) = u(z,1),

where T is the same as in (1.2) and 0 < 6 < 1, has a unique 2w —periodic weak solution
for any e € R and « satisfying

> (14)%/d* and ae S(d).

3. The problem (1.3)

In this section we recall some results of [4] concerning (1.3). We note that
Aj=m2j? (x5 —T), jeN

are the eigenvalues of the linear part of (1.3) given by wyzpe + [y, with the corre-
sponding boundary value conditions.

Lemma 3.1. ([4]) Let D > 0 and p > 1/4. If S(c) is the set of all T > 0 satisfying

AT
2

A? [sin >c YjEN: j2>T/n?,
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where ¢ > 0 is a constant, then the Lebesque measure of the complement
R\ S(c))N[D, D +1]

satisfies

2cm c 2c2w
m((R\ S(e))N[D,D+1]) < ——+t+ .
ppems 2\t e

Now we can state the main result of [4] concerning (1.3).

Theorem 3.2. ([4]) Consider (1.3) with0 <& <1, 72 <T <32 Let1>¢>0
and let (1.6) hold. If fol q(z)sinmx dx # 0 then for any p € N, T satisfying

V2 e L c
Tom P S Ry il -

and pT € S(c), the equation (1.3) has a pT—periodic weak solution for any € suffi-
ciently small. Moreover, if 0 < £ < 1/2, then m (S(¢)N[D,D+1]) - 1 as ¢ — 04
uniformly with respect to D > 0.

Roughly speaking, Theorem 3.2 asserts that (1.3) with 0 < ¢ < 1/2 and 72 < T <
372, has many subharmonics for e sufficiently small when ¢ and 72 — T are sufficiently
small. On the other hand, since we do not know the structure of the set S(c), we
do not know a concrete case for pT'. This result can be related to the KAM theory
[13]. Furthermore, Lemma 3.1 gives that the Lebesque measure of S(c) tends to 1
as ¢ — 04. We note [4] that now p = (1 — £)/2 in Lemma 3.1. Consequently, we
put ¢ = (I' — 72)%/* in Theorem 3.2, and the assumptions of Theorem 3.2 take the
following form

2 1 1
VT — 2 46\ /R4 2(Ar 1€ (T — w2)3/

Summarizing we obtain the following result.
Theorem 3.3. ([4]) Let 1/2 > £ > 0 and n*> < T' < 3n%. If (1.6) holds and

pT € S((F*’/TQ)) .

1
[ q(z)sinmxdz # 0, then the smaller T — 72 > 0, the larger number of subharmonic
0

weak solutions of (1.5) persists for (1.3) when € is sufficiently small.

The above results deal with the bifurcation of subharmonic weak solutions. Now
we formulate some results about the existence of periodic weak solutions for (1.3).

Theorem 3.4. ([4]) Let 1/2 > &£ >0 and T € R\ {r?j2 | j € N} be arbitrari. For
almost oll T > 0 (in the sense of the Lebesque measure), there is a small T —periodic
weak solution of (1.3) for any € sufficiently small.

We do not know the form of 7" in the above result. Particular results with concrete
T and T are given bellow. Related results are proved in [1, 12, 17, 22, 23].
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Theorem 3.5. ([4]) Consider (1.3) with 1 > £ > 0. If Tr € Q and /7% ¢ Q,
then there is a small T—periodic weak solution of (1.3) for any e sufficiently small.

Theorem 3.6. ([4]) Consider (1.3) with & = 0. If T = 2Q/x, T = 2mn?/,
where m € {—1,0} and Q > 0 has the infinite continuous fraction decomposition
[17] @ = [ao, a1, a9, -] such that a; < MVi € Z for a constant M € N satisfying
m2(M + 2) < 2Q, then there is a small T-periodic weak solution of (1.3) for any e
sufficiently small.

We remark that Theorem 3.4 provides a more general result than Theorems 3.5
and 3.6, while Theorems 3.5 and 3.6 give concrete forms of T' and I' for the ex-
istence of periodic solutions of (1.3). For instance, Theorem 3.6 is valid for Q =
(M ++M?+4M) /2, M € N and m € {—1,0}.

Results like above are obtained in [4] also for the equation

Ugt + Ugzaz + [Uze + P (f()2 u2(57 t) ds, f02 Uz (87 t) dS) D;Eclu
= ¢ (q1 () cos 2 + go(z) sin ZF) |
u(z, ) =u(x+2,) VeeR,
where &, T, p are like in (1.3), DS, is the £&-power of D, in L2(R/2Z), ¢1.2 € H*(0,2)
and qi 2 are 2-periodic satisfying

f02 q1(z)cosTrdr =0, f02 @(z)sinTtrdr =0,

f02 q1(x)sinma dx # 0, f02 q2(x)cosTrdr #0.

4. The problem (1.7)

The reduced equations of (1.9) are

T1 = T2, il
2y _mgd_o 4 , (4.1)
To = a“xy 5 1 Mgl‘z-ﬁ-ﬂ_/}/l COS Wo

obtained by setting ¢ = 0 in the hyperbolic part of (1.8). When p = 0, (4.1) has a
homoclinic solution given by v = (r,7) where r(t) = (2a/+/7 )sech at. The Melnikov
homoclinic function M for (4.1) [7, 18] becomes

8 16a3
M(p,a) = [ﬂ sin wpasech M} y — a .

N 2a 3

Thus, the conditions M (g, ag) = 0, (OM/0c) (o, ag) # 0 are satisfied for all pg such
that

l’I’O,2
p’O,l

3\5%;00 sechw—w0 .

< 2a
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We now obtain the following result from [7].

Theorem 4.1. There exists a constant C > 0 so that whenever ugy satisfies

C< % < %sech% there exists a corresponding & > 0 such that if 0 < £ < &,

if the parameters in (1.7) are given by p= Euo and po2 7 0 then (1.7) is chaotic. In
the nonresonant case, i.e. if wg # wy for all n, then C = 0.

It is interesting to look at some history of this problem. The first work was by
P. Holmes [9] in which he started with the partial differential equation and carried
out the Galerkin expansion but restricted his analysis to the reduced equation. The
significance of that work is that it introduced the idea of Melnikov analysis. In
subsequent work [10, 11] P. Holmes and J. Marsden extended the results to infinite
dimension but abandoned the Galerkin approach in favor of nonlinear semigroup
techniques directly in infinite dimensions. In our work [7] we go back to the original,
simpler analysis of the reduced equation and then show that the results apply to the
original partial differential equation. Some advantages to this are that the Galerkin
projection is a technique familiar to many engineers and physicists and, also, we are
able to utilize general Melnikov results in Section 3 of [7] and Palmer’s important
results of [18]. This is illustrated further in [7] for the following generalizations:

— Nonplanar motion of a symmetric beam with one buckled mode.

— Nonplanar, nonsymmetric beam with one buckled mode in each plane.

— Planar motion of a symmetric beam with multiple buckled modes.

Acknowledgement: Partially supported by Grant GA-MS 1/6179/00. This paper is in
final form and no version of it will be submitted for publication elsewhere.
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