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Abstract. In the present paper we have proved a more general theorem dealing with |A, pn |
summability by using almost increasing sequence. This theorem also includes several known
results.
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1. INTRODUCTION

A positive sequence (b,) is said to be almost increasing if there exists a positive
increasing sequence (c,) and two positive constants A and B such that Ac,, < b, <
Bcy, (see [1]). Let Y_ay, be a given infinite series with partial sums (s,), and let A =
(any) be a normal matrix, i.e., a lower triangular matrix of nonzero diagonal entries.
Then A defines the sequence-to-sequence transformation, mapping the sequence s =
(sn) to As = (Ay(s)), where

n
An($) =Y anysy, n=0.1,.. (1.1)

v=0

The series Y _ay is said to be summable |A|; ,k > 1, if (see [9])
> - k
> 0k | Adn(9)]" < o0, (1.2)
=1

where
AAn(s) = An(s) — An—1(5).

Let (p,) be a sequence of positive numbers such that

n
Py=>) py—o0 as n—oo, (Pj=p;=0.ix1l). (1.3)
v=0
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The sequence-to-sequence transformation

n
On = i vasv (1.4)
T v=0

defines the sequence (0;,) of the Riesz mean or simply the (N, p,) mean of the sequ-
ence (sp,), generated by the sequence of coefficients (p,) (see [0]). The series Y _ap,
is said to be summable | N, p,, Ik, k> 1,if (see [2])

o0

> (Pu/pn) ! | Aoy |F< 0, (1.5)

n=1
and it is said to be summable |4, p,|; .k > 1, if (see [8])

0 k—1
3 (ﬁ) | A4 (5)| < o0, (1.6)
n=1 Pn
where
AAp(s) = An(s) — Ap—1(s).

In the special case when p, = 1 for all n, |A, p,|; summability is the same as |A|;
summability. Also if we take an, = %fl, then | A4, p,|; summability is the same as
}]\_/ , Pn ‘ ¢ summability.
In [5], Bor has proved the following theorem for ‘N , pn|  summability factors of
infinite series.

Theorem 1. Let (X)) be an almost increasing sequence and let there be sequences
(Bn) and (M) such that

| Adn |< Bn, (1.7)
Bn—0 as n— oo, (1.8)

o0
D n|ABu| Xn < o0, (1.9)

n=1
| A | Xn = O(1). (1.10)

and

S [F

> ’; = 0(X,) as n— oo, (1.11)
v=1

where (t,) is the n-th (C, 1) mean of the sequence (nay). Suppose further, the sequ-
ence (py) is such that

P, = Onpyp), (1.12)
PuoAp, = O(pnpn+1). (1.13)

Then the series Zflo:l an I;’})ﬁ” is summable | N, Dn e k> 1.
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Remark 1. Tt should be noted that, from the hypotheses of Theorem 1, (1) is
bounded and A, = O(1/n) (see [3]).

2. THE MAIN RESULT

The aim of this paper is to generalize Theorem 1 for absolute matrix summability.
Before stating the main theorem we must first introduce some further notations.
Given a normal matrix A = (a,,), We associate two lower semimatrices A = (dny)
and A = (dny) as follows:

n
any =Y ani, nv=01.. @2.1)
1=V
and
&()0 =ﬁ()() = daopo, &nv =L_Zm;—t_ln_1,v, n = 1,2,... (2.2)
It may be noted that A and A are the well-known matrices of series-to-sequence and
series-to-series transformations, respectively. Then, we have

n n
An(s) = Zanvsv = Zanvav (2.3)
v=0 v=0
and
B n
Adp(s) = anvay. (2.4)
v=0

Now, we shall prove the following theorem.

Theorem 2. Let (X,,) be an almost increasing sequence. The conditions (1.7)—
(1.13) of Theorem 1 and

n

Pv _ O(X,) as n— oo, (2.5)
Py

v=1

are satisfied. If A = (any) is a positive normal matrix such that

ano=1,n=0,1,..., (2.6)

ap—1,y = Any, forn>v+1, 2.7
Pn

= 0(—), 2.8

Ann (Pn) (2.8)

|an,v+1 | = O(U | Av(anv) |), (2.9

then the series Y oo | dn I:l”pt” is summable | A, pp |k > 1.

It should be noted that if we take a;, = %Z, then we get Theorem 1.
We need the following lemmas for the proof of our theorem.
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Lemma 1. ([7]) If (X,,) an almost increasing sequence, then under the conditions
(1.8)—(1.9) we have that

nXnPn = O(1), (2.10)
> BnXp < 0. (2.11)

Lemma 2 ([4]). Ifthe conditions (1.12) and (1.13) are satisfied, then A(Py [ pan?) =
o(1/n?).

an Pnin
npn

Proof of Theorem 2. Let (T,) denotes A-transform of the series > o,
Then we have by (2.3) and (2.4)

ay PyAy
ATn_Zanv "vp”v .

v=1

Applying Abel’s transformation to this sum, we get that

vay PyAy
E Apy——F——

vzpv

n

—ZA (anvPv )Z annPn)& Zrar

P r=1

Py P, A
—ZA(“"” V) 0+ Dty + P 4+ Dy
P

v=1

(n+1)tn+ZA (am,)(”H) P; by

v=1 v

annPn n

n—1 ~ —1

anw+1 P (v+1)
+Z%A Z nv+1)L

v=1 v=1

= 1p,1 + Tn,2 + Tn,3 + Tn,4-

(v+1)

Since
1T (1) + T (2) + T (3) + T (@IF < 45T () |F + 1T ()1 + T B)| + T (#)[F)

to complete the proof of the theorem it is sufficient to show that

n k
> (—) | Ty.r |F<o00, for r=1,234. (2.12)

n=1 n
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Firstly, by using Abel’s transformation, we have that

" (P P, i
Z(_) T I —O(DZ( ) n(,,—>’°|xn|"|tni

n=1 Pn

k
_ t
= 01) 3l a2
n=1

3 N
=0() )1l

n=1
= ol [t
=0() Y Al D=+ 0 Aml 3=
n=1 v=1 n=1
m—1
= 0(1) Y [A%n|Xn 4+ O(D) A | X
n=1
m—1
=0() ) BnXn+ O Ap|Xm=0(1) as m— oo,
n=1

by virtue of the hypotheses of the theorem and Lemma 1.
Now, using the fact that P, = O(vpy) by (1.12), we have that

mtl  p k- m+1
2 (p_) | Tnz [*=0(1) Z< (Zm (@nv)| A ||zv)
+

n=2 n

Now, applying Holder’s inequality with indices k and k’, where k > 1 and % kl

we have that

m+1 P k— m+1 ne1
Z(p_n) T2 I —O“)Z( (ZlAv(anvnw‘uvlk)

n=2 n v=1

X (Z | Ay (@nv)E

v=1
m+1 P
—0(1>Z< ”)k ' (ZlA (@nv)| 2o It, |)
n=2 v=1
m+1
=0(1)Z|Au|k|rv|" > 1Av(@ny)]
v=1 n=v+1

—0(1)Z|/\ Iy avv_O(l)ZM ||zvkﬁ

v=1
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= 0(1)2A|A |Zﬁ|zr| +0<1)|xm|2ﬁ|zv k
v=1
m—1

= 0(1) > |Aky| Xy + O(1) |Am| Xm
v=1
m—1

=0(1) Y BoXy+ O(D)|Am| Xm
v=1
=0(1) as m— oo,

by virtue of the hypotheses of the theorem and Lemma 1.
Now, using Holder’s inequality we have that

m+1 k—1
P

) (—) | Ts IF
V4

n=2 n

m+1 k

oty (;i) (Z anos1]1 42, ||zv|)
m+1 n—1
=0(1) Z ( ) ( |an,v+1|ﬁu|rv|") X (Z |av,v+1|ﬂv)

v=1

_ 0(1):i1( ) (Z anor11Boltsl )

m—+1

=OW Yl 3 finwil= 0(1)Zvﬁué|tv|"
= v=1

n=v+1

k—1

m

o)’ aw, )Z i<+ OB 3 il

v=1 v=1

= 0(1) Z | A(WB)| Xy + O(1)mPon Xm

v=1

m—1 m—1

=0(1) ) | v[ABu|Xy+0(1) Y fos1 Xot1 + O(1)mPm X
v=1 v=1

=0(l) as m— oo,

by virtue of the hypotheses of the theorem and Lemma 1.
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Finally, si = 0( 2) as in 75,1 we have that
m+1
Py
Y N @
n=2 Pn
m+1 n—1 o] k
—0(1)2( Zm e
v=
m+1 P n—1 |[ |k n—1 1 k=1
= 0(1 myk-t Z k= in 1|
()Z( o) 2 lan Ao [C == | 3 lan o]
n=2 v=1 v=1
m+1 P n—1 |Z| n—1 k-1
—0<1)Z( DD an il F22 D 1 Avén|
n=2 ” v=1 v=1
m—+1 | |
v
—0<1)Z( )’” vaanvnxmv‘
v=1
m M 1| m+1
+ A
=0 =0 lF > Janwl
v=1 v n=v+1

m
A
=0 :Mmk =0(l), as m— o0
v
v=1

Therefore we get

Z(—n) | Tn,r |k= o) as m—oo, for r=1,2,3,4.
Pn

This completes the proof of Theorem 2. U
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