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Abstract. Unimprovable efficient conditions are established for the unique solvability of the peri-
odic problem

i+1
uP@)= 3"t j))O)+q; ()  for 1<i<n—1,
j=2
n
uP (1) =Y bnj )0+ gn (1),
j=1
u}p)(O):uﬁp)(a)) for 1<j<n, 0<p=<p;—1,

where w >0, n > 2, p; € N, £;; : C([0,w]) = L([0,®]) are linear bounded operators, and
qi € L([0.]).
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1. STATEMENT OF PROBLEM AND FORMULATION OF MAIN RESULTS
On [0, ], consider the system
i+1
wlP() =3 i juj) @) +qi()  for 1<i<n-—1,
j=2
) (1.1)
uPO(6) ="l j () (1) +qn(t),
1

j=
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with the periodic boundary conditions
uj(.p)(0)=u§p)(a)) for 1<j<n, 0<p=<p;—1, (1.2)

where w >0, n > 2, p; € N, {;; : C([0,w]) = L([0,w]) are the linear bounded
operators, and ¢; € L([0,w]).

By a solution of the problem (1.1), (1.2) we understand a vector function u =
(u;)?_, withu; € cri—1 ([0,w]) (i = 1,n) which satisfies system (1.1) almost every-
where on [0, w] and satisfies conditions (1.2).

Much work had been carried out on the investigation of the existence and unique-
ness of the solution for a periodic boundary value problem for systems of ordinary
differential equations and many interesting results have been obtained (see, for in-
stance, [1,2,5,6, 13, 14] and the references therein). However, an analogous problem
for functional differential equations remains investigated in significantly less detail
even for linear equations. In the present paper, we study problem (1.1) (1.2) under
the assumption that £, 1,4; ;41 (i = 1,n—1) are monotone linear operators. We
establish new unimprovable integral conditions sufficient for unique solvability of
the problem (1.1), (1.2) which generalize the well-known results of A. Lasota and
Z. Opial (see Remark 1.2) obtained for ordinary differential equations in [7] and, on
the other hand, extend our results obtained for linear functional differential equations
in [8,9, 1 1]. These results are also new if (1.1) is the system of ordinary differential
equations of the form

i+1
ui” () = Yl (Ou; () + i) for 1=i<n—1.
u}(fﬂ)([) — Zln’] ([)M](t) +Qn(t)»

Jj=1

where ¢;,/;, ; € L([0,w]). The method used for the investigation of the problem con-
sidered is based on that developed in our previous papers [8—11] for functional dif-
ferential equations.

The following notation is used throughout the paper: N (resp., R) is the set of all
the natural (resp., real) numbers; R” is the space of n-dimensional column vectors
x = (x;)_, with elements x; € R (i = 1,n); R4 = [0, +00[; C([0,®]) is the Banach
space of continuous functions u : [0, ] — R with the norm ||u| ¢ = max{|u(7)|:0 <
t <w}; CP([0,w]) (p € N) is the set of functions u : [0, ] — R which are absolutely
continuous together with their derivatives up to order k inclusive. L([0,w]) is the
Banach space of the Lebesgue integrable functions p : [0,w] — R with the norm
lpll = f(;p |p(s)|ds. If £ : C([0,w]) = L([0,w]) is a linear operator, then ||£] =
SUPg<xfc <1 1€ (X) |-
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Furthermore, define the functional A : C([0,w]) — R4 by setting
A(x) =max{x(t) : t € [0,w]} —min{x(¢) : t € [0,w]}.

Definition 1.1. We will say that a linear operator £ : C([0,w]) — L([0,w]) is
nonnegative ( resp., nonpositive), if for any nonnegative x € C ([0, w]) the inequality
L(x)(t) >0 (resp., £(x)(t) <0) foris satisfied 0 < ¢ < w. We will say that an operator
L is monotone if it is either nonnegative or nonpositive.

The following notation is used in the sequel:

1 2 mp+1 mj+l1

Bo=1, B = = B_BIZ Z Z

mi=1lmo=1 mj_

L nmy).. ﬂ(mj 1)’

2 mp+1 mj_>+1 mj;j_1+1

| 1
C1=§, CJ—Blz Z Z L n0my).. r)(m] 1) 1_[ ( )

mi=1my=1 m;_

for j > 2, where
n(t) = Q2t+1)(2t +3).
Let
do =1, dy =4, dy =32, d; =192, (1.4)
and for p € N put

d2 +2: ,
g max{(hp(t)hp(l—t))1/2:Oflf1}
(1.5)
dap+3 = 1
P N b
max {(fo(s.0) fy(1=s.1-0)"*:0=s <1, 01 <1

where the functions f, : [0,1] x [0,1] — R4 and A : [0,1] — R4 are defined as
follows:

r—1 14
fols.t) = Zapjtz(]-f—l) +ozppt2p+3s, hy(t) = Z'BPJ'ZZ(]H)’

Jj=0 Jj=0
and
B; B; R—
j = : ’ j = ; = Oa -1 )
Upj 347 dy Ppi 347 dy, (J p—=1)
By Cp
Upp =3 i Pro= 300

Now we formulate a result from [4] in a suitable for us form.



66 0. KUZMYCH, S. MUKHIGULASHVILI, AND B. PUZA

Theorem 1.1. Let p e N, x € 5”([0,50]), x@D0) = xD(w) (i =0,...,p), and
let dy, be given by the equalities (1.4) and (1.5). Assume, moreover, that x is not
equal identically to a constant. Then

p
Ax) < 2= A(xP). (1.6)
dP
Remark 1.1. It was shown in [4] that
211.3 216.32.5 214.32.5.7
dy = ds =2°-3-5, d¢= d7 =

5 7 61 ’ 17 ’
and the numbers di, k = 1,7, are optimal in the sense that (1.6) cannot be replaced
by the inequality

a)P
A <
) dy +

no matter how small ¢ €]0, 1] would be.

(p)
~A(x)

Definition 1.2. With system (1.1), we associate the matrix A; = (aflj? :’ =1 defined
by the equalities

L
LY P
dp, o\~ €1
1 -1 1 . 1.7
afjl,i+1=||£i+1,i+l||_a#’ M= T forl=i=n—1, (L.7)

=t for 3<j+1<i<n,

a}}}:o fori +2<j<n, a

and the matrices Ay = (afkj));.’ =1 (k = 2,n) given by the recurrence relations
Az = Ay, (1.8)
al(’kjﬂ) = al(,kj) for i <k or j¢{kk+1}, (1.9)
o
a0 =a®) ¢ KLy ® for kyl<i<n, k<j<k+1. (110

i i, |a(k)|
k.k

Theorem 1.2. Let £, 1,0 i+1: C([0,0]) = L([0,w]) (i = 1,n—1) be linear
monotone operators,

/wzn,l(l)(s)ds;éo, /wz,-,,-+1(1)(s)ds;éo for 1<i<n—1, (1.11)
0 0

and
at) <0 for 2<k<n, (1.12)
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where the matrices Ay are defined by relations (1.7)—(1.10). Let, moreover,

[ it ias H / 14,1 (D(s)lds < 4" H L )

Then problem (1.1), (1.2) has a unique solution.

Definition 1.3. For the system (1.3) we define the matrix A; = (af’lj? ;’ =1 by the
equalities (1.7)—(1.10) with

L (x)(t) = hi j(t)x(t) for i,jeln, xeC(0,0]). (1.14)
Corollary 1.1. Let
0<0,hn1(t)#0, 0<o0;hiit+1(t) £0 for 1<i<n-1 (1.15)

where o; € {—1,1} (i = 1,n), the matrices Ay are defined by the relations (1.8)-
(1.10), (1.14) and

af) <0 for 2<k=<n. (1.16)

Let, moreover,

[ ihnaoias H / by +16)lds < 4" H W@l

Then problem (1.3), (1.2) has a unique solution.
Now, assume that
£1,j=0 for j #2, ;=0 for jﬁﬁ}, i=2n—1, (1.18)
Ln,j=0for j =2,n—1.

Then system (1.1) is of the following type:
WPV (0) = £ 2(2) (1) + 41 1),
uP(1) = £, i) () + L1 (i) O + i (1) for 2<i <n—1,  (1.19)
P (1) = by 1 (@) (0) + L (n)(0) +Gn (0).
and from Theorem 1.2 we obtain

Corollary 1.2. Let £, 1,4;i+1 (i = 1,n—1) be linear monotone operators, the
conditions (1.11) hold and, moreover,

© dpy -
/ Lk (1)(s)lds < 2= for 2 <k <n. (1.20)
0 W
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Let, moreover,

o n—1 .e
/0 wn,l(l)(s)wlsjl:[1 /O 1€ 41 (D(s)]ds

n

dy,— ®
< TS = [Cismelas). a2

J=2

Then problem (1.19), (1.2) has a unique solution.
For the cyclic feedback system
uPV (1) = Liuis) () +qi(1)  for 1<i<n—1,
uP (1) = Ln (1) (1) +qn 1),

Corollary 1.2 yields

(1.22)

Corollary 1.3. Let £; : C([0,w]) = L([0,w]) (i = 1,n) be linear monotone op-
erators,

16l £0 for i=Ton, (1.23)
and
n n
dy,_
[Then <4 [T 2= (1.24)
wPi—1
i=1 j=2

Then problem (1.22), (1.2) has a unique solution.
Remark 1.2. The problem
u”(t) = p(u(®) +q(t), u0) =u(w), u'(0) =u'(w), (1.25)

is equivalent to the problem (1.22), (1.2) with n =2, ny =np, =1 £1(x)(t) =
x(0), L2(x)(1) = p(t)x(1), g1 =0 and g2 = g.

Then if p,q € L([0,w]) , p(¢) <0, and f(;’) p(s)ds # 0, it follows from Corollary
1.3 that problem (1.22), (1.2) and, therefore, problem (1.25), has a unique solution
provided that the condition

@ 16
/ [p(s)lds < —
0 (0]

is fulfilled. This follows from a well-known result of A. Lasota and Z. Opial (see

[7D.

Remark 1.3. Rewrite the problem

PO =L )+q9@), uD0)=uPw) (=0,1,2,3) (1.26)
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as the systems
ui(t) =ui1(t) (i =1,2,3),
wy(t) = L)) +4q(0), (1.27)
u,-(O) = u,-(a)) (i = 1,2,3,4)
and
Uy (1) = ua(t),
3
ug) (1) = L) (@) +4(0), (128)
u1(0) = u1 (@), u0)=u) (@) (j =0.1,2).

It follows from [12, Theorem 3] that problem (1.26), i.e., problems (1.27) and
(1.28), are uniquely solvable if ||£| < Lﬁ, and the constant 768 is optimal.

On the other hand, it follows from Corollary 1.3 that system (1.27) (resp., (1.28))
is uniquely solvable if || £| < 25—36 (resp., ||[£] < 5a+32) Consequently, if we rewrite
every equation of (1.1) as a system of first order equations, we debase the quality of
uniqueness condition.

Example 1.1. The example below shows that condition (1.24) in Corollary 1.3 is
optimal and cannot be replaced by the condition

n
[Tl <4

n
dp;—1
i=1 j=2

wPi—1’

(1.244)

Define the function ug € C ([0, 1]) on [0,1/2], and extend it to [1/2, 1] by the equal-
ities

1 for 0 <t <1/8,
uop(t) = {sinw(1—4r) for 1/8 <t <3/8,
-1 for 3/8<t<1/2

and
up(t) =up(l—¢t) for 1/2<t<1.
Now let measurable functions 7; : [0,1] — [0, 1] and the linear nonnegative oper-
ators £; : C([0,1]) — L(J0,1])(i = 1,n) be given by the equalities

1/8i for 0 <ug ()

1/2—1/8i for 0> uj(t)’ Li(x)(@) = Jug ()] (7 (1))

Ti(t) =

Then itis clear that ug(0) = uo(1), £; # £; ifi # j,and ||£; || = fol [£: (1)(s)|ds =
167 | 11/84 cos (1 —4s)ds =4 fori = 1,n. Thus, all the assumptions of Corollary 1.3
are satisfied except (1.24), instead of which condition (1.24) is fulfilled with v = 1.
On the other hand, from the relations ug(t) = ug(t)|uo(zi (1)) = Liuo)(®) (1=
1,n), it follows that the vector function (u; (t))7_, if u;(t) =uoe(t) (i =1,n),isa
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nontrivial solution of problem (1.22), (1.2) withw =1, ¢(t) =0, p; = 1(j = 1,n),
which contradicts the conclusion of Corollary 1.3.

2. AUXILIARY PROPOSITIONS

Lemma 2.1. Let the matrices Ay (k = 1,n) be defined by equalities (1.7)-(1.10).
Then the following relations hold:

(’;’) >0  for i#j, m=1n, 2.1m)
1
}(1)1 '(lni (2.20)
l(’l])fal(";) for i>m>2,j>m, A<m. (22m)

Proof. 1t follows immediately from the definition of A; and A, that inequalities
(2.17) and (2.25) are true. Assume now that (2.1,,) holds form = 3,...,mqo (mg <n)
and prove (2.1,,,+1). Ifi <mg or j &{mg, mo+ 1}, relation (1.9) implies inequality
(2.1mp+1),andif i >mo+1, j € {mo, mo+ 1}, then (2.1,,,+1) follows from (1.10).

Now we prove inequality (2.2,,). First assume that j > m + 1. Then from (1.9)
with k = m —1 it is clear that

1) A+1) _ (m)

a;; =a;; . i for j>m+1,i>m, A <m. 2.3)
Now, let j = m. Then from (1.9) we geta(’l) a(M—l) a(":n )fori >m, A<
— 1. By the last equalities and (2.1,,), from (1. 10) it follows that
4m — ,m=D) “(mll) (m=1) o (n—1) _ (3)
m m—1 m m m—1 m—1 .
Aim =4 m +W lml— aim j for i=m, A<m.
| yy— 1,m—1
From this inequality and (2.3) we conclude that (2.2,,) is fulfilled for all j > m and
i > m. Equality (2.2¢) follows immediately from (1.8) and (1.9). U

Also we need the following simple lemma proved in the paper [11].

Lemma 2.2. Let 0 € {—1,1} and ol : C([0,w]) = L(]0,w]) be a nonnegative
linear operator. Then

—mL(D)@)| =ol(x)(@) = ML) for 0=t =<w, xeC(00]),
where m = —ming<;<{x ()} and M = maxo<;<u{x(t)}.

Now, consider on [0, w] the homogeneous problem

i+1
Ul-(pi)([) = ZKI,J(UJ)(Z‘) for 1<i<n, (2.4;)
j=2
vP0) =vP (@) for 1<j<n 0<p<pj—1. (25)

where the operator /, ,,+1 and function v, are defined by the equalities £, ,+1 =
Ln,1 and v, 41 = vy. Then it is clear that A(v,41) = A(vy).
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Lemma 2.3. Let {; ;11 : C([0,w]) — L([0,w]) (i = 1,n) be linear monotone op-
erators,

w
| tnmeas o por 1<i<n 2.6)
0
the matrices Ay, be defined by the equalities (1.7)—(1.10) and
a) <0 for 2<k=<n. .7

Let, moreover v = (v;)}_, be a nontrivial solution of the problem ((2.4;))7_,, (2.5)
for which there exists a k1 € {2,...,n} such that vg, # 0. Then if

ko =min{k € {2,...,n} v # 0}, (2.8)
the inequalities
0<llvkllc =A(k)  for k=1, ko <k =n, (2.9)
wPr—1 X _ wPk+1—1 k -1
0< e AP+ ) AETY) (2.10;)

dpk—l de+1—1

for ko <k <n hold, where ar(11,31+1 = a,(:’)l.

Proof. Define the numbers My ;,my; €R, t; .1}/ €[0,0] (k=1,n,i=1,pr—
1) by the relations

M =0 (0,) = max {0 (O},

—mii = v (1) = min o (0)).

Q2.11;)
and introduce the sets I,gl) = [t,/c’pk_l, t//c,,pk—l]’ 1152) =1 \1151) for t;,c’pk_l < t,Q”pk_l.
It is clear from (2.8) that

Vg # 0. 2.12)

On the other hand, from (2.4;,_) by (2.8) we obtain

/0 Lico—1,ko (Vi) (8)ds = 0. (2.13)

Equality (2.13), in view of (2.6) and Lemma 2.2 guarantees the existence of a 7y €
[0, w] such that vk, (o) = 0. Then from (2.12) we get (2.9,,).
Let the numbers M, pi —1. Mk, py—1+ Mio+1,1: Mig+1,1 € R, t,’(o, tllcl() € [0,w]

: / 1 7
be defined by the relations (2.11;) and tkOaPkO_l < ZkO,Pko—l (the case tko,pko—l <

tl/co,pko—l can be considered analogously). The integration of (2.44,) on / Igg)’ by



72 0. KUZMYCH, S. MUKHIGULASHVILI, AND B. PUZA

virtue of (2.5) and (2.8) results in

A( (Pko ): (_1)r( o Lico ko (Vi) (8)ds

ko

., ﬂko,koﬂ(vkoﬂ)(s)ds) .14

ko
for r = 1,2. From the last equality, by virtue of (1.7), (2.7), (2.9,) and (2.2,) with
A=1,i=j :koweget

0<—

WP (ko) ((pko

_ 1\’
dpe_ Ao koA )= (=D o Lo ko+1(Vkg+1)(8)ds  (2.15;)

0
for r = 1,2. Assume that vy, is a constant sign function. Then, in view of the
fact that the operator (g, r,+1 iS monotone, we get a contradiction with (2.151) or
(2.1532), i.e., Vg, 41 changes its sign. Then

Mios1,1 >0, mpgp1,1 >0, (2.16)

and the inequality (2.9,+1) holds ((2.91) if ko = n). If £, k,+1 is a non-negative
operator, from (2.15,) (r = 1,2) in view of (2.16) by Lemma 2.2, we get

wPko~! k (r

0<—2——af A@e ™) <mip /(,)wko,koﬂ(l)(s)us
pko_l ko
wPko™" (»

0< =27 00 A0 < My [ o kot (D
pko_l k()

By multiplying these estimates and applying the numerical inequality 44AB < (A +
B)2, in view of (1.6) and notation (1.7), we obtain

Pro—1
w0 (ko) (Pko—1)
0< ap Ol Av "0 )
= ko.k k
dpko—l 0,ko0 0

1
" Z(Mk0+1,1 M) ( [V rornn@lds+ [ |zk0,ko+1(1)(s)|ds)
ko ko

7D

Pk Pig+1—1
W70 (ko) (Pk ORS 6)) (Prg+1—1)
< a A( 0 )+ —a A(v 0 )
— ko,k ko,ko+1 ko+1 ’
deO—l 0-ko0 dpk0+1—l 0-k0 0

(0< ‘”pn (n,),A( (p"_l)) ‘;:1 1 (I)A( (p1— 1)) if ko = n), whence, by virtue
1

of (2.20) 1fk0 =nand (2.2;,) withA =1, i = kg, j = ko + 1 if ko < n, the relation
(2.10g,) follows. Analogously, from (2.15,) we get (2.10g,) in the case where the
operator L, k,+1 iS nonpositive.

We have thus proved the proposition:
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(i) Let 2 < ko < n, then the inequalities (2.9,), (2.9%,+1) ((2.91) if ko = n)
and (2.10g,) hold.

Now, we shall prove the following proposition:

(ii) Let k1 € {ko,...,n— 1} be such that the inequalities (2.9;),(2.10;) for (k =
ko,k1), and (2.9¢, +1) hold. Then the inequalities (2.9, ) if k1 <n—2,
(2.91) if k1 =n—1and (2.10x, +) hold too.

Define the numbers

/ "
Mk1+1,pk1+1—1’ mk1+1,pk1+1—1 €R and tk1+1,pkl+1—1’ tk1+1,pk1+1—1 € [0,0)],

1
ki+1,pr +1—
can be considered analogously). The integration of

. /
by the relations (2.11x, 41) and let tk1+1,Pk1 o1 < | (the case where

" /
<
tk1+1,17k1+1—1 tk1+13Pk1+1_1

(2.4,+1) on 1", | by virtue of (2.5) and (2.8) results in

ki+2

( -1
a0l =y [

j=k0 k1+1

Ly 41,5 (v)(s)ds (2.17)

for r = 1,2. From this equality, by the conditions (1.6), (1.7), (2.7), (2.9;) with
k =ko,....k1+1,and (2.2¢,) withA =1,i =k +1, j =ko,....k1 +1 we get

kitl pi—1

(k) (p;=1)
0= dp kl(il-l JA( ! )

J=ko

FE [ e ) 0ds @19

lir]

for r = 1,2. By multiplying (2.10) with a,(cl?Jrl k/|a(k) | for k € {ko,...,k1}in view
of the inequalities (2.7) we obtain

wPr—1 (k)

(px—1)
0<-2 = Qe 1 AWE)
*)
Prk+1—1 ¢ _
@ RELG®) APFTY). 219

k 1,k
dpji1—1 |a]((k)| i+



74 0. KUZMYCH, S. MUKHIGULASHVILI, AND B. PUZA

Now, summing (2.18) and (2.19,), by virtue of (1.10) withk = ko, i = k1 +1, j =
ko + 1, we get the estimate

-1 ki+1 -1
0= @M ok roni=Dy OP ko) 5y D)
=4 —| kit Lko+17 Uko+1 _y kit
Pko+1 j_k()+2 Pj—
+ (D" /() Licy 41,51 +2 (Vi +2) (5)ds,
k]+1

from which, by (2.2x,+1) withi =ky+1, j > ko+2, A = ko, we obtain

kitl pj— 4
Jj=ko+1 dpj 1

FE [ B0 220
Ikl-'rl
for r = 1,2. Analogously, by summing (2.20) and the inequalities (2.19;) for all
k=ko+1,...,k1 we get

-1
O A( (Pk1+1—1))

0<— Qe +1,k+19 Wk 41

de|+1_1

<=’ /(” Ly 1,k +2 Wk +2) (5)ds  (2.21)
I
for r = 1,2. In the same way as the inequality (2.9,41) and (2.10g,) follow from
(2.15;), the inequalities (2.9, +2) ((2.91) if ko =n—1) and (2.10, 4.1) follow from
(2.21).
From the propositions (i) and (ii), by the method of mathematical induction, we
obtain that the inequalities (2.9;), (2.9%) and (2.10¢) (k = ko.n) hold. g

3. PROOFS

Proof of Theorem 1.2. 1t is known from the general theory of boundary value prob-
lems for functional differential equations that if /; ; (i, j = 1,n) are bounded lin-
ear operators, then problem (1.1), (1.2) has the Fredholm property (see [3]). Thus,
problem (1.1), (1.2) is uniquely solvable if and only if the homogeneous problem
(2.4;)7_4, (2.5) has only the trivial solution.

Assume that, on the contrary, the problem (2.4;)"
v = (v;)f_,. Let

7_1>(2.5) has a nontrivial solution

v1#0, v;=0 for 2<i<n. 3.1)
Thus, from (2.41) and (2.4,), it follows that
P =, (3.2)
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and £,,1(v1)(¢) = 0. Then from (1.11) we obtain that v; # const, whence, due to
conditions (2.5), it follows v/l = const. Also it is clear that from the conditions

vgi) = const and (2.5) it follows v§i+1) = const. Thus, by the method of mathem-

atical induction, we obtain that vip v = const, which contradicts (3.2) and, there-
fore, contradicts (3.1). Consequently, there exists ko € {2,...,n} such that vg,, # 0.
Then all the conditions of Lemma 2.3 are satisfied, from which we conclude that
0 < |lvillc < A(vy), i.e., v1 # const and in view of the condition (2.5) the function

Py changes its sign. Thus, from (2.4;), by the monotonicity of the operator /; 5,
we get that vy also changes its sign. Consequently, if M» ; and m5 1 are the numbers
defined by the equalities (2.115), then

M2,1 >0, mz1 > 0, (33)

and if k¢ is the number defined by the equality (2.8), then kg = 2. Thus, it follows
from Lemma 2.3 that the inequalities (2.91), (2.9) and (2.10;) (k = 2,n) hold.

Now, assume that the numbers M1, p, 1, m1,p,—1, and #; pi—1° t{’p] 1 €[0,0]
are defined by the equalities (2.111) and 7] =1 < 1) _py—1 (the case where 1y =1 <
Z1, -1 is considered analogously). By integration of (2.41) on the set / 1( )
using the inequality (2.9;), we obtain

0< 20" =1 [ haGeds (3.4)

and by

for r = 1,2. Let us first assume that the operator /; > is nonnegative (the case of
a nonpositive £; > can be considered analogously), then from (3.4) by (3.3) and
Lemma 2.2 we obtain

0< AP <ma [ 162006)1ds
1

0< A(U§Pl—1)) < MZ/I(Z) |£1’2(1)(S)|ds-
1

By multiplying these estimates and applying the numerical equality 44 B < (4 + B)?
and the equalities (1.7), we get

o<a(1)A(v(1”1 1))—i- 22+ M2) (/1“’ |51,2(1)(S)|ds+/1(2) |51,2(1)(S)|ds)

1 1 1 -1
_ag zA( (p1— ))+ ( )A(Uépz ))’

i. e., all the inequalities (2.10;) (k = 1,n) are satisfied.
On the other hand from (1.7)—(1.9) and Lemma 2.1 it is clear that

agi =1, a™ 1 (k) a®

nt =401 g1 = k1 = ||£kk+1|| (-5
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for 1 <k <n—1. By multiplying all the estimates (2.10;) (k = 1,n) and applying
(3.5), we get the con_tradiction with condition (1.13). Thus, our assumption fails, and
hence v; =0 (i = 1,n). O

Proof of Corollary 1.1. From (1.14) and (1.15) it is clear that £, 1 and {; ; +1 are
monotone operators and (1.11) holds. Also, from (1.16) and (1.17), the conditions
(1.12) and (1.13) follow. Consequently, all the conditions of Theorem 1.1 are fulfilled
for system (1.3). U

Proof of Corollary 1.2. From (1.7), (1.9), and (1.18) we obtain

k=1) _ (k=2) _ (1) dpr—1
Qe =gy = —atkk—||£k,k||—wpk_1 for 2 <k <n, (3.6)
and
k—i—1 k—i—2 1 .
al(ckll ) = ](Ckll )= —Cl/((;)c,_||£k,k—i||:0f0r3§k—l§”s
) 3.7
a | = 0
From (1.10), (1.18) and the first equality of (3.7) we get
k=2 ak=2
k—-1) _ (k—2) g 2,k—1 (k—2) g 2,k—1 (k—2)
YGk—1 =% p 1T "2y Ykk—2= G2 Ykk—2
|5 e |y ko] (3.8)
22 %3 k=2 , () ’
_ “k—2,k—1 A—3k—2 (k—3) 2 Jj+1_
*—2) *—3) Ykk=3 7T Y2 (/) -
| —2,k— 2|| —3,k— 3| Jj=2 [ |
for k > 3. From (3.8) and the second equality of (3.7) it is clear that
al =0 for 2<k=n (3.9)
Then from (1.10) by (3.6) and (3.9) we obtain
(k) (k—1) k-1 k=1, (k=1 | _ dpi—1
e =Uer Ty k% g1/ 10y g | = [l = w1

Thus, it follows from the conditions (1.20) and (1.21) that (1.12) and (1.13) hold.
Therefore, all the conditions of Theorem 1.1 are fulfilled for the system (1.19). [
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