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1. INTRODUCTION AND NOTATIONS

Leth € BMO(R") and let T be the Calder6n-Zygmund operator. The commutator
[b,T] of b and T is defined by

(6. TI(f)(x) =b(x)T(f)(x) =T (bf)(x).

A classical result of Coifman, Rochberb and Weiss (see [3]) states that the com-
mutator [b, T] is bounded on L?(R"), (1 < p < o0). In [2] and [5], boundedness
properties of the commutators for the extreme values of p are obtained. In this pa-
per, we will introduce the multilinear commutators of Littlewood-Paley operators and
prove boundedness properties of the operators in the extreme cases.

First let us introduce some notations (see [1],[4L[8],[9],[10]). Throughout this
paper, Q will denote a cube of R" with sides parallel to the axes. For a cube Q
and for a locally integrable function f, let fo = |Q|™! /. 0 f(x)dx and f*(x) =

sug 0|} fQ | f(»)— foldy. Moreover, f is said to belong to BMO(R") if f* €
x€

L and define || f||apmo = || f¥||Lo. We also define the central BM O space by
CMO(R"), which is the space of those functions f € L;,.(R™) such that

1 llewo =supl0O.NI™ [ 17()~ foldy < ox.
r>1 o
It has been known that(see [9])

1/ lleso = sup|Q(o,r)|—1/ 1f()— foldy < oo.
r>1 [0}
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Also, we give the concepts of the atom and H ! space. A function a is called as a H !
atom if there exists a cube Q such that a is supported on Q, ||a||r~ < |Q|™! and
Ja(x)dx = 0. It is well known that the Hardy space H L(R™) can be characterized
in terms of the atomic decomposition (see [4], [9]).

Definition 1. Let0 <§ <nand 1 < p <n/§. We shall call Bg(R") the space of
those functions f on R" such that

1£11gg = supr™MP= M1 fx o lLr < oo.
r>

Definition 2. Let ¢ > 0, n > § > 0 and let ¥ be a fixed function that satisfies the
following properties:

D [¥(x)dx =0,

2) [P ()] = C(1+|x )=+,

3) [¥(x+3) =¥ () = ClyP(1+]x =1+ when 2|y| < |x[;

We denote I'(x) = {(y,t) € R'J’r+1 :|x — y| < t} and the characteristic function of
I"(x) is written as x r(x). Let b= (b1, ,bym) withb; e BMO(R") for 1 < j <m.
Then the multilinear commutator of our Littlewood-Paley operator is defined by

- ; dydt'/?
S = [ [] IO P ] ,

where "
e = [ TTow=b @t =2 ez
Jj=1

When m =1, set

dydt1'/?
SP(F)() = [ [] LIPS ] ,

where
FNe) = [ 00 =be)vly =2 £()dz
and ¥, (x) = 1"y (x /1) fort > 0. Set F;(f)(x) = f * ¥, (x), we also define

dydt"?
S5(f)(x) = [//F( )|f*wt<x)|2t,f+f] ,

which is the Littlewood-Paley operator (see [1][6, 7][10]).

Let H be the Hilbert space H = {h : ||h|| = (ffRn+1 |h(y.0)|2dydt )" t1H1/2
+

< 0o}. Then for each fixed x € R”, F;(f)(x,y) may be viewed as a mapping from
[0,400) to H. It is clear that

Ss(H)) = lxreF (O and SEH@) = llxro FEAOI-
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Given a positive integer m and 1 < j < m, we denote by C jm the family of all finite
subsets 0 = {o(1),---,0(j)} of {1,---,m} of j different elements. For o € ij,
set 0¢ ={1,---,m}\o. For b = (by,--+,byy) and 0 = {o(1),---,0(j)} € C", set
bo = (bo1).*+bo())s ba = b1y~ by and set
[1bsllBMO = lIbs(yllBMO -+ |Ibs(j)|IBMO-
2. THEOREMS AND PROOFS
We begin with a few preliminary lemmas.

Lemmal. Let1 <r <oo,b; € BMO(R") for j =1,--- k andk € N. Then we

have
1 k k
@/ [ 116 —®peoldy <C [T 1IbjlIBao
0, =1
and
1 k 1/r x
|_Q|/ l_[ bj (y) = (bj)ol"dy <C 1_[ [1bjllBMmoO-
2, e

Lemma?2. LetO<d<n, 1l <p<n/6and1/q=1/p—35/n. Then Sg is bounded
from LP(R") to L4(R").

Theorem 1. Let0 <8 <nandb = (by,- ,by) withbj € BMO(R™) for 1 < j <
m. Then S is bounded from L™/3(R") to BMO(R™).

Proof of Theorem 1. It is necessary only to prove that there exist a constant Co
such that

1 .
@/Q IS2(f)(x) = Coldx < C||f|ns.

Fix a cube Q = Q(xo,r), we decompose f into f = f1+ f> with fi = fxg., fo=
Tx®m0)-
When m = 1, set (b1)p = |Q|_1fQ b1(y)dy, we have
FPN ()
= (b1(x) = (b1) @) F: (/) (¥) = Fi (b1 — (b1) @) f1) () — Fe (b1 = (b1) 0) 2) (¥),

SO

ISP (f)(x) = S5(((b1) @ —b1) f2)(x0)]
=t F2 ) @ =11 reoy Fr (1) @ = b1) ) )

< xre FP ()0 9) = 1o Fr (((01) o —b1) £2) 0]
<|Ixreb1(x) = b1 ) Fr (/W + 1 xre) Fr (((b1) g —b1) frYW)
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+Ixre) Fr((b1—(b1) ) [2)(¥) = X r(xo) Ft (b1 — (b1) 0) 2) (D)
= A(x) + B(x) + C(x).

For A(x), set 1 < p<n/8, 1/g=1/p—38/n and 1/q +1/q’ = 1. By Holder’s
inequality and Lemma 1,2, we have

1 s\
Q/Q|A(x>|dx (|Q|/ by(x) - (1)l dx)

1/q
(|Q| / ISs(f)(X)IqXQ(x)dX)

» 1/p
< C||b1||BMO|Q|q (/ | £(x)] )(Q(x)dx)

= C”bl||BMO@||f||L”/5|Q|(1 §p/m)p

= CliballBmoll flIgnss.

For B(x), take | <r <n/§ and 1/s = 1/r —§/n, then by Holder’s inequality we
have

! 1 1/s
@/Q |B(x)|dx < (@/I;n(Ss((bl(x)—(bl)Q)fl)(x))sdx)
<C|Q|_1/s||(b1(x)_(bl)Q)fXQ”Lr
1/s
<C(1g1 Jo o= emotas) sl

= ClbrllBamoll fllpnss.

For C(x), we have

C(x)
2 gyar ]'?
< [//RTI (/Qc|Xr(x)_Xr(xo)Hbl(Z)_(bl)Q||%(y—z)llf(z)|dz) tr)1;+1i|
" dydt
5c[Qc|b1(z)—(bl)Q||f(z)||//|x_y|st e -

// tl—ndydt |1/2dz
wo—yl<t (t +|y —z[)2n+2-28

§C/ 1b12)— (b1l £ )]
QC
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1
X
(/ /IyISt,|x+y—z|5t (t +|x + y —z[)2n+2-28
! dydt 1/2d
(t + |xo +y —z|)2n+2-28 | (1 Z

= [ = enell e

- 1/2
|X—X0|l1 n )
dydt dz,
(‘/»/|Y|St,|x+y—z|5t (Z+|x+y_z|)2n+3_25 y

note that 2¢ + |x + y —z| > 2t + |[x —z| —|y| > ¢ + |x —z| when |y| <t and

o tdt —C|x—z|_2n_1+28
o (t+|x—z|)2n+3-28 - :

Then, for x € Q,
C(x)

= [ i@ - boll f@llx -0l
QC

11" dydt 1/2
dz
([ [yISt (+|x —Z|)2n+3—28)

= C/QC b1(z) — (b1) o] f(2)|]x —xo|*/?

o tdt 1/2
d
(/0 (t + |x_z|)2n+3—28) 2z

<c| b o —x|'2
= [ @ -l

1/2

o0
C |xo — x|
= b — S it B B
B ,;Lk+lQ\2kQ| He) = 1)QHf(Z)'|x0_z_|n+1/2—5 <

00 k/ 1 J(1—5) (n—8)/n
L7 _ n/(n—=8) 4
- CI;Z (IZ"QI /sz P12)=(b1)ol Z’)

8/n
(/ |f(Z)|"/8dz)
2kQ

o0
<C Zk2_k/2||b1||BMO||f||L”/5
k=1

< Cllb1llBsmoll flIpns-
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When m > 1, set I;Q =((b1)g.,"* . (bm)o) € R", where
(bj)o = |Q|_1fQ bj(y)dy, 1 < j <m. Then we have
FP(f)(x.y) = (b1 (x)— (b1)@) -+ (b (x) = (bm) @) F: (f)(¥)
+ (=)™ Fe((b1 = (b1) @) *** (bm — (bm) 0) /) (¥)
m—1
FY 2 OG0 -boly [ (B ~boler iy —2)f ()
j=lgecr R
= (b1(x) = (b1) @)+ (b (x) — (bm) @) Ft (f ) ()
+ (D" Fi (b1 = (b1) @) -+ (bm — (bm) 0) /1) (¥)
+ (D" Fi (b1 = (b1) @) -+ (bm — (bm) 0) /2)(¥)
m—1
+ 303 ()" (B(x) = bg)e Fi((b—bg)ae f)(x. ).
j=1 aeC/m

thus
1SZ(f)(x) = S5(((b1) @ —b1) -+ ((bm) 0 — bm) f2)(x0)|

=< ||XF(X)F),‘Z(f)(X’y) — X1 xo) Fr ((b1) @ —b1) -+ ((bm) @ — bm) f2) ()|
< xre G1(x) = (b1) @) -+ (bm (x) = (bm) @) F1 (/) (W)

m—1
+3° 3 ltre () —bo)s Fi((b—bg)ee £)(x.7)]]
j=loeCy
+ 11X Fe (b1 = (b1) ) -+ (bm — (bm) 0) [ (W)
+lxre F ([ [0 —®)0) )0 = xrao F ([ [ = 6 0) L)W

Jj=1 j=1
= I1(x) + I2(x) + I3(x) + 14(x).

For I1(x), by taking 1 < p <n/é and 1/g = 1/p —§/n, and by Holder’s inequality
and Lemma 1,2, we have

1
— d
IQI/ hi(x)dx

1/q’ V4
q q
(IQ[ | |(b (x) = (b))l dX) (|Q|/ [Ss (/) ()] dX)

- 1/p .
<C|bllmol Q|7 (fQ If(X)Ipdx) < ClbllBmoll fllpnss.
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For I»(x), if wetake | < p<n/§and 1/q =1/p—§/n, then

é/ I>(x)dx

_Z 2 101 ), 100 =Bo)elISs(B=Bo)or S Idx
IQI

jleC’"

1 5 R , 1/q’
<C Z > (@/Q|(b(x)—bg)g|q dx)

j=10€Cf
1 .- 1/q
— Ss((b—>0bp)ge 4.
(|Q|/Q| 5((B—B0)ec) ()| x)

n- .. 1/q
Z 6o |lBM0| 014 (/Rn |(b(x)—bQ)(,c)f(x)V’xde)

IA
~
M

1/q
Z 166 ||BM0(|Q|/ |(b(x)— bQ)a|qu) I|.f1pnss

eC’”

scz > NlbsllBaollboc|lBroll 11 ass

] — m
J—loeCj

< C|lbllBmoll fllpnss.

For I3(x),take l < p <n/§and 1/q =1/p—35/n, so we get

1
@/ I3(x)dx
1/q
(|Q| / 15 (1 = (51)0) -+~ (b —(bm)Q)f1)(X)quX)
< C1OI™M]]((by (x) = (1) @) -+ (b () = (Bar) @) f1 (X)L
C ! b b b b 4, v
< (@/Q|(1—(1)Q>---<m—(m>g>| x) T

< C||bllBmoll fllpnss.
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For 14(x), similary as in the proof of C(x) in Case m = 1, we have

m
I4(x)SC/ o —x|" 2o — 2|~V [T (2) — (B)) @)
QC

| f(2)ldz
J=1
o0 m
<C / xo — x| |x0 — 2|72 T T (b (2) — (b)) 0)| | f (2)|dz
;} i grag 0 IR0zl 1:[1 j 7)0)| 1/ ()]
= J
—k/2
<CZ |2k+1Q|1 — /W (b (@)~ (b)) o)|1 f(2)ldz
<y ke Lo / (b ) -bag)|  dy £ 11w
o 2k Q|
< CllblIzaol| f1lnss.
This completes the proof of Theorem 1. U

Theorem 2. Let0 <38 <n, 1 < p<n/§andb = (by,-+,by) withb; € BMO(R™)
for1 < j <m. Then Sgb is bounded from Bg (R™) to CMO(R").

Proof of Theorem 2. 1t suffices to prove that there exist a constant Cp, such that

1 -
@/Q IS2(/)(0)— Coldx = Il 11

holds for any cube Q = Q(0,r) with r > 1. Fix a cube Q = Q(0,r) with r > 1.
Set fl = fXQ, fz = fXRn\Q and bQ = ((bl)Q, ’(bm)Q) c Rn’ where (b])Q —
|Q|_1fQ |bj(¥)|dy, 1= j <m.Then we have

ISECF)(0) = S5 (1)@ —b1)-++ ((bm) @ — bm) f2) (x0)]

< xre B1(x0) = (B1) @)+ (bm (x) = (bm) ) Fe (S YW
m—1

+3° 3 lxre () —bo)s Fi((b—bg)ee £)(x. )]
j=IU€C;"

+ X re) Fi (b1 = (b1) @) -+ (bm — (bm) @) S (V)]

+lxreF ([ [0 — )0 L)) = xran F ([ [ = 6 o) L)W
Jj=1 j=1
= Hi(x)+ Ha(x) + H3(x) + Ha(x).
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For Hy(x), we take 1 < p <n/§, 1/s = 1/r —§/n. By Holder’s inequality and
Lemma 1,2, we have

IQI/ Hi(x)dx

1/q’ 1a
(|Q|/ JOEE (b)Q)qu) (|Q|/|Ss(f)(X)lqu)

. 1/p
< CliBlizmolo Ve ( /Q If(X)I”dX)

< Clibllzmod "2~ /™| fxollLr
< CllbllBaoll f1lps-
For H(x), taking 1 < p <n/8, 1/s =1/r—§/n, and 1/s" + 1/s = 1, we obtain

that
1
— d
|Q|fQH2(") X

m—1 1/s’
<y ¥ (g [, 1Bo—bootax)
P

eC”’

1/s
(IQI/ 1S5((b—bo)oc) () dx)

m—1 . . . 1/r
<cC Z 1bo l|Baol Q171 ( [R ) I(b(x)—bQ)av)f(x)I’Xde)

(p—r)/pr
<CZ Z ||b ||BM0(|Q|/ |(b(x) bQ) |pr/(17 r)dx)

j= loeCm

101C/"=1P)| fyollLr
m—1

<C > Y lIbsllamollboc|lBrod "M P=5/| frollLr
j=106Cf

= ClIbllamoll f1lps-
For H3(x), taking 1 < p<n/§,1/s=1/r—38/nand 1/s'+1/s = 1, we get

IQI/ Ha(x)dx
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1/s
(|Q| / 115 (b1 = (b1) @)+ (b — (b)) fOF dx)
< ClOIY5(1((b1(x) = (b1) @)+ (b (x) — (bm) ) f 10|17
<¢ (g7 L 11— B0y~ (b= (b >|P’/(P—’>dx)(p_r)/m
= |Q| 0 1 1)0 m m)Q
d=" P8 Im| £y ol Lp
< Cllbllsmoll I gs-

For H4(x), we have

Hy(x)

S
R Qc

2
" dyd
]_[bj(Z)(bj)th(yZ)llf(Z)le) t,ﬁf
j=1

1/2

ot m
_11/2 _ o |—(n+1/2-6) . _(h.
Z/ R e e @ - 6ol @)ldz

Jj=1

1
ka1
<CZ 2k Q|- 8/”/ | f()ldy
k=1
p/(p—1) (p—1)/p
1 m
<C 2—k/2— / ]
kzl |2kQ|l 3/7’1 ZkQ ]—1 ’ y
1/p
X(/ZkQ|f(J’)|pdy)
p/(p—1) (p—1/p
o0 1 m
<C 2—k/2 / b, o )
- lc;l |2kQ| 2kQ ]‘1:[1(1()}) (bj)20) 'y

x |25 Q=P8I kol
< Clibllmoll flps-

This completes the proof of Theorem 2. O
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Theorem 3. Let0 <8 <nandb = (by,-- . by) withbj € BMO(R™) for 1 < j <
m. Assume that the following inequality holds for any H(R™)—atom a supported
on a certain cube Q and for u € Q.

b(x)—bo)ee
IOV [I( (x)— bo)oc]

j=1¢7€C1’77

2 dydt
( [] . ([Q |(b(z)—bg>owt(y—u)a<z>|dz) ,n+1) dx

<C

Then SSZ is bounded from H(R™) to L™ =) (Rm).

Proof of Theorem 3. Let a be an atom supported in some cube Q and u € Q. We
write

| ist@ore-ax
Rn
= /2 . |57 (@) ()" D dx 4 /( o 1S (a) ()" D dx =1 +11.

For I,take 1 < p <n/d and 1/q = 1/p—§/n. Then we have
b -5 — — -5 - -
I < @I o=/ =D0) < cja) |1 =) < ¢

For 11, we first calculate F, ,b (a)(x). When m = 1, we have

P @ =] [ 1 =-2a@ b - g)ds
1 000 =2 == 0001 @) - b))

T / V(v —u)(b1(2) — (1) 0)a(2)dz]
o
=V} + vy +j,
SO
SPU(@)(x) = |l xreo) FP @) (e, )|

dydt\/? dydt\'/?
S// P2 +[/ g P24
e n+1 oo it
([ e ”
I'(x) 3 th+1
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= A'(x)+ B'(x) + C'(x).

For A’(x), we have

A'(x) = S5(a)(x)[b1(x) = (b1) o],

(n—8)/n
(/ (A () (”"”dx)
29)°

(/ [1b1(x) = (b1)ol

1/2
(// I/(%(y 2)— v (v —u))a(z)dz|? n+1) 1/ 0=8) ) (n=8)/m

<Clo|"¥M|a]| Lo

ad |2k |8/n n/(n—=8) (n—38)/n
Z 2k+10 |2k|(—n+8)/n| 1(x) — (bl)Q|) dx
k=1

o0 . =) (n—=38)/n
27RE _ n/(n—
L N e L, 11000 i)

k=1

thus

< C||b1llBmo-

For B’(x), we have

B'(x)

1/2
tu —z|® 2 dydt
(//m) Q(z+|y e 5|a(z)||b(z)—(b1)gld1) P

tdt 1/2 .
C(/o (1 + |x —u|)2(r+1+e— 8)) /Q|“—Z| la(z)||b1(z) — (b1)oldz

< C|lb1|lpmolx —u[~@ D01/ 4| oo,

thus

(n=8)/n
( / (B'(x))"/ ("_‘”dx)
20)¢

> oi+en \MeD 70T
< C|lb1llmollallLe= Z/zkHQ\sz (W) dx
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o
<Cll|b1llBmo Y 27
k=1
< Cll|b1llBmo-

From that we know, if

/ (' () Ddx
(2Q)¢

=/(2Q)C[(//m) (/Qubl(z)—(bng)
2 dydt)l/z}”/(”“”

Vi (y —ua(z)|dz) e

then
| Isp@ep/edas <c.
Rn

When m > 1, we have

IFb(a)(x.y)| <

[16;00-®o) [ ity -21a1az
j=1 0

530>

jp— m
]—laeCj

(b(x)—bg)oe /Q We(y —2) = Ve (y —u)) (b(z) —bo)sa(z)dz

B(x)—bo)oe [Q Ve —w)(B(E) —b)ea(z)dz

=v1+v2+vs,

SO

$2@) ) =l xrwFL @)

dydt\ /> dydt\/?
(] ) ([, i
I'(x) " I'(x) "
dydt\ />
+ // |U3|2 Y 1
F(x) tn-l—

= A(x) 4+ B(x) + C(x).
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For A(x), we have

1/2
,dyd
Ax) = (// H|b () (b)) |/ Vi(y—2a(z)dz]? ,Lf)

= [T16:(x) = B 0185 (@) ().
j=1

thus
(n—8)/n
([, @wroa)
Q)
< Cllal|Le
n/(n—8) T @=/n
Oo/ O =)ol d
() — (b .
1; 2k+10\2k 0 |x—u|”+€_3j=l J )0
< ClQ"**/™|a| |
o0 kois/n M nl=h) o\
12 Q>
a1 116 () —(b))ol dx
kgl /;k+lQ(2kQ|(n+5)/n]1:[1 J J)Q
o0
<Cy ok |2k+1Q| ( |bj (x) — (b)Q) dx
k=1

< Clibllsmo.
For B(x), we have
B(x) = ( | (b(x)=bg)oe
[ho2x

d
f Wiy —2) =Yy —u) (6(2) ~bg)sa(z)dz | ,Lf)”z

< CZ > 1(b(x)~bg)oc|

,/=10€C}”

1/2
the—z[° dydi
X(/ /m( o Wty —uppries | 0@~ ”Q)"”“(Z)'dz) r"“)
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t'dydt
<CZ Z |(b(x) bQ)Gcl(//(x) (t+|y—u|)2(n+l+€_8))

_IO’ECm

1/2

fo|u—z|€|a(z)||(5(z)—59)oldz

m
<CY Y b(x)—bo)ocllx —ul~FOQ M/ a|| Lo 1B Baro

j=loeCy
thus
(n—=8)/n
(f (B(x))"/("—5>dx)
209)
scy Y Yo
j=loeCMk=1
1 . . n/(n=8) \@H/n
(m /2k+1Q ‘(b(x)—bQ)oc dx) |1bo ||BMO
< CllblIzmo-
So, if
[ e
(20)¢
-y > [ew-row(f [ ([ 10@-s0n
Sl eecn O re \Jo
/(n—38)
2dydi\ V2"
wfbw—uﬁuZNdz> EEIT) dx
=C,
then )
| Ist@eredax <c.
Rl’l
This completes the proof of Theorem 3. g
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