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1. INTRODUCTION

Positive linear operators and their g-modifications have recently become an active
research area in the approximation theory (see, i.e., [1,2,6,7,10,12,13,16,18-26,28]).
In this paper, we improve the classical Post-Widder operators via the techniques from
the g-calculus. We obtain various statistical approximation theorems including some
Korovkin-type results and Voronovskaya-type formulas in statistical and ordinary
sense for these operators. Our investigations cover both real and complex cases.

Throughout the paper we employ the standard notations of g-calculus. As usual,

by a g-integer and a g-factorial we mean respectively:
[n]lg :==14+q+...4+¢" forn € N with [0], := 0
and
[n],!:=[1], (2], .- [n], forn € N with [0],!:= 1.
Also, a g-binomial is defined by
n nl,!
[k]qzszmwfkfn.

Now let 0 < g < 1. For simplicity, we use the following standard notations:

o0

(1+t)g°:=]_[(1+qu).

Jj=0
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Then, we know [ 14, 15] that the g-Jackson definite integral of a function f is defined
by

a
o0
/f(t)dqt =a(l—q) Z f (ag™)¢" fora > 0.
0 n=0
Now we recall the g-analogue of the exponential function as follows (see [3, 1 7]):
o0 xn
Eq(x) = Zq"(”‘l)/zm =(1+1-g)x).
n],!
n=0 q

Notice that the above series converges for every x whenever ¢ € (0,1). Then, the
corresponding g-Gamma function is defined by (see [ 7])

1/(1—q)
Iy(x):= / t* VE, (—qt)dyt.
0

As usual, let Cp [0, 00) denote the space of all bounded and continuous functions on
[0, 00) endowed with the norm

IfIl="sup [|f(x)I.

x€[0,00)

In the present paper, we improve the classical Post-Widder operators by considering
the above terminology as follows:

1/(1-q)

f (x—’) " Eg(—qt)dgt, (1.1)

Pn,q(fQX) = [n]q

[n]q!
where x € [0,00), g € (0,1) and f € Cp[0,00). We use the following test functions
em(y) = y™ for m € Nog := NU{0}.

Then, we first observe that these operators are positive and linear and that
Py g(e0:x) = eo(x) = 1. (1.2)

Notice that the operators Py 4(f) map Cg[0,+00) into itself. Also, it follows from
(1.1) that

o0
1
lim Py q(f;x) = —[f(x—t) t"e7ldt =: Py(f:x),
g—1— n! n
0

which is the classical Post-Widder operator (see, for instance, [5,27]).
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2. LOCAL APPROXIMATION RESULTS FOR ¢-POST-WIDDER OPERATORS

Let f € Cp[0,00) and § > 0. Then, we consider the first modulus of continuity,
the Peetre’s K-functional, and the second modulus of smoothness, which are defined
respectively by:

w(f.8) = sup{| f(y) = f(x)| |y =x| = &; x,y €[0,00)},

K(£:8) = inf{|f —gl+5]g"| : g € C3I0.00)}.

w2(f.6)= sup sup |f(x+2h)=2f(x+h)+ f(x)],
0<h<§ x€[0,00)

where C3[0,00) := {g € Cp[0,00) : g, g” € Cp[0,00)}. Then, it is well-known that
(see [4])

K(£.8) < Awy(f.V/35)

for some positive constant A. With this terminology, in order to get a local approx-
imation result for g-Post-Widder Operators we first need the following two results.

Lemma 1. For every m,n € N and x € [0, +00), we have
[n+1]g[n +2]g...[n +m]y o
[n]g
Proof. Letm,n € N and x € [0,400). Then, by (1.1) and (1.2), we get
1/(1—q)

1 xt \"
0

Pn,q(em§x) =

[n]g! [n]q

| 1/(1—q)
X
= t"TME (—qt)dyt
nlg! Il / a4 %
1 xm
=————I,(n+m+1)
[n]g! [n]7 1

1 [n +m]l]! m

[l [nlg!

_ [n+1]g[n +2]g...[n +m]y o
[n]g ’

which completes the proof. U

m

If we use the moment function given by

e(y) =ox(y)=y—x,

then the following result is an immediate consequence of Lemma 1.
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Corollary 1. For everyn € N and x € [0, +00), we have

q

[n+1]gln+2]g  2[n+1]4 5
12 T l)x '

Now we are ready to give our approximation result.

P g(p?ix) = (

Theorem 1. Let g € (0, 1). Then, for everyn € N, x € [0,400) and f € Cg[0,00),

we have
| Pug(f:x)— f(x)] < Cwa (fix8n) 4+ (f. x0tn)

for some positive constant C, where

a ([n+ 17 N [n+1]gln+2]g  4ln+1]4 +2)1/2

[n]3 [n13 [n]q
and
o, = [rz—i—l]q_1
[n]q
Proof. Define an auxiliary operator P, , : Cg[0,00) — Cg[0,00) by

[n+1]4

[n]q

PE(fix) = Pn,q(f;X)—f( x)+f<x).

Then, by Corollary 1, we get
P, 4(p:x) =0.

Now, for a given g € C l% [0, 00), it follows from the Taylor formula that

y
g(y)—gx) = (y—X)g/(X)+/(y—u)g”(u)du, y €[0,00).

Taking into account (2.3) and using (2.4) we get, for every x € [0, 00), that

Py 4(g:x) —g(x)| = | P (8(y) — g(x):)]

y
= |py, / (v —u)g” (w)du: x
X

y
=g’ Pr, (0ix)+ P, / (v —u)g" (u)du: x
X

2.1)

(2.2)

(2.3)

2.4)
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y
Pug (f(y B u)g”(u)du;X)

x[n+1lq/[nlq

1
_ [n[:l_] ]qx_u) g//(u)du )
A q
Since
r lg”l
P q /(y_u)g//(u)du;x = ) an(ﬁoz;x)
X
and
x[n+1]q/[nlg . )
J [n]q 2 [”]q
we get

llg

" " 1 2
n&q@,ﬂ+mgn(m+]¢4)x;

[Py (g:x)—g(x)| < 5 L

Hence, Corollary 1 implies that

[Py, (g:%)—g(x)]

Ig"ll (n+1gln+2)g  2[n+1]q 41, V) 2
=72 (( mz Dl +‘)+( [nlg _1))x’

which gives

" 2
Pt =g < 11 ([’” Yoy bt llale+2ly 4kl +2)

2 [n]3 [n]3 [nlq

(2.5)
Now, considering (2.1) and (2.2), if f € Cp[0,00) and g € Cl% [0,00), we may write
from (2.5) that

Pag ()= F(0)] < | PR, (f —gi)— (f — 9)(¥)|
P2, (gix) — gwn+P(m+”q) f@ﬂ

)—f@ﬂ

<21/ —gl+a28, 10 ‘f(

ssz—gn+x%AwﬂD+wcﬁmhx
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which yields that
| Pag(f12) = f(x)] < 2K (/.x°83) + o (f.xetm)
<Cwx (f,x8n) + o (f,x0on).
Therefore, the proof is completed. O

Now we consider the elements of locally Lipschitz functions. Let 0 < @ < 1 and

let D be a subset of the interval [0,00). Then, by Lipys (D, ) we denote the space
of all functions satisfying the condition

| f(y) = f(x)| < M|y—x|* for ye D andx € |0,00), (2.6)

where D denotes the closure of D in [0, 00).
Then we can give our second local approximation result.

Theorem 2. Let D be a subset of [0,00), g € (0,1) and o € (0, 1]. Then, for every
neN, x €[0,+00) and f € Cgl0,00) N Lippy (D, ), we have
| Prg(f3x) = f0)] < M {yy x* + (d(x, D))"},

where M is a positive constant; d(x, D) is the distance between x and E defined as
d(x,D):=inf{|y—x|:y € D}; and yy, is given by

1/2
[n+1]qln+2lg  2[n+1]4
[n]q [”]q
Proof. Let D denote the closure of D in [0,00). Let x € [0,00) be fixed. Then,

there exists a point xo € D such that |x —xo| = d(x, D). Using the triangle inequal-
ity, we may write that

Lf D)= f = /()= f(xo)[+[f(x) = f(xo)l.
Hence, it follows from (2.6) that
|Pug(f1x)— f()] < Pug(|f(¥)— f(x)]:x)
< Pug(f ()= f(xo)|:x) +[f(x)— f(x0)|
<M {Ppq(ly —x0|%;x) + |x —x0]%}.
= M {Pnq(|y —x0|*;x) + (d(x, D))*}.

Using the Cauchy-Bunyakowsky-Schwarz inequality for positive linear operators we
find that

Q@.7)

| Paa (1) = F0)] £ M {Pag(@%0)%% + (d(x, D))} .

Thus, the proof follows from (2.7) and Corollary 1. O
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3. RATES OF CONVERGENCE OF THE OPERATORS Py 4

Consider the following weighted space
E:={f€C[0,00):|f(x)] <M(1+x?) for some M > 0}. (3.1

Now, for a given b > 0, by wp (f,8) we denote the usual modulus of continuity of f
on the closed interval [0, ], which is defined to be

@ (f.8)0,6) 1= sup{[f(y) = f(X)] : |y —=x[ = &; x,y €[0,b]}.
The next theorem gives the rate of convergence of the operators Py 4(f) to f for
all f € E.

Theorem 3. Forevery f € E, b > 0andq € (0,1), we have

” Pn,q(f)_fH [0,5] <C {V;% +o(f, Vn)[(),b+1]} )

where yy, is given by (2.7); C is a positive constant depending on f,b; and the symbol
IIl[0,6] denotes the classical sup-norm on the space C|0,b].

Proof. Let x € [0,b] be fixed. Assume that f € E, b >0and g € (0,1). If y <
b + 1, then one can write, for any § > 0, that

| 2

SO = f) =o(fi]y —xDio,p+11 = (1 + |y_2x )w(ﬁ(g)[o,b—i-l]- (3.2)

On the other hand, if y > b+ 1, since y —x > 1, we get, for some positive constant

M depending on f € E, that
IS = f()] < M {24 %>+ y?}

M {2+x2+((y—x)+x)2}

M {2 +2x* +2x(y —x) + (y —x)?}

M {2—|—2x2 +2x+1)(y —x)2}

M (2x2 +2x + 3) (y —x)2,

Al

IA

which implies that

IS = F() < Ny —x)?, (3.3)
where N .= M (2b2 +2b+ 3). From (3.2) and (3.3), we get, for all x € [0,b] and
y > 0, that

_ 2
1fO) = f(X)| SNy —x)*+ (1 + & 82x) )w(ﬂ5)[o,b+1]

and therefore

Prg (5= 0] = NPagla?5)+ 0w (14 33 Pra(@i) )
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Now applying Corollary 1, we obtain that

2.2
| Pug(f3%) = )| < Nygx® +o(£:8)0,p+1) (1+an )

82

2,2 yib®
= Nb%yy + wp1(f.8)[0,p+1] (1 + ':32 )
where y, is given by (2.7). If we take § = y, on the right hand side of the last
inequality, then we immediately see that

| Pag(f:3)— f(0)] < C 2 +o(fivmdion+1]) »

where C := max{Nb?,1+ b?}. Finally, taking supremum over x € [0,5], the proof
is completed. O

4. STATISTICAL APPROXIMATION RESULTS

In this section, we study the statistical approximation properties of the g-Post-
Widder operators. We first recall the concept of statistical convergence.

Let A :=[aju], j.n € N, be an infinite matrix. The A-transform of a sequence
x 1= (xp) is given by Ax := ((Ax),) with (4x), = Y o2, a;, provided that the
series converges for each n € N. Then, we say that a matrix A is regularif im Ax = L
whenever limx = L. Now let A = [a;,] be nonnegative regular summability mat-
rix. Then, a sequence x = (x5) is said to be A-statistically convergent to L if
limy, Zn:|xn—L|zs ajn = 0 holds for every & > 0. In this case, we write s74 —limx =
L (see [9]). It is well-known that if we take A = C; = [cj], the Cesdro matrix of
order one defined to be ¢j, =1/j if 1 <n < j, and ¢;, = 0 otherwise, then we get
the classical definition of statistical convergence (see [8]). In this case, we use the
notation st —lim instead of sz¢, —lim. Also, if A = I, the identity matrix, then it re-
duces to the ordinary ordinary convergence. Notice that every convergent sequence is
A-statistically convergent to the same value, but the converse does not hold true. As
we can see the following example, there exists an A-statistically convergent sequence
but non-convergent in the usual sense.

Now let A = [a,] be a nonnegative regular summability matrix. Assume that (g,)
is sequence from (0, 1) such that

stq —lim
n n]qn

Indeed, such a sequence (g,) can be constructed by the following way. Take A =
C1 = [cjn] and define the sequence (g,) by

=0, st4—limg, = 1 and st4 —limg)} = B € (0,1). 4.1)
n n

e, ifn=m?(meN)

qn = " , otherwise. (4-2)
n+1
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Then observe that g,, € (0, 1) for each n € N. It is easy to check that although (g5) is
non-convergent in the usual sense, it satisfies the conditions in (4.1) with the choice
of A= Cj and B = 1/e. On the other hand, since

[n+1]51n — l_qllz and [n+1]4n[n+2]4n — (l_q;l)(l_q”;l"rl)
g, 1-gqi! 12, (1—gn-1)?

we obtain from (4.1) that

1 n+ 1)? 1 2
szA—limu = sty —lim¥ = st4—lim b+ ]""[2" +2an _ 1. (4.3)
n [nlg, n [n]g, n [n]Z,
Then it follows from (4.3) that
stq —limé, = stq —limoy, = stg —limy, =0, “4.4)
n

where §,, o, and y;, are given by (2.1), (2.2) and (2.7), respectively.

Now taking a sequence (g,) from (0, 1) satisfying (4.1) instead of a fixed number
q € (0,1) in the definition of operators (1.1), we obtain the following (pointwise)
statistical approximation result.

Theorem 4. Let A = [aj,] be a nonnegative regular summability matrix, and let
(gn) be a sequence from (0,1) satisfying (4.1). Then, for every x € [0,400) and
f € Cgl0,00), we have

Stq —lip|Pn,qn(f;x)—f(x)| =0.
Proof. Let x € [0,00) and f € Cpg[0,00) be fixed. By the right continuity of w
and w; at zero, one can get from (4.4) that

stA—lirIlna)(f,xcxn) =stA—1i}£na)2 (f.x6,)=0. 4.5)

Now, for a given € > 0, define the following sets:
U:={neN:|Pyq,(fix)— f(x)]| = ¢},
Uy = {n eN:a)(f;xan)zg},
€
Us = {n eN:wa(f:1x8p) > E}

where C is a positive constant as in Theorem 1. Then, we may write from the in-
equality in Theorem 1 that

UCULUU,,
which gives, for every j € N,

doain <) ajpn+ Y ajn. (4.6)

nelU nelU, nels
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Letting j — oo in (4.6) and also using (4.5), we have

1ijmzaj,, =0,

nelU
which guarantees that

Stq _1i7?1|Pn,Qn(f;x) —f(x)| =0.
Thus, the proof is completed. O

If we take A = I, the identity matrix, by Theorem 4, we obtain the classical ap-
proximation result.

Corollary 2. Let (¢,) be a sequence from (0, 1) satisfying the conditions:
lim
n [n]q,

Then, for every x € [0,400) and [ € Cg[0,00), the sequence { Py 4, (f;x)} con-
verges (pointwise) to f(x).

=0, limg, = 1 and limgq,, = n € (0, 1). 4.7)
n n

We should note that if a sequence (g;) satisfies (4.7), then it also satisfies (4.1);
and hence the classical (pointwise) approximation result in Corollary 2 implies the
statistical one in Theorem 4. However, if we choose the sequence (g,) as in (4.2),
then we can easily see that (4.7) does not hold true while (4.1) is still valid. This ex-
ample shows that our statistical approximation result in Theorem 4 is more applicable
than the classical one.

Now we obtain a uniform approximation theorem in statistical sense.

Theorem 5. Let A = [aj,] be a nonnegative regular summability matrix, and let
(gn) be a sequence from (0,1) satisfying (4.1). Assume that D is a compact set in
[0,00). Then, for every f € Cpl[0,00) N Lipa (D, o) with M > 0 and « € (0, 1], we
have

sta—lim| Py g, ()= f|p=0.

Proof. Let x € D be fixed. In this case, we have d(x, D) = 0. Using this and
Theorem 2, we immediately get that, for each x € D,
‘Pn,qn(f;x)—f(x)‘ <My x*. (4.8)

Since D is compact, the number L := sup, ¢ p{x*} is finite. Hence, taking supremum
over x € D on the both sides of (4.8), we obtain that

”Pn,qn(f)—fHD < LMy,
which yields, for every ¢ > 0,

/o
{neN: | Pug, ()~ fp ES}Q{HEN:%’Z<ﬁ>I }
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and hence
Z djn = Z Ajn
n: || Pu.gn ()= 1|l p=e n: yn> (15 1/a

holds for every j € N. Now taking limit as j — oo on both sides of the last inequality,
and also considering (4.4), we deduce that

lim > ajn =0,
n: || Pu.gn(F)—f ||DZ'9
which is the desired result. O

If A =1 in Theorem 5, then we easily get the uniform approximation result in the
ordinary sense.

Corollary 3. Let (qn) be a sequence from (0, 1) satisfying (4.7), and let D be a
compact set in [0,00). Then, for every f € Cp[0,00) N Lippy (D, ) with M > 0 and
a € (0, 1], the sequence { Py 4, (f)} is uniformly convergent to f on D.

For a uniform approximation process, we also get the next result.

Theorem 6. Let A = [aj,] be a nonnegative regular summability matrix, and let
(qn) be a sequence from (0, 1) satisfying (4.1). Then, for every f € E and b > 0, we
have

sta—lm| Py g, (f)= [ 107 =0-

Proof. Assume that x € [0, 5] is fixed. Then, for a given & > 0, consider the fol-
lowing sets:

Vo= {n eN: HPn,qn(f)_f”[O,b] 28}’
Vy = {n eEN:yy > (1)1/2% ’

&
Vo= {n eEN:o(f.vn)op+1] = f>’

where y, is given by (2.7), and C is a positive constant as in Theorem 3. Then, it
follows from Theorem 3 that
V ViU,
The last inclusion implies that
D@m= Y ajnt Y djn. (4.9)
neV nevV nevs

On the other hand, by the right continuity of w( f,+)[0,5+1] at zero, one can get from
(4.4) that

sta=limo(f,yn)jo.p+1) = 0. (4.10)
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Then, letting j — oo in (4.9) and using (4.4), (4.10), we easily get that

1irlln2aj,, =0,

nev

which completes the proof. 0
Of course, if we take A = I in Theorem 6, we obtain the next result.
Corollary 4. Let (g5) be a sequence from (0,1) satisfying (4.7). Then, for every
f € E and b > 0, the sequence { Py 4, (f)} is uniformly convergent to f on [0,b].
5. VORONOVSKAYA-TYPE RESULTS

In this section, we prove a Voronovskaya-type theorem for the g-Post-Widder op-
erators. Throughout this section we consider a sequence (¢5,) satisfying (4.1) instead
of a fixed ¢ € (0, 1) in the definition (1.1).

We first need the following lemma.

Lemma 2. Let A = [aj,] be a nonnegative regular summability matrix, and let
(gn) be a sequence from (0, 1) satisfying (4.1). Then, we have

St —nll)n;o[”]qn Pp g, (@:x) = Px,
T 2.\ _ pu2
St4 nll?go[n]qn Pnan (90 ,X) - le ’
stqg— lim [n]én Pu g, ((p4;x) = 3/32(1 —/3))(4
n—>oo
uniformly with respect to x € [0,b], (b > 0), where B := stq —limg}; as stated in
4.1).
Proof. 1t follows from Corollary 1 that
["]qn PnsQn (QD;X) = ([l’l + 1]‘]11 - [”]qn) X

and
[n+1]g,[n+2]g,
[n]qn

gy Prgy (25) = (

Then, using (4.1) we easily get

—2[n+1]4, + [n]qn) x2.

SZA - nll)n;o[n]CIn Pn"]n ((0, X) = IBX
and
RT 2.0y — B2
St nlgrgo[n]qn Py g, (@~;x) = Bx
uniformly with respect to x € [0, b]. On the other hand, by Lemma 1, we obtain that
Pr.g, (¢*:X) = Pn g, (e4:X) —4xPp g, (€3:X) + 6x> Py g, (e2:x)

— 4x3Pn,qﬂ (e1:x)+ x4
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[n + 1ga[n +2]g, [n + 3g,[n + 4]qn
g,
[n + g, [n +2]g, [n + 3]qn
[n];,
[n 4+ 1lg, [ + 2]qn 4 _4[” + g,
[”]CZM (],

4

+6 x*+ x4,

Then, we get

[”]én P g, (904;x) = (

[n+1]g,[n+2]g,[n+3lg,[n+4]g,
1z,
4[n + g, [n +2]g, [n + 3],

[n]Qn

6l + 11g, 1+ 2g, — 41y, I + g, + 112, ) x*.

Now using the fact that
n—1

l—qn
[nly, = >

and also considering (4.1), after some 51mple calculations, for each x € [0,00), we
have

. 2 4. 2 4
sta— lim [1]2 P, (¢*x) = 367(1—)x*,
uniformly with respect to x € [0, b], which is the desired result. 0
Then we get our Voronovskaya-type theorem as follows.

Theorem 7. Let A = [ajy] be a nonnegative regular summability matrix, and let
(qn) be a sequence from (0, 1) satisfying (4.1). Then, for every f € E such that f’,
f" € E, we have

2 rn
Sty _nli)n;o[n]q” {Pn,q" (f;X)—f(x)} ,3Xf (X) L P ,B f (x)

uniformly with respect to x € [0,b], (b > 0), where B := sty —hmqn as stated in
(4.1).

Proof. Let f, f’, f” € E. For each x > 0, define a function ¥(y) := ¥(y,x) by

1
JO) = f)—(y—x) f(x)— SO —x)> f"(x) £y
, ify#x
(y—x)?
0, if y =x.

U(y) =
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Then by assumption we have ¥ (x,x) = 0 and the function ¥(-,x) belongs to E.
Hence, by Taylor’s theorem we get

(y—x)?

S+ - X)W (y,x).

JO) =)+ =x)f'(x)+——
Hence we easily observe that

[]g,{ P (f %) = ()} = f(X)[nlg, Pn.g, (¢:x)

f (x )[n]qn nqn((P ;X)

+ [”]qn P g, (9*¥;x).

If we apply the Cauchy-Schwarz inequality for the last term on the right-hand side of
the last equality, then we conclude that

Mgy | Pogn (02%:3)| < (1012, Pagn @*:3))"% (Pasg, (9%0) 2.

Let n(y,x) := ¥2(y, x). In this case, observe that n(x,x) = 0 and 5(-,x) € E. Then,
it follows from Theorem 6 that

(5.1)

stg— lim Pp g, (W?x) =s14 — lim Py g, ((y,x);x) =n(x,x) =0 (52)

uniformly with respect to x € [0,5], (b > 0). Now, by (5.1), (5.2), and Lemma 2, we
obtain that
T 20 ) —
StA nll)n;o[n]Qn P”aqn ((p lI/’x) -

uniformly with respect to x € [0,b]. Combining the above facts with Lemma 2, we
observe that

. | Bx Zf” x)
Sta— T [nlg, {Pa g, (/1) = f(0)} = fof () + 22
uniformly with respect to x € [0,b]. Thus, the proof is completed. O

The next result is an immediate consequence of Theorem 7.

Corollary 5. Let (g5) be a sequence from (0,1) satisfying (4.7). Then, for every
f € E such that ', " € E, we have

2 /4
i [nlg, {Pagy (/)= ()} = nf () + L)

uniformly with respect to x € [0,b], (b > 0), where n =limgq]} as stated in (4.1).
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6. APPROXIMATION PROPERTIES OF COMPLEX ¢-POST-WIDDER OPERATORS

In this section, we will introduce the complex g-Post-Widder operators and study
their approximation properties.
Now, let
D:={zeC:|z|]<l}, D:={zeC:|z] <1}
and
C(D):{f:D —C: f is continuous on D}.
Then, we propose the complex g-Post-Widder operators as follows:
| 1/(1—q)
P = [ s (G ) candgt (6.1)
’ [n]q! L
0
whereze€ D,ne N, f € C (D) and g € (0,1).
It is not hard to see that if f is a constant function on D, say f(z) = c, then we
have, for every n € N that P,;",q (c;z) = c. Hence, the operators P,f’q preserve the
constant functions. In order to get some geometric properties of the operators P,;‘" q

in (6.1) we first need the following concepts.
Now define the subspace of C (D) by

A(D):={f eC(D): fisanalytic on D with f(0) =0}.
If feC (D) then, as in Section 3, we consider the (first) modulus of continuity
of f on D, denoted by o ( f, 8) .8 >0, as follows (see [11]):

o(f:8)p :=sup{|f(z)— f(w)|:|z—w| <8, z,w € D}.
It is easy to see that, for any ¢,5 > 0
o(f:c8) 5 < (1+0)o(f18) 5. (62)

We obtain the following result.

Theorem 8. For each fixedn € N and g € (0,1), P, , (A (D)) CA (D)
Proof. Letn € N, f € A(D) and ¢ € (0,1) be fixed. Since f(0) = 0, it follows
from (6.1) that
. 1/(1—q)
P:,q(f;O)=W / f(O)t"Ey(—qt)dyt =0.
q.
0

Now we show that P, 4( f) is continuous on D. To see this assume that z, (2,,) €
D and that lim,, z,, = z. Hence, we get from the definition of w that

Py (fi2m) = P y(f32)]
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Zmeit Z,eit

J f( i, ) f([n1q)

a)(f, Iz[ﬁ]—zl)[_) 1/(1—q)
— /D "E,(—qt)d
met ANt

<o(flzm—2zDp

due to [n]; > 1 for every n € N. Since lim, 2, = 2, we may write that

1/(1—q)
t"Eq(—qt)dgt

limo (f,|zm =25 = 0.
Due to the right continuity of w ( f,-) at zero. Hence, we get

lim Py (f32m) = Png(f32),

which gives the continuity of P, ¢(f) atthe point z € D.
Finally, since f € A (lj) we can write f(z) = Y peq ayz¥ for z € D. Then, we

get
Zeit o0 akzkeikt
f = _ (6.3)
g ,; [l
Since a’[‘:]l: ' <|ay| for every t € R, the series in (6.3) is uniformly convergent with
q

respect to ¢ € R. Hence, we conclude that

1/(=q) , .
. 1 akzke’k’
Pn,q(f;z): / (Z % tnEq(_qt)dqt
0 k

]! — ik
| & e [ VO-D
agz ikt .n
= e'"""t"Eg  (—qt)dgt
[n]q!,; g \ ! !
o0
= Zlﬁn’kzk,
k=1
where £, i is given by
1/(1—q)
I — ikin g dgt (k.neN 6.4
n,k-—W e t"Eq(—qt)dgt (k,n € N). (6.4)
‘g
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We should remark that
Mn,k‘ < |ag| for every k,n € N.

Therefore, for eachn € N and f € A (D) , the function P,f,q( f) has a Taylor series
expansion whose Taylor coefficients are ¢, ; given by (6.4). Combining the above
facts we obtain the desired result. g

Now consider the following space:

B (D) ;= {f eC(D): f is analytic on D with £(0) =1 and
Re[f(z)] > 0 forevery z € D}.

Then we have the next result.
Theorem 9. For each fixedn € N and g € (0,1), P, (B (D)) C B(D).

Proof. LetneN, f e B (D) and g € (0, 1) be fixed. As in the proof of Theorem

8, we see that P, , (f) is analytic on D and continuous on D. Since f(0) =1, we
easily get that

1/(1—q)

Prq(f:0) = ﬁq, / FO)"Eq(~qt)dgt = 1.
0

Finally, we may write that, for every z € D,

[n]q! [1]q

| 1/(1—q) it
Re[P) (f:2)] = —— / Re [f (i)} " Eq(—qt)dgt > 0
0

since Re [ f (%)] > 0. Thus, the proof is completed. O

If we consider the following space of Lipschitz class functions:
Lipy,(D;a):=
{f:D—C;|f(z)— f(w)] < M|z—w|* forevery z,w € D},
(¢ €(0,1] and M > 0),
we can get the next result.

Theorem 10. For each fixedn € Nand q € (0,1), P, (Lipy,(D;a)) C Lip}, (D;a).

Proof. Let f € Li p;\} (D;oz). Then, for every z,w € D, we observe that

/=) zeil welt
f([nlq)_f<[n1q)

* . * . < L
[P, 0= Pig ] = o 0/

t"Eq(—qt)dgt
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v /a-¢ . it
ze we
< — t"Eq(—qt)dgt
~ [nlg! of [nlg  [nlg AR
Miz—wl*
[n1g

<M|z—wl|*,

which completes the proof. U

Using the definition of w( f;8) 5, for f € C (D) and § > 0, we obtain the following
global smoothness preservation for the operators P,f, 4 given by (6.1).

Theorem 11. For each fixedn € N, g € (0,1) and f € C (D), we have
o(Py ()8 p <o(fi8)p.
Proof. Let§>0,n€N,q €(0,1)and f € C (D) be given. Assume thatz,w € D

and |z —w| < 4. Then, we have
zeit we'l
f -/
[n]q [n]q

- ,|z—w|) ( i) - 5) -
_w(f, i) =o(rigp) =ewes

Then, taking supremum over |z —w| < §, we conclude that

(P, (f):8) 5 <o(f:8)5.
whence the result. 0

. 1/(1—q)
PE, (fi2) = PE (fiw)] < f
0

t"Eq4 (—qt)dgt

B [n]q!

Now we obtain an estimation with the help of w(f;8) 5 for the operators P, ,
defined by (6.1).

Theorem 12. For each fixedn € N, g € (0,1) and f € C (D), we have

* _ _ < ;
17211 =30 (1)

D

for some (finite) positive constant M, where ||-|| 5 denotes the usual sup-norm on D
as stated before.

Proof. Letze D and f € C (D) be fixed. We first observe that
. 1/(1—q) it
ze
f - f(@)
[n]q

[n]q!

1Py (f:2)— f(2)] < 1" Eq (—qt)dgt

0
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. 1/(1—¢q)
< / @ (f; 2|
0

elt

[n]q -

TN ) ] t"Eq4(—qt)dgt.

D

Since, for every z € D and t > 0,

it 2 2cost _2]sin(t/2)| 2
2] -1 = 5= < < (6.5)
[7]q g Inlq VInlg VInlg
we may write that
! ) 1/(1-q)
|Prf,q(f;z)—f(Z)}§—,w fi——= / 1"Eq(—qt)dgt
[n]q! [nlg ) 5
0
2
=w f;
[n]q D
Then, by (6.2) we get
1
|Prg(f:2) = f@)] <30 fi—=
[n]q b
Taking supremum over zZ € D on the last inequality, the proof is completed. O

Using the Lipschitz class functions, we also obtain the next estimation result for
the operators P, .

Theorem 13. For each fixedn € N, g € (0,1) and f € Lipy, (D:«), we have

" 2°M
HPn,q(f)_fﬂbf a/2”
[n]q

Proof Letz € D and f € Li Py (D:a) be given. Then, one can write that

1/(1—q) it
3 -r@
[n]q

1/(1-q) it o
-1

[n]q

P (f12)— F(2)] < ﬁq, M Ey (—qt)dyt

< — |z

[n]q! "

t"Eq4(—qt)dyt.

By (6.5), we get
2°M

[n)2/?

Taking supremum over z € D in the last inequality, the proof is completed. 0

|Pr(f:2)— f(2)] <



600 Z.UNAL, M. A. OZARSLAN, AND O. DUMAN

Now replacing the fixed number g € (0, 1) with a sequence (g,) from the interval
(0, 1) which satisfies the conditions in (4.1), we can also obtain a statistical approx-
imation result for our complex operators defined by (6.1)

Theorem 14. Let A := [a ] be a nonnegative regular summability matrix, and let
(gn) be a sequence from (0, 1) satisfying (4.1). Then, for every f € C (D) , we have

stq—lim 1Py ()= S| 5=0.

Proof. Let f € C (l_)) . Then, for a given ¢ > 0, we may write from Theorem 11
that

U;:{new:|\P:,qn<f>—f>\za28}§{”EN“"(J‘V%) - }
qn ) D

=:V.

W] ™

Thus, for every j € N, we get

Zajnf Zajn. (6.6)

nelU nev

On the other hand, by the right continuity of w( f,-) 5 at zero, one can get from (4.1)
that

Sty —lir?w) (f; \/[’1—]_) =0,
qn ) D

lim > " ajn =0. 6.7)

which gives

Now taking limit as j — oo in the both sides of (6.6) and also considering (6.7) we
obtain that
hjm Z ajpn =0,
which means that
st4—lim 12y, ()= f|=0.
The proof is completed. O

If we replace A by the identity matrix in Theorem 14, then we get the following
uniform approximation result.

Corollary 6. Let (gn) be a sequence from (0,1) satisfying (4.7). Then, for every
feA (D) , the sequence {P,;':qn (f)}nEIN is uniformly convergent to f on D.

Finally, we give a statistical approximation result on the space Lip}, (D;a).
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Theorem 15. Let A := [a;,] be a nonnegative regular summability matrix, and
let (qn) be a sequence from (0, 1) satisfying (4.1). Then, for every f € Lipy,(D:a),
we have

stq—lim 1Py ()= S| 5=0.

Proof. Letz e D and f € Lipy, (D;a). By Theorem 13, we get, for every & > 0,
that

{neN: Py, (D=5 =z e {neN: [,,,]lqn = (2a8M)2/a}'

Thus, we have, for every j € N,

2. am= ) a4
ni|| Py ()= || 52# nig—> (s )

Now taking limit as j — oo in and also using (4.7), we immediately obtain that

lim > ajn=0.

nezZ;
which gives
. * _
St h}gn HPn,qn(f) fHD =0.
Thus, the proof is completed. O

The next result is a natural consequence of Theorem 15.

Corollary 7. Let (gn) be a sequence from (0,1) satisfying (4.7). Then, for every
f € Lipy,(D;a), the sequence {P:,qn (f)}nEIN is uniformly convergent to f on D.
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