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Abstract. The paper is devoted to defining a new general class of linear and positive operators
depending on a certain function ¢. This new class of linear and positive operators generalizes the
Szasz-Mirakjan operators. For this new class of operators we establish a convergence theorem
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1. INTRODUCTION

Let N be the set of positive integers and No = N U {0}. In this section we recall
some results from [12], which we shall use in the present paper.
Let 1,J be real intervals and I NJ # @. For any n,k € Ng, n # 0 consider the
functions ¢, x : J — R, with the property that ¢, x(x) > 0, for any x € J and the
linear positive functionals A, x : E(/) — R.
For any n € N define the operator L, : E(I) — F(J), by

o0
(Lnf)X) =D @nic(X) Anic (), (1.1)
k=0
where E(I) is a linear space of real-valued functions defined on 7, for which the

operators (1.1) are convergent and F'(J) is a subset of the set of real-valued functions
defined on J.

Remark 1. [12] The operators (Ly),en are linear and positive on E(I N J).

For n,i € Ng, n # 0, let the function v be defined by ¥ (t) =t —x, (x,t) €
[0, +00[x[0, 400 and define 7", by

(T L) () =n' (La¥)(x) =1" Y @ k() Ap (W), xeINJ.  (1.2)
k=0
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In what follows s € N is even and we suppose that the following two conditions hold:

e there exists the smallest g, o5+2 € [0, +00], so that
(T3 La)(x)
m —
n—00 n%

forany x e I NJ and j € {s,s + 2},

= Bj(x) €R, (1.3)

Os4o < 0s+2 (1.4)
e / N J is an interval.

Theorem 1 ([12]). Let f € E(I) be a function. If x € I NJ and f is s times
differentiable in a neighborhood of x, f ) js continuous in x, then

nin;ons o <(L f)(x) Zf (X) 1 ")( )) (1'5)

Assume that [ is s times differentiable on I and there exists an interval K C I NJ
such that, there exists n(s) € N and the constants k; € R depending on K, so that for
n > n(s) and x € K, the following

(T, ; Ln)(x)

n%i

<kj (1.6)

holds, for j € {s,s +2}.
Then, the convergence expressed by (1.5) is uniform on K and

w0 (L () - Zf g,

i Ln)(x) (1.7

1
= _|(ks +ks+2)wo1 (f(S); —_) ’
S /\/n2+01s Qs+2

forany x € K, n > n(s), where w1(f;8) denotes the modulus of continuity [1], (the
first order modulus of smoothness) of the function f.

In [11], C. Mortici defined the sequence of operators
¢Sn : C2([0, +00[) — C([0, +o00[),
given by

k)
@S0 = )Z“" Oyt s (k) (18)

forany x € [0, +oo[and n € N, where ¢ : R —]0, +o0[ is an analytic function. These
are called the ¢-Szasz-Mirakjan operators, because in the case when ¢(y) = e”, they
reduce to the classical Mirakjan-Favard-Szasz operators [5, 10] and [15].
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Remark 2. Similar generalization of this type are the operators defined and studied
by Jakimovski and Leviatan [7] or the operators defined by Baskakov in 1957 (see,
e.g., the book [2], subsection 5.3.11, p. 344, where they are attributed to Mastro-
ianni). Another recently similar generalization of this type are the operators defined
and studied by authors in [3,4,8,9] and [13].

Remark 3. The classical Mirakjan-Favard-Szdsz operators S, : C2([0, +o00[) —
C([0,400]|) are defined by

(Suf)0) = e 3 ) f(;), 19)
k=0

k!

where

Ca((0.+ocl) = | f € (0. 400D - tim L

exists and is ﬁnite% .
In the following, we shall use the classical definition of Mirakjan-Favard-Szész ope-
rators, i.e., f € C,([0, +0o0).

The purpose of this paper is to introduce a new linear positive operators of Szdsz-
Mirakjan type, in order to use it in the theory of uniform approximation of functions,
which generalize some new, respectively older results, cited at the adequate moment.
We shall prove uniform convergence, Voronovskaja type formulas and the order of
approximation, for these new linear positive operators.

2. AUXILIARY RESULTS
We consider an analytic function ¢ : [0, +00[—]0, +00[ and it follows
© &)
9™ (0)
)=y k. @.1)
k=0 )
By differentiation of the relation (2.1), we get

> &
YR o N i (O
ey =" TR 2.2)
k=1
and
> &
) () — ¢"0) g2
@ (X)_;;(k‘z)’x . (2.3)
We consider the function « : [0, +00[— R defined by
)]
ao) = & 2.4)
¢ (x)

for any x € [0, 4+00].
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Remark 4. From (2.4) it follows that « is also an analytic function.

Let (an),eN be a sequence, so that for any n € N, a, > 0 and we assume that the
function ¢ has the properties
1
lim an ¢ (anx) _ 2.5)
x—>o0o n  @(anx)

and @

. an\2 ¢ (anx)

1 —) —— =1, 2.6
m ) @0

X—>00

where x € [0, +o0].
Lemma 1. The following identity

x+fa(t)dt
p(x)=c-e © 2.7)

holds, for any x € [0, +o00|, where ¢ > 0.
Proof. From (2.4), we get
¢ ()~ (1 +a(x)p(x) =0,
for any x € [0, +o0[. This relation is equivalent to

x )]
—x—[a(t)dt
p(x)-e © =0,

for any x € [0, +oo[. Because ¢ : [0, +00[—]0, +o0] exists ¢ > 0, so that

—x—foz(t)dt
p(x)-e 0 =c,
for any x € [0, +o0].
The relation (2.7) follows immediately from the above equality. 0

3. THE ¢-SZASZ-MIRAKJAN TYPE OPERATORS

We define the sequence of operators ¢S, : C2([0, +o00[) — C([0, +o0[), given by

L2 k
(@S f)(x) = > Dt s (;) G.0)

p(anx) k=0

for any x € [0, 4o00[ and n € N. The operators (3.1) are called the ¢-Szadsz-Mirakjan
type operators, because in the case when a, = n, forany n € N, the ¢-Szasz-Mirakjan
operators [1 1] are obtained. In the case when a,, = n, for any n € N and ¢(x) = e”*,
for any x € [0, +o00], the operators (3.1) become the classical Mirakjan-Favard-Szasz
operators.
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Lemma 2. Let ej(x) = x/, j €{0,1,2} be the test functions. The ¢-Szdsz-
Mirakjan type operators satisfy

i) (¢Sneo)(x) =1,

1)
i) (pSper)(x) = “n¥_(@nY)

@(anx)
i) (¢Sne2)(x) = (%) ﬁxz Z%%:x;)x

for any x € [0,4o00[ and n € N.
Proof. We get

1 ® (0
(@Sneo)(x) = Z“’ O @ =
0

@(anx) ke

taking (2.1) into account.
Next, we get

_ 1 R0 ik
(wsnel)(x)—w(anx);) @)

_an X i 0®(0) (@) = a_n(p(l)(anx)
- n

n @(anx) = (k—1)! o p(anx)

taking (2.2) into account. In a similar way, one obtains

k)
(OSpen) () = mz‘” O (£)

*)
L L SO k-1

)
n* g(anx) k=0

(X PO e X WO
_(7) planx) &= (k=21 @ n2 Planx) £ (k—l)!(a"x)
_(An 2(p(2)(anx) 2 lan (p(l)(anx)
_(7> wan) T an plann)

taking (2.2) and (2.3) into account. U
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Lemma 3. Lete;(x) = x/, j €{3,4} be the test functions. The ¢-Szdsz-Mirakjan
type operators satisfy

(€] 2)
(Ses)0) = ()’ qun(‘:’)zmxz (3.2)

p(anx) @(anx)
1 ap ‘P(l)(anx)
—— I " x

n2n @(ayx)

and
_ (4n 490(4)(anx) 4, 0 90( )(anx) 3
seea0 = () i 45 () Sy 09
7 9@ (anx) 5 1 an M (anx)
nz( ) @(anx) TS e @(anx) o

for any x € [0,4o00[ andn € N.

Proof. Because the function ¢ is analytic by differentiation, it follows

k) (k)
@(0) " (0)
(,0(3)()6)— § :(k 3)' k 3 (p(4)(x) — § :(k 4)' k 4

Using the above relatlons and (2.1), (2.2), then from (3. 1), it follows
L Se®0) (kY
(pSnea) () = s ;} o (anx) (;)

k)
LA NS

n3 p(apx) = k!

:(an)3 3 = (p(k)(o)(anx)k_3

n

planv) 2= (k=3)]
3an\2 x2S e®(0) ko lan x O e®(0) k—1
o (7) o(anx) k2=:2 @ "2 planx) £ Z (k- D1 (@)

_ (a_n)3 (/)(3)(61,,x)x3 N 3 (a_n)z (/)(2)(anx)x2 n 12 an 90(1)(a”x)x
n/  @lanx) nin/  glanx) n*n  g(anx)
where uy (k) =k(k—1)(k—2)+3k(k—1)+k.

&0 4
(anx)z(p ()(n )k( )

_ 11 <p<")( 0)
n# p(anx) =

(pSnes)(x) =

(anx)* -us (k)
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_ 9®(0) k=4 6 9®)(0) k—3
_(7) go(anx)z(k—4)'( n¥) (n) (p(anx)z(k—S)!(anx)

7 ran 2 x2 < 9®(0) k—2  lan x 0®(0) k—1
n_2(7) planx) = (k=21 @ +n_37<p(a,,x) Z (k—l)!(a"x)
_ (an\* W any) 4 9O (anx) 5 </>( (@)
= () s () 4 () s
1 an oW (ayx)
n3n ganx) -
where up (k) = k(k —1)(k —2)(k—3) + 6k(k —1)(k —2) +Tk(k —1) + k. O
Lemma 4. For any x € [0, +o00o[ and n € N, the following
(Ty09Sn)(x) =1, (3.4)
(T* 1 0Sn)(x) = n (C’—”M - 1) X, 3.5)
’ n @(anx)

@ (1)
(T;} 50Sn) (x) = n? (((‘;—”)2"’ (@nx) _,an ¢ (a”x)+1)x2 (3.6)

@(anx) n g(apx)

LLan g x)

nn @apx)

anp 4¢(4)(anx) an 3§0(3)(anx)
(7, 4¢Sn)(x)—” (((7) W_Ll(;) olanx) 3.7

2 2 (1)
+6(%) ¢ @nx)  an 97 (@nX) ) 4
n p(apx) n g(apx)

6 Aan 3‘P(3)(anx) Aap Z‘P(z)(anx) Aap Qo(l)(anx) 3
+E((7) s 20 S T e )

1 (7 (a_n)2 92 (@nx)  an w(l)(anx)) 2y La_nso(”(anx)x)
n

+n2 p(anx) n (apx) n3n p(anx)

hold.

Proof. Taking into account relations (1.2), (3.1), Lemma 2 and Lemma 3, we get
(T 09 Sn)(x) = (¢Sneo)(x) = 1,

(T 19Sn) (x) = n(9Snx)(x) = n ((9Sne1) (x) —x (¢ Sneo)(x))
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_[(aneP@n )
B n @(anx) '
(T 20Sn) (x) = n*(9Sp¥2)(x) = n* ((9Sne2) (x) — 2x (¢ Sne1) (x) + x> (pSneo) (x))
. (((@)2 ¢ anx) an ¢ Dianx) | 1) 2, Lan o) x) |

n p(anx) n g(apx) nn @(apx)

(T 49 Sn)(x) = n* (@Sa¥ ) (x) = n* (pSnes) (x) — 4x(pSnes)(x)
+6x%(pSne2) (x) —4x> (pSner)(x) + x* (pSneo) (x))

4 an 4(P(4)(anx) an 3‘p(3)(anx)
- (<(7) s () o
an\2 9@ (anx)  an oW (anx) 4
oGr) S~ )

6
n

N ((a_n)3 ¢Danx) (@)2 #@(anx) @go(“(anx)) 3

n p(anx) n @(anx) n  @(anpx)
)
n

n ¢(anx) n g(apx) n3n g(apx)

Remark 5. Taking (2.5) and (2.6) into account, for x € [0, 400[ we have

- ((a_n)2 0@ (anx) _2a_n<p(1)(anx) n 1) _o.

n—0o0 n @(anx) n @(anpx)

In the following, we assume that there exist y, §, sothat 0 <y < 1,6 <2,y <,
and the function ¢ verifies the conditions

lim nY
n—>oo

((a_n)2 ¢@anx) _an ¢ (anx)

n/ glanx) n @lany) “):ﬁz(x)» (3.8)

lim nf1 ((a_n)3 ¢ (anx) _2(a_n)2 ¢@(@nx) a_n(ﬂ“)(anx)) — 80)

n—o0 n plapx) n @(anx) n g(anx)
3.9
and
g fan\ W anx)  ran\39Panx) | ran\2 9P (anx)
P (e B C e R Y e g
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_4a_n ‘P(l)(anx)
n g(anx)
for any x € [0, +00], where 85, 83, B4 are functions, 85, 83,84 : [0, +00[— R.

+ 1) = Ba(x),

Lemma 5. For any x € [0, +00|, the following identities
Tim (T00Sn)(x) = 1, (3.11)
m Tnizgﬁsn)(x)

n—00 n2-v

TF,0S8n)(x
Ta@5n) () = Ba(x)-x* +6B3(x)-x3+3n(8) - x> (3.13)
n—00 n4—:o
hold and there exists ny € N, so that
(T, 09 Sn)(x) = 1 = ko, (3.14)
(T} 2®Sn)(x)
n2-v

= Ba(x)-x*+e(y)-x, (3.12)

<my(K)-b*+b+1=ks, (3.15)

(T,:MDS,,)(X)
n4—38

forany x € K =[0,b], b >0, anyn € N, n > ng and ma(K) := sup |B2(x)|,
xeK

I,y=1

<ma(K)-b* +6m3(K)-b3+3b%+1 = ky, (3.16)

m3(K) := sup |B3(x)|, ma(K) := sup |Ba(x)|, where e(y) =
xekK xekK 0,0<y<l

1,6§=2

andn(S)z{O §<2

Proof. The identities (3.11)-(3.13) follow from Lemma 4, while (3.14)-(3.16) fol-
low from (3.11)-(3.13) by taking the definition of the limit into account. O
Let us assume that / = J = [0, 4o00[, E(1) = C2([0,400]), F(J) = C([0, +0]),

1 ¢®o

(anx) ’

planx) k!
for any x € [0, +-00[, any n,k € Ng, n # 0 and the functionals A4, x : C2([0, +-00[) —

R let be defined by A, x(f) = f (%), for any n,k € Ng, n # 0. In this way we get
the ¢-Szdsz-Mirakjan type operators.

the functions ¢, x : [0, +00[— R let be defined by ¢, 1 (x) =
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Theorem 2. Let the function f € E(I) be given. If x € [0,+0o0[, f is s times
differentiable in a neighborhood of x, then:

lim (¢S, /)(x) = f(x), (3.17)
if s =0and
, an ¢ (anx) "
lim n” | (@Sp f)(x)— f(x)— | = —"2 =1 | xfD(x) (3.18)
n—00 n g(anx)
= 2 (B0 x>+ €(y)x) £ O x),
ifs =2.

If f is s times differentiable on [0, 00|, then the convergence from (3.17) and (3.18)
is uniform on any compact interval K = [0,b] C [0, +o0].
Moreover, we get

(95510~ 0] = 1 ko 1 (3.19

forany f € C1([0,+00[), any x € K andn € N, n > ny.

L)

Proof. 1t follows from Theorem 1, with g =0, 2 =2 —y and aqy = 4—§, Lemma
4 and Lemma 5. O

Remark 6. If a,, = n, for any n € N and ¢(x) = e*, for any x € [0, +00[ we get
the well-known results for the classical Szasz-Mirakjan operators. In this case y = 1,
8§ =2, Ba(x) = B3(x) = Ba(x) =0, for any x € [0, +-00[ and ky = b, k4 = 3b% +b,
(see [12]).

4. OTHER FORM FOR THE SZASZ-MIRAKJAN OPERATORS

In this section, we assume that ¢ = 1 in the relation (2.7). In [6] or [14], we can
find some known results about differentiation of composed functions.

Theorem 3 ([14]). Let I,J be two intervals of real numbers and let f : 1 —
R, g:J — R be two real-valued functions, such that f(I) C J. If f is k times
differentiable on I and g is k times differentiable on J, k € N, then the function
go f I — Risalso k times differentiable on I and the following identity

k
. k!
@ HPW=3(of)m) Y @

arlaz!...ap!
i=1 aytaz+..tap=i 1 2 k
ayt2ar+..tka=k

.(f(“(x))“‘(f@)(x))”. .(f(k>(x>)“"
1! 2! k!

holds, for any x € I.
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Theorem 4. If k € N, then the following identity

k a
k! 1+a(0)\"
*) (o
e (0) = E : Z al!azl...ak!( 1! ) 42

i=1 ajtax+..+ap=i
ay+2ar+...tkap=k

a®©0)\“ a®=D(0)\“
2 A T

X
Proof. One applies Theorem 3, with g (x) = e*, for x € Rand f(x) = x+ [a(t)dt,
0

holds.

for x € [0, 4-00]. O

Remark 7. The relation (3.1) represents the form of ¢-Szasz-Mirakjan type ope-
rators, by using the function ¢. By replacing the form of go(k)(O), from the relation
(4.2) in (3.1), we get the form of the ¢-Sz4sz-Mirakjan type operators, where appears
the function «.

Now we can give some applications.

Example 1. If a, = n, n € N and a(x) = 0, for any x € [0, +o0o[, from (4.2)
follows that 9®)(0) = 1, for any k € N. In this case, we get the classical Szdsz-
Mirakjan operators.

1
Example 2. Suppose that o(x) = m, for any x € [0, 4+o00[. Then a‘? (x) =
X
—-1)? !
%, p(x) = e , for any x € [0, 400], any p € Ng and we get
k k!
k) _ : a1 1\lax+2az+...+(k—1)ax
PO=Y Y 2D .

ailaz!...a
i=1 ajtax+t..tap=i 1642 k
ay+2an+...+kag=k

Taking into account ay +2as +...+kay =k anda; +ax +...+ap =i, we get

k
k! -
(k) _ k—ina
e®0) =" > —(—DF 2,
o R ailas!...ap!
ayt+2ar+...tkag=k
from where, it follows
k k!
&) (0) = (=1)k —1) —— 2%, 4.3
¢ =D Z Z ( )allaz!...ak! 43

i=1 aj +a2+...+ak=i
aj +2a2+...+kuk:k
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If we consider a,, = n + rll, for any n € N, the operators defined by (3.1) become
k

k i k! a
(_1) igl uH—uz-&Z-&-u =i (_1) al!az!...aklz 1
—(n+iH)x—1 & ) F2ast kg =k

((/)Snf)(X) = em

k!
k=0

k
((=2)) 7 (2)
n n
for any f € C2([0,+o0[), x € [0,40c0[ and n € N.
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