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1. INTRODUCTION

Let us consider the system offidirential equations

d
© = W9 + ROy + F(x.y) KD
whereW, R € C ([Xo, +oo[ ; R™") , F € C([a, +o[xR"; R") ,

W(X) = diag [W1(X), ..., Ws(X)]

with
wit(¥)l2  i2(X) o ... O, O
O wi(¥l2  liz(x) ... 02 O
02 02 wi3(X)|2 .. 02 02
Wi(x) = : : : - 3 : (1.2)
Oz 02 Oz e a)ini_]_(X)|2 Iini (X)
02 02 02 .. 02 Win; (X)|2
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fori=1,...,r,

win(x) 1 0 0 0
0 w2x 1 0 0
0 0 wig(X) .. 0 0

Wi(X) = : : : . : : (1.3)
0 0 0 win-1(0 1
0 0 0 0 Win; (X)
fori=r+1,..
Here,r € {0, }andZ. 120+ T2 m=nt

@ )
Iik(x):( 'gbgg '53(%‘)) (k=2,....m, i €{l... ),

I, is the identity matrixO, is the zero matrix of the second order, Il(k), Ii(lf) €
C ([%0, +oo[; R) are so that
lim 180(x) = im 190 =1 (=2....n, ie{l...,r),
X—>+00 X—+00
XIim wik() =w?=const  k=1,....m, ie{l...r}).
—+00
We can reduce the quasilinear equation
n-1
u® = 3 [pok(t) + pu(®Iu® + gt u, v, ..., u™b) (1.4)
k=0

to form (1.1) by means of some real transformatiorgif. [a, +oo[xR" — R ,
Pk : [@+oo[— R (k=0,...,n-1) are “small” in some integral sense for contin-
uous functionspy : [a, +oo[—> R (k=0,...,n—1) are continuously dierentiable
functions such that there agey € C? ([a, +oo[ ; ]0, +o0[) for which

tIirp ay(t) = agk = const tIir+n b(t) = box = const  (k=0,...,n—-1),
where

a(t) = e OO (W D) . b = ¢ "B pat) (k=0.....n-1).
Then, in system (1.1), each block (1.2) corresponds to complex conjugate roots of
multiplicity n; of the algebraic equation

nl n-1 k-1

I (/1 +agj) = Z bok H(/l + apj) + boo (1.5)

and each block (1.3) corresponds to a reaI root of (1.5) of multipligity

Lin caser = 0, the matrixW consists of the blockeV, of type (1.3), whereas far= sthe matrixw
m
consists of the blockg\; of type (1.2). Ifk > m, we assume thag,[...] = 0.
j=k
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In this paper, we obtain asymptotic representations for solutions of the system of
guasilinear dterential equations of form (1.1). I. T. Kiguradze’s results [1] on the
asymptotic behaviour of solutions of (1.4), obtained for the case of simple roots of
(1.5), are extended here to the case where multiple roots of (1.5) may exist. By virtue
of the structure of equation (1.4) and that of the transformation reducing this equation
to system (1.1), asymptotic formulas are obtained for solutions of system (1.1) with
some consideration for small additive perturbations.

Many papers (see, e.g., [2-6]) are devoted to the study of the asymptotic equiva-
lence between solutions of a quasilinear system and those of the corresponding linear
system. Note that the results presented in this paper cannot be obtained by allying
the results from [2—6].

2. BASIC ASSUMPTIONS ON THE PRINCIPAL PART OF THE ABRIDGED SYSTEM (11)

Let us consider the following auxiliary linear system offeiiential equations cor-
responding to system (1.1):

du
ax - W(X)u. (2.1)

In order to obtain an asymptotic representation of the fundamental system of solu-
tions of (2.1), we need some notation.
We write

where

2 if iefd,.. 1),
N n ifief{fr+1,...,s.

We introduce two sets
Jo={0,)): j=1...,m, 1<i<s, J={0,K: k=1,....m, 1<i<s
and denote bg,,, where @, V) € J, then-dimensional vector whosd,, + vth com-

ponent equals 1, whereas the others are equal to zero.
Setting, for every € {1,..., s},

() = exp [ (0l - oma(9)ds  (m=2.....m),
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we define the functionB‘mk l<m<k<n,1<i<sand B%k (l<m<k<n,
1<i<r; u=1,2) by the following recurrence relations:

By(¥=1 BL®=0 BZ®=1 (Isks<n)
Bl = fy Bu®dma®dt  (Ism<ks<m),

B = [ [Bn, Ol 1® + 1P B O, 1 0] dimea (0l
QA<m<k<n),

where

; a if Bi = +o00, ; +00 ;
mk = { +oo if B{Qg < 400, B = Ja | a0 dmea (Bt

. #opiH
a/w _{ a |f Bmlo—+00,

mk ~ ik
+oo if B, < +oo,

m+

Bl = L[ B, 51,0 + (1P B L O, ()] dimea(t) it

Using these functions, we also introduce the functiD{gF(l <k<j<smi=

r+1,...,9 andD:fj QA<k<j<ni=1...,r, u=12)bythe recurrence
relations

DL, =1 (=1,....,n),

. i .
D,(x) = _mzzk:+1 Bim(Dp(¥) (I <k<j<m);
Di(x) =1 D3(x)=0 (k=1,...,m),

Dyi() = - _ﬁkﬂ(BEm(x)D‘; () + (~1yBL (0D 3 #(%)
) (L<k<j<n;pu=12)
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Integrating the system “upside down,” we obtain

N . .
Uni+2k-1(X) = eprax wik(s)d Sjgk (CNi +2j—1BL2j(X) - Cni+2j BLlj(X)) ,
N . .
Ung2(X) = exp [ wi(s)ds 3, (Cniv2i-1BE (%) + Crs2i BR(9)
(k=1,....nm, i=1,...,1);

N; . .
uNi+k(x)=expfaxwik(s)ds_ZkCNi+jBLJ.(X) (k=1....n,i=r+1...,9),
J:

where Cm)l_, = C is a constant vector. Settif@ = epy (v = 1,...,mp; p =
1,...,9) we find for (2.1) a fundamental matrix of solutions of the fodx)
diag [01(X), . .., ®s(X)], where

D) D) ... D (%)
Di(X) = o (I)izz(X) cD‘Zni(x)

o O .. %X
with

O, for iefl,...,r},

0 =

0O for ie{r+1,...,s

and

B2(Y -BI(X)
expfaxwik(S)ds ifl<k<j<n,i=1...,r

O};(0) = B BA(X

Bl (¥)exp [ wik(9ds ifl<k<j<n,i=r+1...,s

It is not difficult to see that the inverse matrix fdr(x) is given by the equality
d1(x) = diag[(l);l(x), s CDgl(x)], where

@701 @702 - (@7

ot = O (@2 ... @ | (=1...9

o o . (@ (X))mn
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with . .
Dii(®) —Dia(x) )
‘ _ exp(- [ wij(9)ds),
D) D(X)

(D7) = ifl<k<j<n,i=1...r,

D}, ;()exp(- [ " wij(9)ds),

ifl<k<j<n,i=r+1,...,s
In what follows, we assume that the following conditi&@g] is satisfied for system
(1.2):
(Sg) Foreveryie{l,...,s},
Bl (00 (Mm=1,...,m)
in some neighbourhood efo and, moreover, for arbitraryandm such that
1< j < m<n;, the relations

. Bl (B L
limsup % <400 ifiefl,....r}, u=12,
X— 400 m
B . (X)B!
lim sup % <400 ifiefr+1,...,8
X—+00 im
are true.

Lemma 1. If condition(Sg) is satisfied, then there are constanis> 1 andx; > Xg
such that for alli € {1,...,s} and all naturalk and j with 1 < k < j < nj, the
estimates

5 ‘Bilm(x)oi;.(x)\ < (2c1)i-k|Bi1.(x)| it ie{l....rju=12),
ek ' ’ (2.2)
> B0k 9] < (e [BL, (| i ieireL..s

m=k

are valid forx > x;.
Lemma 1 is proved similarly to Lemma 1 from [7].

Proof of Lemma 11n view of condition Sg), there are constantg > Xy andc; > 1
such that the relations
B} (0B, (0

g |9 (=l..ru=12)

Bi1j (X Bijm(x)

—BWSC]_ (I:I’+l,...,S)




ASYMPTOTIC BEHAVIOUR OF SOLUTIONS OF QUASILINEAR DIFFERENTIAL EQUATIONS 9

are satisfied.

Let us show that (2)) is true forx; > Xg. We fix an arbitrary numbere {1,..., s}
and prove (2;) by inductioninj—k (0< j—k < n —K).

Indeed, let € {1,...,r}. SinceD}}(x) = 1 andDj3(x) = 0 fork = 1,...,n;, we see
that, forallj,k € {1,...,nj} such thatj — k = 0, estimate (2)) is true.

Let us suppose that ) holds for all j,k € {1,..., n;} that satisfy the condition
j —k =1 < n -k We shall show that (2;) is valid for arbitraryj,k € {1,...,nj}
satisfying the conditior) — k = | + 1 < n; — k. By the definition of the function@iﬁ‘j,
l<k<j<ni=1...,r,u =12 using the assumption of the induction and
taking condition §g) into account, forj —k =1 + 1, we obtain

3 |8y 0908,09] - [BL D00+ 3 (Bl 0003300

< +(2e1)![B09] <

5,09 3 09D (0 8200009

< + +

. i .
B, (X) m:zm B}z (x)Dit (&)

. i .
B, (¥) m:zm B/l (x)Di2 (&)

. i . . j . .
+(20) B, (0| <% 2 [Bn(9DZ0|+% 3 [Bin(¥D ]+
m=k+1 m=k+1

+(2¢y)' |Bi1j(x)| < 2%(2c;) |Bi1j(x)| + (2c1) |Bilj(x)’ < (2c)*t

for x > x1. Similarly,

Bilj(x)|

ZJBilm(x)Dgﬁ )] < (o0’ B ()

for x > x;.
Ifie{r+1,...,s},then

nék’Bilm(x)Dim ] = |BL 9D 09) +W%+1|B‘1m(x)D‘m 0 <

< B m=ik+1 B (9D}, 00| + (2c)' By (9] <

<q WZ:(}Jrl’Bilm(x)Dim j(x)] + (2c1) |Bi1j(x)‘ < a1(26)) ]Bilj(x)|+

+(201)' B (9] < (200

B}, ()
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for x > xq.
The lemma is proved. O

3. MAIN RESULTS

In order to formulate the theorems, besides the notation introduced in Section 2,
we also need some other definitions.
For an arbitrary pairi(k) € Jo, we write

Hizk-1(X) = Hiz(X) = B} (X) expf (wir(t) —wik(®)) dt - if Te{l,... r}
and
Hik(X) = Bilk(x) expf (wit(t) —wik@®) dt if ie{r+1,...,sh

We also define the matrix

A(X) = diag[A1(X), ..., As(X)],

whereA;(x) = diag[Hi1(X), ..., Hm(¥)] (i =1,...,9), and denote bRy the follow-
ing set:

n
RE = {(Zj)jzl ERn . |Z]_| < b,,|zn| < b}

Definition 1. Lety = (y);., be am-dimensional vector function with the continuous
componenty; : [a, +o0] = ]0,+oo[ (i=1,...,9).

We shall say that a system of continuous functigps]a, +co[—» R(m=1,...,n;,
i = 1,...,9) satisfies the conditiofM - L)pq (Where @,q) € Jo) on the interval
[0, +o0[C]a, +oo] with the weight cogiicienty if, for arbitrary (, m) € Jo, either

inf {f [pg(S) — tim(9)]ds—In %E ; X>71> XO} > —oo
and
XI_'fD [f [1pg(S) — tim(s)]ds—In 7:'(( )) - 100
or

sup{ f el — (95— 'ny'ﬁi

If condition (M — L)pq holds with the weight cdécienty = (yi)2,, we use the
diagonal matrix

X2T2X0}<+oo.

I'(x) = diag[y1(®)Imy, - - -, ¥s()Ime] »
wherely, (i = 1,..., s) is the identity matrix of ordem.
Theorem 1. Let condition(Sg) be satisfied and, for a certain p&ip, v) € J and some

n-dimensional vector function= (y;);., with continuous componengs: [a, +co[—]0, +oo[
(i=1,...,9),the following condltlons hold
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(i) The system of functions
(B
B}.(X)
satisfies the conditio(M — L)pq, whereq is defined by the equalfty

q= [‘%1] if pe{l,....r}
Y if pe{r+1,...,8

Hik(X) = wir(X) + (k=1,....n, 1<i<y9

on the intervalxg, +oo[ C ]a, +oo[ with the weight cofcienty;
(i) Forevery(i,k) e Jandallme {1,...,v}, one has

+00
Hik(X)
Yi(X)

«f;o l Hpm(X)

(iii) For arbitrary (i, k), (I,m) € J
fm Yi(X) | Hik(X)
o V1(X) THm(X)
(iv) There is a numbel €]0, +oo[ and there exists a continuous function

¢ :[a +oo[—> Ry
such that, for ali, k) € J and allz € R}, the relations

|FNi+k(X’ A‘l(x)l“‘l(x)qu(x)z + cI)(X)epv| < ¢(X)

f (9600 ‘ ()

X0 Epg(X)

rNi+kNp+m(X) dXx < +o0;

rNi+kN|+m(X)‘ dX < +o0;

and

dx < +oo

are true.
Then system (1) has at least one solutygi{x) that admits the following asymp-
totic representation fox — +co:
You(X) = ©(X)epy + A OITH(X)0 (£pg(¥)),
where .
Epg(X) = Bi’q(x) exp f wp1(9ds
a

Proof. Given the numbersp( g) € Jo and then-dimensional vector function, we
introduce the auxiliary functions

Yi(0BL()BE()

Il T) = OB @B ex0 [ o9~ op(3) s

2Here, [..]denotes the integer part of the expression.
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m=1...,n, i=1...,s and
A(X)P(x)
fou(X) = ———€pv.
- Epg(¥) P

Due to the structure of the matricasand®, the components of the vector

n .

fou(X) = ((fp\,)k)k:l are determined as follows: for ajle {1, ...,q},

(fooa-t)yy 51 (¥ = Biv%iig(x)’
(frza-t)y .5, 00 = Biz%ff(x)
(prQ)Np+277—1 () = _%Z%(X)’

(fe2a)y 12, 09 = Bi,%‘?f(@’

(fp2q—1)j () =0, (prq)j X=0 (j#Np+1,....,Np+V)
if pef{l,...,r}and
P P
(foa)y ., 9 = —Bl'](X)B"q(X),
Mot 85,00
(qu)j =0 (j#Np+1,...,Ny+0Q)

ifpef{r+1,...,sh
In view of condition (i) of the theorem, the sé4 is decomposed as the union of
two disjoint subsetg;pg and Jopg,

Jo = Jipq U J2pg,
such that
XIin+1 Om(x,7) =0 forall 7> xo
and
Mim = SUP{Igim(X, 7) : X > 7 > Xo} < +o0
when {, m) € Jipg, and
Mim = SUP{|gim(X, 7)| : 7 = X > Xo} < +00

when {, m) € Jopg.
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According to this decomposition of the sk the matrix® can be represented as
the sum of two diagonal matrices

¥ (x) = diag|@¥(x).....00(%)| (0 =1.2).
whered)i(p)(x) (iefd,...,s, p=1,2)are themth order matrices with the elements

(@i(Q))jm if (i,m) € Jppg,
(4709)y. ={ 0 i () ¢ Jyng

We consider

o = X2 for p=1,
L +o0 for p=2

We shall show that, for a fiiciently large numbex, > x;, wherex; is as in
Lemma 1, the system of integral equations

2(x) = f f K”(X,T)[G(T) {2x) + T(@) fp(7)} +
p=lJa,
(3.2)

+

Eon) DAOF (z. AL (@)épg(1)2(7) + @(T)epv)] dr,

where
3 pq(T)
Epg(X)
G(1) = T(MA@RE@)A ) (1),

has at least one solutian= (z);_, € C ([xz, +o0l; Rg) vanishing wherx — +co.
In this system,

KO(x 7) = diag[K¥(x.7).....KP(x7)| (0 =12).

KP(x,7) = (AP () (7)A D) (7),

Epg(T)y(X)
Epa()y(7)
Here,K consists of the blocks

K (x,7) = AP ()AL ().

(K 0) = (K ))
ifl<k<j<n,

(<een), = | L) (ko))

O, if 1<j<k<n,
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where
i i i3—u i i1
®) W _ _ B (¥)Bn " (X) Blm(T)ij(T)
(Ki (x T))kj = ; glm(XaT)[ B (% Bilj(T) +

(i,medppg

Bl (0B} (X) By ()D}2,(7)

A R

J W=12)

fori=1,...,r,and, fori=r +1,...,s, it consists of the blocks

Zi: () B, (XBl(X) Biy(T)D}, (%)
7B B;(7)

(i.;medopg

o _
(K1), = it L<k<j<n

0 if 1<j<k<n.
The matrixG is given by

em=| : i |
Ga(r) ... Ggs

whereG;, is the block of dimensiom, x m having the elements

G = LD R @) (0.1

Considering the representations above, we rewrite (3.2) as

z(X) = f Yak(t, X, Z(7)) dr + f ) Yaa(r, X z(r))dr (k=1,...,n), (3.3)

X2
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where the functiong/x (p = 1,2, k = 1,...,n) are defined as follows: for all
vell,...,n,}, we put

s m s My
YoN,+2v-1(T, X, 2) = Z Z Z Z{ K(p)(X T) UI(T))zj—lm_

m=1I=1 j=v

- (KPx), (G (r))zjm} 24t

ZZ{ (KO0 1), (G, -

m=1 j=v

_ (Kn (%, T))vj (an(T))zj m} Yp(7) (fpV(T))Np+m +
* ;;:q((:)) {(K,(f)(x, T))(vlj) Hy2j-1(7) ENW+2j—l(T, 2)-

@ _
- (K,(]p)(x, T))Vj Hy2j(T)Fn,+2) (7 Z)}

and

n,

S m S
lrpr,]+2V(T7 X, Z) = Z Z Z Z { K(p)(x T) 77' (T))Zj—lm +
i=1

=1 m=11=1 j=v
+ (Kff)(x, T))f/]j') (Gnl (T))2J m} Zn+m+
-3 SO0 (G,p00),
m=1 j=v

+ (KO(x T))ilj) (Gip(0),, }yp(r)(fpv(f))

N+m

S (1) @ _
' JZ:;;;(TT) {(K'(’p)(x’ T))vj Hy2j-1(r)Fn,+2j-1(7. 2+

(1) —
+ (KT(]‘O)(X, T))vj H7I2j(T)FN,,+2j(T, Z)}
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whenn € {1,...,r}, and we put

s m s My
l//pN,7+v(T’ X, Z) = Z Z Z (K(p)(x T)) ( nl (T))jm ZN;+mt
i=1 m=11=1 j=v
+ 2, 25 (K700 (Grpl0) 1y 7o) (Fod®)
m=1 j=v
+ gq(g) (KP(x.),, Hy ()15 2

ifne{r+1,...,s}. Here,
Fu(r.2) = Fi (. A7 (@I (1)épq(r)z + ()epy) (k=1,....n).
Let us choose; as in Lemma 1 and introduce the constant

C= Z(ch)n. ni=n + Z ca(2c)™

i=r+1
where
ni=maXgm:1l<m<n} (i=1...,9).
We set
Lo B (™D ()| |Bin(m)D2 ()
C
{(X,T) _ E1 Z |g|m(X T)l[ 1m i mj 1m i mj
i=1 k=1 j=k Blj(T) Blj(T)
@, m)e.]lpq
UL (T)D @)
+ Z ZZ Z [Gim(X, 7)| 1m
i=r+1 k=1 j= ( )
(| m)eleq
if Jipg # @, and{(x,7) = 0 for Jypg =@
Furthermore, we set
s s m s My
o0 —cl> Z[bz N TCRE
n=lv=1\ i=1 m=ll=1 j=v,
21](7')

+ dpyp(ﬂZZ\ (@) .| + Zyn(rw)

m=1 j=v,

i

[ 2v-1, if nefl,...,r} = %2 for pefl,....r},
Vn = v, if nefr+1,...,s P71 ¢ for pefr+1,...,s).

pa(7)
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Taking conditions (ii)—(iv) into account, we can choose the numger x; so
large that the inequality
+00
f gin)dr<b
X

2
be satisfied. Note that, by virtue of conditioBg) and relation (3.1), for alt € R,
the following estimates are true:

W, % 2| < (x,1)g(r)  for xo<t<x (k=1,...,n),
Wa(t, %2 <g(r) for xo<x<7 (k=1,...,n).

Therefore, by using (3.1), we get
{(x1)<1 for xX>71>X

and
lim ¢(x,7)=0 for 7> x.
X—+00

Thus, for the chosexy > X1, system (3.3) satisfies all the conditions of Lemma 7.6
inthe book [1] (Chapter 1I§7, p. 201) and, therefore, it has at least one soluwjefx)
vanishing ax — +oo.

Setting
T(AX)Ypu(X) = T(X)AX)P(X)epy

Epg(X)
in (3.2), we note thay,, is a solution of system (1.1) for which the asymptotic rep-
resentation

ZpW(X) =

You(X) = ©(X)epy + A ()T (X5 (£pq(¥))
is valid asx — +oo.
The theorem is proved. O

For some fixed pairg,1) € J, let us now consider the system edimensional
vector functions

Ung+ () = ©()ep; (i =1,....1).
Using these vector functions, we consider the functions

|
Ypi(X) = Z Ciung+i (%),
=

whereC,, ..., C; are real constants.

Our question now is in which cases system (1.1) has a solution that is asymptoti-
cally close, ax — +oo, t0 Yp(X).

In order to study this problem, we formulate the following.
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Definition 2. We say that a system of continuous functigps: [a, +oo[ x[a, +co[ —
R (m=1,...,n, i=1,...,9) satisfies conditiofiM — L) on[Xg, +oo[ X [Xg, +o9[ if,
for arbitrary §, m) € Jo, either

Xﬂmm gm(x,7) =0 (r = Xo)
and (3.4)
Gim = SUP{Qim(X, 7) : X > T > Xg} < +00,
or
Oim = SUP{Oim(X, 7) : T = X = Xo} < +o0. (35)
Theorem 2. Let condition(Sg) be satisfied and, moreover,
Hiv(X)

«[x:m Hjm(X)

for all (i, v) and(j, m) in J. Furthermore, assume that, for some fixed [airk) € Jp,
there exists a functiobl ) € C ([a, +oo[ ;]0, +oo[), where

| = 2k if pefl,...,r}
Sl k if pefr+1,....8

NN +m(X)| dX < 400

such that, for each € {1,...,1},
Np+]
Up(x) =0 Z |(uNp+j(X))i|]
i=Np+1

asx — +co, and the following conditions hold:
(i) The system

‘ _ UpI(T)B .
Qim(X, 7) = m ex pf wi1(s)ds ((i,m) € Jo)

satisfies conditiofM — L) on[Xo, +oo[X[Xo, +0[;
(i) Forall (n, j) € Jand arbitrarym é with1 <m< kandm< & <Kk,

oo 1 H,”'(X)
j;o Upl(x) Hp2m—p(x)
ifpe{l,....,r}(0=0,1, u=12)and

1 nJ(X)
~fxo pl(x) Hpm(X)
whenpe{r+1,...,s};

N, +Np+2m-p(X) B (X)

expf wpm(S)ds dx< +oo

O a'N +JNp+m(X)B ey epr wpm(S)ds dX< +oo
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(iii) There is a numbel € ]0, +oo[ and there is a continuous function
¢ :[a +oo[—> Ry
such that, for ever{i, v) € J and arbitraryz € R,

|Fnr (6 AU ()2 + Ypi(X)] < ¢(X)

i C .
fxo Up|(x)|H'V(X)|dX<+ .

Then systen(l.1) has at least one solutioyy,(X) that satisfies the asymptotic re-
lation

and

Ypi (%) = Ypi(X) + A7 ()0 (Upi(¥))
whenx — +oo.
Proof. By the definition of the vector functiolp(x) = ((Yp|)j)?:1, its components

are determined as follows: for evefye {1, ..., k}, we have

k X
(Yol)y,zes @ = 2 [Cor-1BE(¥) ~ CaBE (9] exp f wpe(9)ds
y=¢ a

k X
(Yor)y, .2 09 = D [C2-1BE (¥ - CoBE ()] exp f wpe(9ds
v=¢ a

(vp.)j(x)=o (G#Np+1....,Ny+1I)

whenpe{l,...,r},and

k X
(Yp|)Np+§ (X) = Z C,BE,() exp f wpe(9)ds
y=¢£ a

(Yp|)j(x)=0 (G#Np+1...,Np+1I)

whenpef{r+1,...,s}.
Under condition (i) of the theorem, the sitdecomposes as the union of disjoint
subsets);p andJopy,

Jo = Jupl U J2pl,

such that if (, m) € Jip, then estimate (3.4) is true and if 1) € Jop, then relation
(3.5) is correct. Therefore,

O(x) = o (x) + ()

with
¥)(x) = diag[@P (¥)..... 00 (®| (0 =1.2).
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whered)i(p)(x) (ief{l,...,s; p=1,2)aremth order matrices with the elements
(Di(X) jm for (i,m) € Jop

CROMS

Let us show that, for a sliciently large numbekz > x, (wherex; is as in Theo-
rem 1), the system of integral equations

0 for (i,m) ¢ Jypi.

2

X 1
zX) = pZi fap Q(x 1) [G(T) {Z(T)+ Uy (T)}+
(3.5)
+ Uy (T)A(T)F (r. A @U@ T) + Yp|(‘r))] dr
with
J _ Up|(T) ) — —
Q(x1) = mA(x)d>(‘)(x)<D YA T),
G(r) = A(@RT)A (1),
and

_ X3 ifp=1
a’O_{+oo if p=2,

has at least one solutian= (z)f,_, € C([xs, +oo[; R}) vanishing whenx — -+co.
Here,

QW (x,7) = diag[Q¥(x.7).....QL(x7)| (0 =1.2).

QL(x7) = SS:E;;Ai(X)@i(‘))(x)d)i_l(T)Ai_l(T) (=1..,s p=12),

Fori=1,..., r, the matrice@i” consist of the blocks

(@) (@)
vj

vj
if l<v<j<n

) = @ @)
(Qeen),, (@) (@),

O, ifl<j<v<n,
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where
X B|3—;1 X Bi (T)Dil-(T)
(Q(x 1), Z i) | 2260”09 B —
Bim(®) By;(7)

(, m)er pq

B, (0B (X) By (7)D5(7)
Byn(¥) Bl,(7)

and, fori =r + 1,..., s, they consist of the blocks

+(-1)"

} (u=12),

J Bl ()Blm(X) Byn(7)Djy(7)

Aim(X, 7) : if l<v<j<n
Qo) =1 % B By
<
0 if 1<j<v<n

Using the notation

21

Zn(X) = fx Aim(7, X, Z(7)) dr + fHX) om(t, X, 2(r))dr  (m=1,...,n), (3.6)

3

we rewrite (3.5) as (3.6), where the functiohs, (0o = 1,2, m=1,...,n) are given

in the following way: for allv € {1,...,n,}, we have
ny

S m s
ﬂpNn+2v—l(T’ X, Z) = Z Z Z

i=1 m=1&=1 j=v

(@) @x),, 1~

_ (Qi(f)(x, T))Ej) (GUf(T))Zj m} ZnNi+mt

n,

+ZZ{ (). (Groe)),, 4

m=1 j=v
1
_ (Q}(f)(x, T))i? (an(T))Zj m} Uo® (YpI(T))Np+m +
n,, 1
* ; Upi(t

~ (%), 5 Hy2y (0, 2)

{(fo’)(x, T))ilj) Hy2j-1(1)F N, 24 (1. 2)—
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and

Ny

S m S
AoNs2v(T, X, 2) = Z Z Z Z{ Q,(,")(x T)) ( nf(T))zj_1m+

+ (Q,(}O)(X, T))ilj) (an (T))zj m} Zyn+mt

* Z Z { Q(p)(x ) "p(T))zj—lm *

m=1 j=v

1
(QT(;O)(X’ ))v] (an(T))zjm} m (YpI(T))Np+m +

I
[
3
1
[
i
[
<

&1 @) _
: JZ; Upi(7) {(Q,(f)(x, T))vj Hy2j-1(0)FN,. 4 (7 2+

+ (@ 1) Hy2i ()i, (7.2

whenn € {1,..., r}; and we have

S m S
Ine(mxd) =) > > > (QPx1), (Grel®), , 2nemt

1
+ZZ(Q’(7p)(X T)) ( np( ))Jm Upl( )( pl( ))N +m

(QP(x7), Hyi®Fn,., (.2

whenpefr+1,..., s}. Here,

Fi(.2 = Fj(r, AM(@Up()z+ Yp(r))  (j=1..., n).



ASYMPTOTIC BEHAVIOUR OF SOLUTIONS OF QUASILINEAR DIFFERENTIAL EQUATIONS

Letcq be chosen as in Lemma 1 and

é(X,T)=E—i >, Z Z |qim(x,r)|[

i=1 v=1 j=

1m(T)Dly (T)

By,;(7)

Y Gmedyp

 [BnDE
Bil i ()

(DD ()
B, (")

]+.Z ' > x|

i= — i m=y
=r+lv=1 j= Vi, medgp

if J1p # @, and(x, ) = 0 in the case wheré;p = ©. We have put

Cr = Z(ch)”' ni26; + Z c1(2c1)" %,

i=r+1
where
G =maXxfm:1l<m<n} (=1...,9.
It is easy to see that
[(xT1)<1

for x> v > xs.
Forpe{l,...,r}, we set

s M s m s
a(r) =Cs{22(b PIDIPN (CHCIME
n=lv=1\ i=1 m=lé=1 j=v,
+ Ly Cg Z zk:expf wpm(9)ds Bpl(T)| |Bp2(T)’)
Uni(1) 7= m=1 j=2r-1¢=m ’
X (|(GWP(T))1 2m—1| " |(G'7p(T) JZmD U¢(2) i )|}}
and, forpe{r+1,..., s}, we put
s s m s i
0 -f3 1358w,
n=1v=1] i=1m=1 5:1 i=vy

i u¢(2)| ’”’“"U'

23
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Using now the conditions assumed in Theorem 2, we choose the nummier
large that the relatioyfxzoo q(r)dr < b for eachz € R} be satisfied. Then

[A1m(T, X, 2)| < £(X, 7)q(7) for x3<7<x (m=1,...,n)
and
|[2m(T, X, 2)| < Q(7) for x3<x<t (m=1,...,n).

Hence, system (3.6) has at least one solugg(x) such thatx_!i+rl10 Zo(X) = 0. To
complete the proof, we define the functigg(x) as follows:
A(X)Ypi(X) = A(X)Ypi(X)

Upi(X) .
The theorem is proved. O

ZpI(X) =

Remarkl. If the functionUp(X) from Theorem 2 satisfies the condition
Np+]j

D Um0 = OU(x)  foreachje{d,.... 1}
i=Np+1

whenx — +o0, then condition (ii) of Theorem 2 can be dropped.
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